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Abstract 

An opportunity egalitarian view focus not only on equality of outcomes but essentially on the means or opportunities 
to realize such outcomes. In this paper we propose a methodology to decompose an opportunity egalitarian Atkinson 
index by income sources seeking for a measure of overall equality into an opportunity and a responsibility component. 
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1 Introduction

Decomposition of inequality by income sources is quite interesting in or-
der to capture whether total inequality is concentrated in speci�c income
items. It may be useful to express how much of the total income inequal-
ity produced into the society is explained by an income inequality due to a
precise source. Most of the studies on this issue have focused on the Gini
and the Theil indices given that they have particular features for decom-
posing inequality by income sources. Shorrocks (1982) proposes one of the
pioneering methodology to a¤ord these kinds of decomposition. He proves
that an in�nite number of decompositions can be obtained for each kind
of index without further restrictions. That�s called "natural decomposition"
property which is valid for all inequality indices. For example, as regards the
Gini Index, Lerman and Yitzhaki (1985) (LY henceforth) propose a decom-
position based on the covariance formula of the Gini index. That procedure
is similar to the one used by Fei, Ranis and Kuo (1980) even if the inter-
pretation is quite di¤erent. Particularly, LY propose that the overall Gini
coe¢ cient for the entire income distribution is equal to the sum of the Gini
coe¢ cients calculated by using the covariance between each income source
and the cumulative distribution function of total income. In this way, they
obtain the impact of the marginal change in a given income source on over-
all inequality. Even if it�s a natural decomposition, it permits to indicate a
clear measurement of the contribution of each source to income inequality.

In this paper, we decompose income sources in terms of equality of op-
portunity. Taking cue from LY (1985), we show how the opportunity egali-
tarian Atkinson measure can be decomposed by income sources. We de�ne
a society with N individuals. Each individual outcome yi is generated by a
function that assigns individual income to combinations of income sources
derived by personal responsibility and by social circumstances beyond the
individual control. Therefore, our aim is to decompose the Atkinson index
of equality as a weighted average of the inequality produced by each income
source in terms of e¤ort or circumstances. We measure the equality e¤ect
of each income source showing the "ethically acceptable" and the "ethically
o¤ensive" factor components.

2 An example

For example, we can distinguish between di¤erent kinds of income. On one
side, endowments or �nancial capitals K are considered as social condition-

1



ing which may re�ect di¤erences in social classes. On the other side, the
labor income L may be interpreted as e¤ort variable which gather individ-
ual responsibility, such that yi = (Ki; Li). The total income doesn�t di¤er
between individuals.

Income sources Individuals
Ind:1 Ind:2 Ind:3

K 5 10 9
L 12 7 8

Here, we proposes a society composed by three individuals (N). Each
individual produces a wealth derived by personal endowments (Ki) and an
amount of money due to labour income (Li) i.e. we have two j-sources (m).
On this perspective, six income units (S) are produced into the society.
Each income source (j) has the same dimension (lenght) which is equal to
three in our example. The dimension of each income source (j) perfectly
corresponds to the number of individuals (N) into the society.

3 The model

We have a population of N individuals. Each individual income yi is made
of m income sources yij with j = 1; :::;m; such that, for all i = 1; :::; N;
we have that yi =

Pm
j=1 yij . A distribution of income is represented by

Y = fy1; :::; yi; :::; yNg 2 <N+ and a distribution of the j-income source by
Yj = fyj;1; ::::; yj;Ng 2 <N+ . Moreover, we can cosider a generic income unit
yij ; which is the j component of the income of individual i. Let S = N �m
be the number of income units in our society. Hence yp; for all p = 1; :::; S;
is a generic income unit.

Let e = (�; :::; �; :::; �) 2 <S+ represent the distribution where all income
units are equal to:

� =
1

S

SX
p=1

yp =
1

S

mX
j=1

NX
i=1

yij (1)
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We can de�ne ej = (�j ; :::; �j ; :::; �j) 2 <N+ as the distribution where
each income unit in the distribution of income source j receives the same
mean income

�j =

NX
i=1

yij

4 Atkinson index by income sources

Now, the social welfare function can then be expressed by the average utility
of the S-income units in the society as:

W =
1

S

SP
p=1

Up(yp) (2)

The function Up(yp) refers to the utility function produced by each in-
come unit. We note that in this case there�s no space for the individual
speci�c role. We only think to what contributions each income unit can
provide in terms of social welfare. This can be expressed in the following
form according to Atkinson (1970):

Up(yp) =
1

1� �y
1��
p if � > 0 � 6= 1 (3)

Up(yp) = log yp if � = 1

Given the income sources environment, the equally distributed equiva-
lent (ede, hereafter) income ye1 is implicitly de�ned by:

W (y1; :::; yp; :::; yS) =W (ye; :::; ye; :::; ye)

Therefore, from expression (3), we get:

1 It is identi�ed as the hypothetical level of income that each individual should receive
in order to keep the society to the same level of social welfare stemmed from the actual
income units.
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U(ye) =
1

1� �(ye)
1�� (4)

The social welfare function in terms of income units can then be ex-
pressed as:

W =
1

S

SP
p=1

y1��p

1� � (5)

From (4) and (5), the functional form of the ede income ye is now given
by:

ye =

"
1

S

SP
p=1

yp
1��

# 1
1��

if � > 0 � 6= 1

ye =

"
SQ
p=1

yp

# 1
S

if � = 1 (6)

While the Atkinson index of inequality IA of the distribution Y according
to the evaluation in terms of income units is:

IA = 1�
ye
�
= 1�

"
1
S

SP
p=1

y1��p

# 1
1��

�
if � > 0 � 6= 1

IA = 1�
ye
�
= 1�

24 SY
p=1

yp

35 1
S

�
if � = 1 (7)
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5 Opportunity egalitarian Atkinson index

We propose a social welfare function for income components which can be
expressed as:

W =
1

S

mP
j=1

NP
i=1
Uij(yp) (8)

Unlike to the the type or tranche approaches used in the population
subgroup decomposition, we don�t need to impose any further restrictions
for the form of the utility function Uij(yp). In this case, we only seek to
identify the Atkinson�s social welfare function expressing the opportunity
egalitarian principle with respect to each income source. Further, a unique
inequality aversion parameter is required. Therefore we de�ne the form of
the utility function2 as:

Uij(yp) =
1

1� �y
1��
ij if � > 0 � 6= 1 (9)

While, from (8) and (9), the opportunity egalitarian social welfare func-
tion can then be expressed as:

W =
1

S

mP
j=1

NP
i=1

1

1� �y
1��
ij (10)

Let (ye1; :::; yej ; :::; yem) be de�ned by:

1

S

mP
j=1

NP
i=1

1

1� �y
1��
ij =

1

S

mP
j=1

NP
i=1

1

1� �y
1��
ej (11)

Then, the ede income yej for each income source j 2 f1; :::;mg is given
by:

NP
i=1

1

1� �y
1��
ij = N

1

1� �y
1��
ej (12)

2Similar result can be provided for � = 1
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which implies that:

yej =

�
1

N

NP
i=1
yij

1��
� 1
1��

(13)

From (11) and (13), a direct expression for the opportunity egalitarian
ede income ye in terms of income units can be de�ned by:

1

S

mP
j=1

NP
i=1

1

1� �y
1��
ij =

1

m

mX
j=1

NX
i=1

1

N

1

1� �yij
1�� =

=
1

m

mX
j=1

1

1� �
�
yej
�1��

=
1

m
m
(ye)

1��

1� � (14)

such that:

ye =

24 1
m

mX
j=1

NX
i=1

1

N
yij

1��

35 1
1��

(15)

Finally, we can express the opportunity egalitarian Atkinson index by
income components as:

IA = 1�
ye
�
= 1�

"
1
m

mP
j=1

NP
i=1

1
N yij

1��

# 1
1��

�
(16)

6 Measuring equality of opportunity

In a society completely described by income sources, we seek for a decom-
position methodology in order to distinguish between an opportunity and a
responsibility component. Each source is completely de�ned to be under re-
sponsibility or compensation spheres. Such objective may be easier to reach
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using the opportunity egalitarian Atkinson index of equality which is given
by EA = 1� IA. It follows that:

EA =

24 1
m

mX
j=1

NX
i=1

1
N (yij)

1��

35 1
1��

�
(17)

While, the opportunity egalitarian Atkinson index of equality for the
j-income source Ej can be given by:

Ej =

"
1
N

NX
i=1

(yij)
1��
# 1
1��

�j
(18)

Let qj =
�j
� be the mean income share for the j-th source. It follows that

we can decompose the Atkinson index of equality EA by income sources in
terms of equality of opportunity as:

EA =

24 1
m

mX
j=1

NX
i=1

1
N (yij)

1��

35 1
1��

�
=

26664 1
m

mX
j=1

NX
i=1

1
N
(yij)

1���1��j

�1��j

37775
1
1��

�
=

=

24 1
m

mX
j=1

E1��j �1��j

35 1
1��

�
=

24 1
m

mX
j=1

�
�j
�

�1��
E1��j

35 1
1��

=

=

24 1
m

mX
j=1

(qjEj)
1��

35 1
1��

(19)

The same analysis can be developed for � = 1 by appropriately substitut-
ing products for summations. Under (19), the contribution of each source
to equality is equal to the product of the weighted income share and the
Atkinson of equality for each source.
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7 Concluding Remarks

Such decomposition provides results in terms of equality of opportunity. In
the case of decomposition by population subgroups, we particularly focus
on the between and the within component which refer to the opportunity
and the responsibility factors dependent by which kind of approach is used.
Rather di¤erent even if simpler than such decomposition, the opportunity
egalitarian decomposition by income sources evaluates the opportunity com-
ponents and the responsibility ones directly through the income sources
produced in the society. For example, the opportunity component can be
provided by the sum of the capital income and the endowments of individ-
uals which practically expresses elements beyond the control of individuals,
while labour income can be better justi�ed as responsibility component i.e.
as a factor within individual�s control. In this case, we obtain current in-
formation about the impact on the overall equality of the marginal change
produced by an income source. Moreover, di¤erent degrees of equality of
opportunity and e¤ort level as functions of income sources can be provided.
This clearly represents a simpli�cation of this model just to point out idea
that the opportunity egalitarian principle can be compatible with a decom-
position of Atkinson index by income sources. Some extensions may be left
for future research.
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