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1. Introduction
The software industry is characterized by the existence of network externalities,1 which are
generated by the exchanging files of the same (original or pirated) software among
consumers (Brynjolfsson and Kemerer (1996), Gandal (1994) and Gayer and Shy (2003a).
It has been shown that the software developers can benefit from network externality since
the software becomes more valuable to consumers as more consumers use the software
(Gayer and Shy (2003a, 2003b)). However, network externalities can affect the firm's
ability to tacitly collude. Despite the benefits of the positive externality just noted, network
externalities also can have a deleterious effect on firms by hindering their ability to tacitly
collude. This paper, offers a theoretical treatment of this trade-off.
We know that firms in markets for piratable goods can collude on prices through
sharing the cost of digital rights management systems (DRM) to prevent the copying of
their goods (Park and Scotchmer (2006)) or when they value future profits sufficiently
(Martínez-Sánchez (2011)).2
In this paper we investigate firms' ability to tacitly collude on prices in markets for
software in an infinitely repeated duopoly game of horizontal product differentiation. To
that end we use the model developed by Shy and Thisse (1999). They analyze the firms'
software protection policy in a duopoly model of horizontal product differentiation with
price competition, assuming that consumer utility depends on the number of consumers
who use the same software. Shy and Thisse show that firms decide to not protect their
software when network externality is strong.
The possibility that firms can collude in markets for horizontally differentiated products
has been analyzed by Chang (1991). He develops a model à la Hotelling in which
producing cost is assumed to be zero, assuming that firms play trigger strategies as in
Friedman (1971). His principal finding is that firms find more difficult to collude the
smaller is the degree of product differentiation. Moreover, Häckner (1996) has shown that
Chang's results are robust to changes in the mechanism of punishment for deviating from
collusion.
Given the importance of network externalities in software market we assume that firms
do not protect their software. We show that the greater the importance of the network
externality the lower the scope for collusion among firms. We also show that firms collude
if and only if their discount factor is high enough.
The rest of the paper is organized as follows. Section 2 describes the model. Section 3
obtains the static equilibriums and Section 4 obtains and analyzes the equilibrium in the
supergame that we consider. Section 5 concludes.

1

See Shy (2011) for a survey of network economics.
In markets for piratable goods, price strategies become very important for deterring consumer from copying
and from buying pirated goods (Papadopoulos (2003), Papadopoulos (2004), Bae and Choi (2006), MartínezSánchez (2010) and López-Cuñat and Martínez-Sánchez (2011)).
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2. The model
Following Shy and Thisse (1999) we consider an environment in which there are two firms
that produce two horizontally differentiated types of software, denoted by A and B. Both
types of software are located at the endpoints of the interval [0,1], respectively. Software
can be copied without cost by consumers.3 In order to avoid problem of existence of
equilibrium we follow the slightly modified model develop by Peitz (2004), although Shy
and Thisse's results continue to hold in this environment. More specifically, we consider
that there are two types of consumers: high-value consumers who obtain a high utility from
any software, especially originals, and low-value consumers who obtain a low utility from
any software and are indifferent whether it is an original or a copy. High-value consumers
are indexed by x [0,1] and low-value consumers are indexed by y [0,1], where x and y
follow a uniform distribution and represent the ideal software of consumers.
We assume that files of different software are incompatible and consumers' utility
increases with the number of consumers using the same software whether it is an original or
a copy. Let ni be the number of consumers who use an original or a pirated version of the
software i=A, B. High-value consumers are assumed to buy one unit of a software and not
pirate any software. Thus, the utility of high-value consumer x is:
 k + µn A − x − p A
U (x ) = 
k + µn B − (1 − x ) − p B

if he buys software A
if he buys software B,

(1)

where k represents the utility obtained from consuming his ideal and original software, µ is
the parameter measuring the importance of the network externality, x (1-x) represents the
disutility from not consuming his ideal software if he buys software A (B) and pi is the
price of the software i=A, B. On the other hand, low-value consumers are assumed to pirate
at most one unit of the software or not to use any software. These consumers do not obtain
extra utility from consuming his ideal software and from consuming an original software.
Thus, the utility of low-value consumer y is:

if he pirates software A
 µn A − y

U ( y ) = µn B − (1 − y )
if he pirates software B

0
if he does not use software,


(2)

where y (1-y) represents the disutility from not consuming his ideal software if he pirates
software A (B). Let
be the low-value consumer who is indifferent between pirating
and
. Let
software i=A, B and not using any software. From (2),
be the high-value consumer who is indifferent between buying software A and buying
. Thus, the demands faced by
software B. From (1),
firms are:
D A ( p A , p B ) = xˆ and D B ( p A , p B ) = 1 − xˆ.

(3)

We assume that the cost incurred by firms in developing each software is a sunk cost
and that production is costless. Thus, the firms' profits are:
3

See Peitz and Waelbroeck (2006) for a survey of piracy in which copies are made exclusively by end
consumers, and Belleflamme and Peitz (2010) for a survey of the recent theoretical literature on digital piracy.
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π A ( p A , p B ) = p A xˆ and π B ( p A , p B ) = p B (1 − xˆ ).

(4)

In order to guarantee that firms earn positive profits we assume that the network
externality is bounded, µ (0,1/2). As in Shy and Thisse (1999) we also assume that k> 3/2,
which means that high-value consumers always find it optimal to use a software.
Following Friedman (1971), we consider an infinitely repeated game in which firms
play trigger strategies. In particular, firms start by charging collusive prices and continue
charging these prices if neither firm has deviated in a previous stage. However, if either
firm deviates in a stage, then both firms revert to the Nash equilibrium in the following
stages. We assume perfect monitoring, so if a firm has deviated it is immediately detected
but the punishment is implemented in the following stage.
We seek to find the subgame perfect equilibrium (SPE) of the infinitely repeated game.
Thus, collusion on prices is an SPE of the game if and only if the present value of collusion
profits exceeds the deviation profit plus the present value of the punishment profits of each
firm, i.e. if and only if
∞

∞

t =0

t =1

∑ δ tπ iC ≥ π iD + ∑ δ tπ iN ∀i = A, B,

(5)

,
and
are the one period collusion,
where δ represents the discount factor and
deviation and Nash profits of firm i=A,B, respectively. In order to make the paper more
readable we eliminate subscript i on prices and profits.
In the next section, we look for the one period Nash equilibrium in duopoly and
multiproduct monopoly and the firms' optimal deviation strategies from the collusion
agreement.
3. Static Equilibrium

We now look for the punishment profits which are the Nash profits corresponding to the
duopoly equilibrium. Shy and Thisse show that, in duopoly, there exists a symmetric
equilibrium in which both firms price pN and obtain the profit πN, where
1 − 2µ
1 − 2µ
and π N =
pN =
.
(6)
1− µ
2(1 − µ )
When firms collude on prices, they behave as a multiproduct monopoly. Given that
firms, A and B, are symmetrical and are located at the endpoints of the interval [0,1], they
maximize profits by raising prices until the high-value consumer with preferences x=1/2 is
. Notice that
indifferent between buying and not buying, so they price
setting a lower price would not increase demand and setting a higher price would make
some consumers decide not to buy. The number of consumers that use each software is
 


n A = x + y A ;n B = 1 − x + 1 − y B .
From Lemma 2 in Shy and Thisse (1999) we show that the market for low-value
consumers is partially covered, so that
and
. Thus, we obtain the
following proposition.
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Proposition 1 When both firms collude on prices, the price that they set and his profit are:
p C k 1 − 2µ
1 − 2µ
(7)
pC = k −
= −
and π C =
.
2(1 − µ )
2
2 4(1 − µ )
Proof: see Appendix.

Given that µ (0,1/2) and k > 3/2, we find that pC > pN, which is opposing to the result
obtained by Belleflamme and Picard (2007). This is because they assume that copying
technology by consumers exhibits increasing returns to scale, which implies goods become
complementary.
A firm deviates from collusion agreement if it is profitable. In this case, he can set a
lower price and captures a fraction of the market if rival's price is low or captures the whole
market if rival's price is high. If a firm decides to capture the whole market, he sets a price
that makes the consumer that most dislikes its software indifferent between both software.4
Therefore, the optimal deviation price is given by

 2p + 21(−1−2 µµ ) if p ≤ 3(11−−2µµ )
p ( p) = 
1−2 µ
3(1− 2 µ )
 p − 1−µ if p > 1−µ .
D

Given that

(8)

µ , the optimal deviation price and profit are

 k + 1−2 µ
if k ≤ 72(1(1−−2µµ))
p D =  2 34(1(1−−2µµ))
7 (1−2 µ )
k − 2(1−µ ) if k > 2(1−µ ) ,

(9)

( k2 + 41(−1−2 µµ ) )(18 + 4k(1(1−−2µµ)) ) if k ≤ 72(1(1−−2µµ))
π =
k − 32(1(1−−2µµ))
if k > 72(1(1−−2µµ)) .


(10)

D

Notice that the cheating firm captures the whole market if k is high enough; otherwise
he captures a fraction of the market.
4. Analysis

As we can see in Proposition 2 the cheating firm decides to deviate if and only if their
discount factor is low enough.
Proposition 2 Collusion is sustainable as an SPE if and only if
4 (1− µ )2 k 2 −12 (1− µ )(1− 2 µ ) k + 9 (1− 2 µ )2
7 (1− 2 µ )
π D − π C  4(1− µ )2 k 2 + 4(1− µ )(1− 2 µ ) k −15(1− 2 µ )2 if k ≤ 2(1− µ )
(11)
δ ≥δ = D
=
2 (1− µ ) k − 5 (1− 2 µ )
7 (1− 2 µ )
π −π N 
>
if
k
,
(
)
(
)
(
)
4
[
1
−
µ
k
−
2
1
−
2
µ
]
2
1
−
µ

where δ represents the lowest discount factor that is needed to sustain collusion between
firms.5

From Proposition 3 we obtain that a higher network externality hinders collusion
4

We have that
, nA = 1/(1- µ), nB = 0 and
(since µ < 1/2) if firm A captures the
, nA = 0, nB = 1/(1- µ) and
(since µ < 1/2) if firm B
whole market, but
captures the whole market. Thus, the market for low-value consumers is partially covered under deviation.
5
This condition is obtained from inequality (5).
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because it has a larger impact on deviation profit. In particular, an increase in the
importance of the network externality implies a higher deviation profit because the
deviation price increases and the cheating firm gets a higher fraction of the market or even
the whole market.
Proposition 3 The lowest discount factor that is needed to sustain collusion is increasing
on µ.
7 (1− 2 µ )
16 k
∂δ  (5+ 2 k − 2 µ (5+ k ))2 > 0 if k ≤ 2 (1− µ )
=
7 (1− 2 µ )
∂µ  4 (4 µ + k (k1− µ )− 2 )2 > 0 if k > 2 (1− µ ) .


We obtain that the lowest discount factor that is needed to sustain collusion positively
depends on k in the limit case in which µ = 0 for a positive value of k. However, in the limit
case in which µ = 1/2, it is independent of k since limµ→1/2 δ = 1/2. Thus, it is possible that
both firms collude even if the network externality becomes very large.
5. Conclusions

In this paper we analyze firms' ability to collude in markets for software and the
consequences of network externality on that ability. The framework of analysis used is an
infinitely repeated duopoly game of horizontal product differentiation with price
competition.
According to our model firms tacitly collude if and only if they value future profits
sufficiently, and a higher importance of the network externality hinders collusion. These
results and those obtained in Martínez-Sánchez (2011) suggest that authorities should pay
special attention to the evolution of markets for information goods to prevent tacit collusion
between firms.
Appendix
Proof of Proposition 1 We make the conjecture that the market for high-value consumers
is fully covered, so that firms set the price of each software in such a way that the consumer
who is indifferent between buying software A and buying software B ( ), does not obtain
and
.
utility if he buys any software. Thus,
,
,
and
, we find that:
Given that

nA =


x
;
1−μ

nB =


1− x
;
1−μ

pA = k −


1−2μ x
;
1−μ

pB = k −


1−2μ1− x 
1−μ

.

The joint profit of the firms and the first order condition are:


1 − 2μ1 − x 
1 − 2μx 




1 − x 
max
πx  = p A x + p B 1 − x  = k −
x+ k−

1−μ
1−μ
x 

∂π ( xˆ ) 2(1 − 2 µ )(1 − 2 xˆ )
=0
=
∂xˆ
1− µ
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From the first order condition (12), we find that
Thus, the software prices are:

maximizes the joint profit.

1 − 2µ
.
2(1 − µ )
We will now show that our conjecture of the market for high-value consumers being
fully covered was correct. If the prices are higher than p*, then the market would be
partially covered because those high-value consumers located around the center of interval
and
[0,1] do not buy any software. In this case, we have that
. Given that
and
, the number of consumers that use
software A and B are:
xˆ
1 − xˆ B
(13)
n A = A and n B =
.
1− µ
1− µ
Notice that the firm i=A, B sets the price in such a way that the consumer who is
indifferent between buying software i=A, B and not buying any software (
) does
not obtain utility if he buys the software. So that we have:
p ∗ = p ∗A = p B∗ = k −

k + µn A − xˆ A − p A = 0 and k + µn B − (1 − xˆ B ) − p B = 0.

(14)

From (13) and (14), we find that the number of buyers of each software is:

xA =

1−μ
k
1−2μ


− p A ; 1 − x B =

1−μ
k
1−2μ

− p B .

When the market for high-value consumers is partially covered, the joint profit function
and the first order conditions are:
1−μ


max πp A , p B  = p A x A + p B 1 − x B  = p A k − p A  + p B k − p B 
1 − 2μ
p A ,p B 
∂πp A , p B 
1−μ
= k − 2p i 
i = A, B.
1 − 2μ
∂p i
Given that we assume that k > 3/2, we obtain that:
∂πp ∗A , p ∗B 
=
∂p i

1 − 2μ
1−μ
−k
< 0 i = A, B.
1−μ
1 − 2μ

Therefore, firms have no incentive to raise the prices above p*, and the market for high, we have that π*=p*/2.■
value consumers is fully covered. Given that
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