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Abstract

This paper studies a bargaining model in which the seller is uncertain about which distribution the buyer's values are
drawn from. The distribution of the buyer's values is fixed across periods, while the buyer's values are drawn
independently from the distribution each period. In the classical model of repeated bargaining where the buyer's value
is drawn from a commonly known distribution and fixed across periods, the high-value buyer has a strong incentive to
conceal his value, and the seller loses most of her bargaining power. An important question is whether adding a layer
of uncertainty makes the high-value buyer more willing to accept high-price offers and improves the seller's revenue.
We find this to be the case as long as the seller's ex ante beliefs are sufficiently optimistic.
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1. Introduction

One important question in the literature of repeated bargaining is how players’ private infor-
mation is revealed over time, and related to that, how economic surplus is distributed between
the bargaining parties. In order to examine these questions, we focus on a framework commonly
used in the previous literature: a buyer (denoted as he) and a seller (denoted as she) bargain over
multiple periods, with the buyer having private information; in each period, the seller proposes
a take-it-or-leave-it offer and the buyer decides whether to accept or reject the offer. In the clas-
sical models a common assumption is that the buyer’s private information is his value, which is
fixed across periods, and the distribution of the buyer’s value is common knowledge. Under this
assumption, the seller has a large disadvantage and loses most of her monopoly power. This stark
result is established in both cases when the seller sells or rents a durable good.

The literature on the Coase conjecture finds that if the durable-good monopolist sells over time
and can quickly lower prices, the seller can hardly achieve profits greater than the lowest buyer
valuation and the buyer obtains the entire surplus from trade in excess of his lowest valuation
(Coase 1972, Fudenberg et al. 1985).! When the monopolist bargains over renting the durable
good to a buyer with private value, Hart and Tirole (1988) show that the seller always offers a low
price until the end of the game if the horizon is long enough.? Intuitively, when the time horizon is
long, the high-value buyer type will not accept any price rejected by the low-value buyer type, in
order to avoid being charged with a high price in all later periods. So the seller is not able to price
discriminate and she charges a low price to both low-value and high-value types, until close to the
end of the horizon. Therefore, if the durable-good monopolist rents the durable good, the seller is
again caught in an unfavorable position.

In this paper, we examine a two-period rental model (equivalent to the case that a seller repeat-
edly charges to sell a perishable good or provide service to a buyer) where the buyer has private
information not only about his valuation when each period comes about but also about the dis-
tribution from which his values are drawn. Our model is different from Hart and Tirole’s rental
model in two ways. First, we introduce an additional layer of uncertainty on the buyer’s value
distribution. The distribution may be either good or bad. Both distributions can draw high value
or low value, with the good distribution generating a high value with a higher probability. The
buyer privately observes the distribution at the beginning of the game. But the seller only knows
the ex ante probability of the two distributions. Second, the buyer’s value is drawn from one of
the two distributions independently across periods at the beginning of each period. Since the seller
does not know which distribution the buyer’s values are drawn from, the buyer’s value is correlated
across time periods from the seller’s perspective.

The purpose of the paper is to ask whether the seller can improve her standing when there exists
this second layer of uncertainty about the distribution of the buyer’s values. On one hand, our

I'This result holds under the assumption that the seller’s marginal cost is lower than the buyer’s lowest value, which
is called the “gap” case in the literature. Failures of the Coase conjecture are found when the lowest buyer valuation
does not exceed the seller’s cost, which is referred as the “no-gap” case in the literature (Gul et al. 1986, Ausubel and
Deneckere 1989).

2Hart and Tirole (1988) examine the sale model and the rental model in three cases: (1) where the parties can
commit themselves to a contract once and for all; (2) where the parties can only write short-term contracts which
rule within a period, but cannot commit themselves between periods; (3) where parties can write a long-term contract
which rules across periods, but cannot commit themselves not to renegotiate this contract by mutual agreement. The
rental model without commitment as in this paper is part of the analysis in Hart and Tirole.
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model maintains the buyer’s strategic considerations across periods, which makes the problem still
interesting and close to many real life examples where the bargaining parties are involved in a long-
term relationship. On the other hand, we are able to examine whether allowing the buyer’s value
to be redrawn provides a leeway to solve the problem of the durable-good monopolist, without
assuming the buyer is anonymous.

The main result we find is that the seller is indeed better off when she has sufficiently optimistic
ex ante beliefs about the favorable distribution, compared to a two-period version of Hart and
Tirole’ (1988) model with the same ex ante probability of a high-value buyer type. Sufficient
conditions for the seller to be better off are provided. We also find that in equilibrium the seller
will not be able to learn the buyer’s value distribution for sure.

Two other papers also examine a rental model in which a non-anonymous buyer’s value ran-
domly changes over time. Kennan (2001) analyzes infinitely repeated contract negotiations where
the buyer’s value is assumed to change according to a two-state Markov chain. He focuses on the
cyclic screening equilibria in which several pooling offers in sequence are followed by a screening
offer. Loginova and Taylor (2008) investigate a two-period model where the monopolist employs
price experimentations to learn the permanent demand parameter of the buyer, which is a contin-
uous random variable distributed on [0,1]. In this paper, we assume that the value distribution
may either be favorable or unfavorable. We keep our model simple so that we can completely
characterize the equilibria and compare the seller’s revenue with that in Hart and Tirole (1988).

The remainder of the paper is organized as follows. Section 2 describes the model. Section
3 presents the results and fully characterizes the set of equilibria. Section 4 compares the seller’s
revenue in this model with that in Hart and Tirole (1988). Section 5 concludes. All proofs are in
Appendix A. Appendix B provides discussion on equilibrium concept.

2. The Model

One buyer and one seller bargain over renting a durable good in two periods t = 1,2. The
seller’s cost is assumed to be 0. The buyer has a positive value, v;, in consuming the good in
each period ¢. The buyer’s value v; is drawn from one of two distributions in each period: the bad
distribution B or the good distribution G. For a given distribution d, v; equals & with probability ¢*
and equals / with probability 1 —¢?. Assume that 0 < ¢® < ¢® < 1 and 0 <[ < h, i.e., the good
distribution G has a higher probability of generating a high value 4. The buyer knows which one
of the two distributions his values are actually drawn from as well as his current and former values.
However, the seller only knows that the buyer’s value is drawn each period from one of these two
distributions. The ex ante probability is o for the G distribution and 1 — o for the B distribution.

At the beginning of the game, the buyer privately observes the realization of distribution d,
which will be fixed throughout the game. At the beginning of each period ¢, the buyer’s valuation v;
is drawn from the realized distribution independently across time periods. After the buyer privately
observes vy, the seller offers a price p, € R, and then the buyer chooses an action g, € {0, 1}, where
a; = 1 means acceptance and a, = 0 means rejection.

Both the seller and the buyer are assumed to be risk-neutral. If the buyer accepts the seller’s
offer in period ¢, the buyer’s payoff is v, — p; and the seller’s payoff is p; in period ¢. They both
gain nothing in period ¢ if p; is rejected. The two players share a common discount factor 8, and
both of them maximize the discounted present value of expected payoffs.

Let 6; = (d,v;) denote the buyer’s type in period 1 and 6, = (d,vy,v;) the buyer’s type in
period 2. Since we will focus on the buyer’s first period behavior later, it is helpful to notice that
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there are four buyer types in period 1: (G,I), (B,l), (G,h), and (B,h). Denote k4 as the history
observed by the seller before she announces p; and h? as the history observed by the buyer before
he chooses ;. Specifically, & = @, h} = (61,p1), 5 = (p1,a1) and hS = (62, p1,a1,p2). A
behavioral strategy for the seller, 6°, assigns probability (or density) o*(p; | h) to p, given any
history i for t = 1,2. A behavioral strategy for the buyer, 6”, assigns probability 6”(a; | h?)
to a; given any history 4? for + = 1,2. For convenience, let 6°(h?) = 6%(a; = 1 | h?) denote the
probability that the buyer accepts p; given history hﬁ’ , since the buyer can only choose to accept
or reject an offer. Finally, let y(4) denote the probability that the seller’s belief assigns to the G
distribution at the beginning of period ¢ given history A;. Notice that y(p;,0) and y(p;, 1) denote
the seller’s belief of d = G given that p; is rejected and accepted respectively.

The equilibrium concept used is strong Perfect Bayesian equilibrium.? Bayes’ rule is used to
update the seller’s belief conditional on reaching any price pi, even if p; is off the equilibrium
path. We also employ a refinement which is a variant of criterion D in the signalling game (Cho
and Kreps 1987, Banks and Sobel 1987). In Appendix B, we formally define criterion D;.

3. Results

We start with the analysis from the second (last) period. The equilibrium strategies in the last
period are simple, as described in Lemma 1, where ¥* = (I/h—¢®)/(¢® — ¢®) is the cutoff belief
that makes the seller indifferent between offering pp = [ and 4.

Lemma 1 In any PBE, the buyer accepts p; if po < vy and rejects py if py > vo. The seller offers
p2 = Lif y(h}) <Y offers py = h if y(h%) > v*, and randomizes between p, = | and py = h if
Y() = 7"

Let x(h%) denote the probability that the seller offers p, = [/ following history 45, so x(py,1)
and x(p1,0) is the probability for the seller to offer p, = [ after acceptance and rejection of
p1 respectively. Therefore, the expected payoff of the buyer type (d,v;) from accepting p; is
vi — p1 +8¢%x(p1,1)(h — 1) and from rejecting p; is 8q%x(p1,0)(h —1). Define C(d,v1) = v +
8¢%[x(p1,1) — x(p1,0)](h —1) as the Cutoff Value for buyer type 8; = (d,v;) given x(p;,0) and
x(p1,1), then the buyer of type (d,v;) accepts p; < C(d,v;), rejects p; > C(d,v1), and randomizes
at p1 = C(d,vl).

Buyer types with vi = [ always have a smaller cutoff value than types with v| = h, regardless
of the value distribution d and the seller’s strategy in the second period. However, the cutoff
values of type (B,v;) and (G,v;) depend on the seller’s strategy in the second period. If the seller
offers x(p1,0) < x(p1,1)), then C(G,v;) > C(B,v1). On contrast, if the seller offers x(p;,0) >
x(p1,1), then C(G,v;) < C(B,v1). The basic intuition is that, type (G,v) has a larger probability
of generating an 4 value in the second period and has a larger expected payoff if pp = [ than type
(B,v1), so the former is more willing to take the action that will induce the seller to offer p, = .
By the same intuition, however, in equilibrium the seller will not be able to separate one buy type
from all other types. Consider if p; is only accepted by type (G,h), then the seller will become
extremely optimistic and offer p, = h after acceptance of p;, which reaches a contradiction to

x(p1,0) <x(p1,1).
3For the consideration of efficiency, we require the buyer’s strategy be left continuous at the cutoff prices where

the buyer is indifferent between two actions, that is, the behavioral strategy following the cutoff price p; is the same
as the behavioral strategy following p; — €.
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Figure 1: 7(ct) and y(et) with % = 0.4, 4 =0.8 and [/h = 0.6

Therefore, in equilibrium the seller is not able to learn the buyer’s distribution for sure. How-
ever, the seller will still update her belief when p; separates h-value types from [-value types.
Given that the G distribution has a higher probability of generating an £ value, the seller must be
more optimistic after acceptance than rejection of p;. Different from Hart and Tirole, in which the
buyer’s value is the private information, in this model the seller’s belief about the buyer’s value dis-
tribution changes gradually even if she learns the buyer’s first-period value. Therefore, the seller’s
posterior beliefs conditional on acceptance and rejection of p; may not be different enough for her
to offer a different p,.

Define functions

(@)= — %
o+ (1—a)gP

v(o) = @l g

- a(l—g%)+(1-a)(1-q%)
Based on Bayes’ rule, 7(a) and y() are the seller’s posterior beliefs of the G distribution condi-
tional on v{ = & and v| = [ respectively. Define & =¥ !(y*) and @ = y~!(y*).* Figure 1 plots
¥() and y(@) as functions of the seller’s ex ante belief @, choosing 53 =04, ¢° =0.8, and
I/h=0.6.

9

and

Lemma 2 If p; is both accepted and rejected with a positive probability in the continuation game,
then we have

0)3(1.0)> x|
(i) a e (0.@)U(@,

According to the seller’s ex ante belief of the G distribution, we define a seller Pessimistic if
0 < a < &, Moderately Pessimistic if & < a < y*, Moderately Optimistic if v* < o < @, and
Optimistic if @ < o < 1. As in the previous literature, the knife-edge cases are omitted.

)= a€la,al;
1) :>X(p170) :x(plal)'

*Both 7(a) and y(0t) are continuous and increasing in o; y(er) < o < ¥(et) for ot € (0,1); y(et) = ¥(ax) = et for
o €{0,1}. & and @ are well-defined and & < y* < @.
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Figure 2: Buyer’s Equilibrium Strategy when @ < o0 < O

3.1 Seller with Extreme Ex Ante Beliefs

Given the second part of Lemma 2, when the seller has an extreme prior, she will offer the
same price in the second period regardless whether p; is accepted or rejected. Anticipating that,
all buyer types truthfully reveal their value and accept p; if p; < vy.

Proposition 1 [Extreme Seller] When the seller is pessimistic (optimistic), there is a unique D
equilibrium outcome in which the seller offers p; =1 (p; = h) and all buyer types accept p; < v,
fort=1,2.

3.2 Seller with Moderate Ex Ante Beliefs

When the seller’s ex ante belief is moderate, she offers p, = h conditional on vi =h and py =1
conditional on v; = [. This gives the /-value buyer types an incentive to reject p; less than but
close to / in order to be distinguished from the A-value types. The lowest price the /-value types
may reject is p =1 — 8¢8(h—1). For p; € (p,l] there are multiple equilibrium strategies. One
equilibrium strategy, as described above, is for the [-value buyer types to reject p; and for the
h-value buyer types to accept p;. It is also possible for all buyer types to accept p; € (p,l], if
the seller’s second-period strategy is independent of whether p; is accepted or rejected. Finally, if
the seller adopts a mixed strategy in the second period, there also exists an equilibrium strategy in
which the buyer type (B,) plays a mixed strategy. When p; exceeds [, the [-value types will reject
the offer and the h-value types will accept it if p; is relatively low. However, when p; approaches
h, the h-value types do not accept p; with probability one, since the gain in the first period cannot
compensate the loss from being offered with a high price in the second period. Similar to the
strategy of the /-value types for p; € (p,l], the h-value types have an incentive to conceal their
current value. In particular, buyer type (B,h) accepts p; and buyer type (G,h) plays a mixed
strategy. The highest p; both h-value types accept with probability one is p = h — 8¢ (h —1I).
Finally, for p; > h, all buyer types reject p;. Figure 2 and Lemma 3 summarize the buyer’s
Strategy.

Lemma 3 When the seller has a moderate prior belief (00 < ot < @), the buyer’s strategy in a D;
equilibrium is as follows:
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e if p1 < p, all buyer types accept py;

o if p < p1 <1, there exist multiple equilibrium strategies: (1) all buyer types accept pi; (2)
type (B,1) and (G,1) reject py and type (B,h) and (G,h) accept pi; (3) type (G,l) rejects
p1, type (B,1) randomizes and type (G,h) and (B,h) accept py;

e ifl < py <p, type (B,l) and (G,l) reject py and type (B,h) and (G,h) accept py;

e if p<pi <h type (B,l) and (G,l) reject py, type (G,h) randomizes and type (B,h) accepts
pP1;

e if p1 > h, all buyer types reject p;.

Next we discuss the seller’s optimal p; and conclude by describing the equilibria of the game.”
Given the buyer’s strategy described in Lemma 3, it is sufficient to consider the seller’s payoff at
the cutoff prices p; € {p,[, p,h}. For moderately pessimistic seller, denote U as the seller’s payoff
from offering p; = p, U as the payoff from offering p; = [ and all buyer types accept p;, Us as
the payoff from offering p; = [ and type (B, !) randomizes, Uy as the payoff from offering p; = p,
and finally Us as the payoff from offering p; = h. Similarly, we use V,V> V3 V4, Vs to denote the
seller’s payoff for moderately optimistic seller.®

Proposition 2 [MP Seller: Pooling Equilibria] When the seller is moderately pessimistic, there
always exists a pooling Dy equilibrium with p; = .

(i) If Uy > max{Us4,Us}, any py € [p,l] can arise in a pooling equilibrium;

(ii) If Uy < max{Uy,Us}, any p1 € [p',1], with p < p' <l can arise in a pooling equilibrium.

Proposition 3 [MP Seller: Semi-separating Equilibria] When the seller is moderately pessimistic,
the semi-separating D1 equilibria are characterized as follows.

(i) If Uy > max{Us,Uy4,Us}, no semi-separating equilibrium exists;

(ii) If Uy < max{Us,Us,Us} = max{Uy,Us}, semi-separating equilibria exist and the path is
unique, with py = p or py = h;

(iii) If Uy < max{Us,Uq4,Us} = U3, any py € [p",1], with p < p” < I, can arise in a semi-
separating equilibrium, so does p; = p or p; = h if max{Uy, U5T > Uy.

When the seller is moderately optimistic, the pooling and the semi-separating D; equilib-
ria are similar as for moderately pessimistic seller and so are omitted here to avoid repetition.
The only difference is that, for moderately pessimistic seller, U, > max{Us,Us}, so there al-
ways exists a pooling D; equilibrium with p; = [. While for moderately optimistic seller, when
V> < max{Vy,Vs}, no pooling equilibrium exists.

4. Comparison of Expected Revenue

3 All cases presented below in Proposition 2-3 arise for a non-negligible set of parameters, checked by a Mathmatica
program.
The explicit expression of Uy,---,Us and V}, - -, Vs is delegated to the proof of Proposition 2 and 3.

1053



Economics Bulletin, 2013, Vol. 33 No. 2 pp. 1047-1066

The most important question that this paper is concerned with is whether the seller improves her
revenue and gains more monopoly power with the uncertainty about the buyer’s value distribution.
In this section, we address this issue by comparing the seller’s expected revenue in our model with
that in the two-period version of Hart and Tirole’s (1988) rental model, where the buyer’s value
distribution is common knowledge.

The two-period version of Hart and Tirole’s (1988) rental model is as follows. The buyer has
private information about his value, which can be either high or low. The buyer’s value is drawn
at the beginning of the game and is fixed once realized. In each period ¢+ = 1 or 2, the seller
offers a rental price and the buyer decides whether to accept or reject the offer. Let u denote the
seller’s ex ante belief that she is facing a high-value buyer. In order to make a fair comparison,
we require that the ex ante probabilities of the high-value buyer in both models be equal, that is,
u = aq®+ (1—o)gP. The following proposition compares the expected revenues in the equilibria
of the two models for any ex ante belief the seller may have.

Proposition 4 [Revenue Comparison] If the ex ante probability of high value buyer type in the
two-period version of Hart and Tirole’s (1988) rental model is the same as in this model, then

(i) for an optimistic seller, the seller’s revenue is higher than in Hart and Tirole;

(ii) for a moderately optimistic seller; if ¢® is small enough and ¢© is big enough, there exists
a € (v*,Q) such that, for all o € (&, &), the seller’s revenue is higher than in Hart and Tirole;

(iii) for a pessimistic and moderately pessimistic seller, there always exists an equilibrium in
this model which yields the same revenue as in Hart and Tirole.

From Proposition 4 we conclude that, when the seller has sufficiently optimistic ex ante beliefs,
the seller is better off compared to the case that the distribution of the buyer’s value is common
knowledge.

5. Conclusion

In this paper we have considered a two-period repeated bargaining model where the seller
offers a price to rent a durable good in each period. The buyer’s value of consuming the durable
good is drawn from a fixed distribution in each period. The buyer has private information not only
about his value in each period, but also about the distribution which his values are drawn from.

We find that the seller will not learn the buyer’s value distribution in equilibrium but may still
learn the buyer’s value. We compare the seller’s expected revenue in our model with that in the
two-period version of Hart and Tirole’s (1988) rental model where the distribution of the buyer’s
value is common knowledge, under the assumption that the ex ante probabilities of high value
buyer types are the same in the two models. We find that the seller is better off with the additional
layer of uncertainty about the buyer’s value distribution when she has sufficiently optimistic ex
ante beliefs.
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Appendix A: Proofs

Lemma 4 In any PBE equilibrium, there does not exist p| that can screen one buyer type from the
other three types.

Proof. [Proof of Lemma 4]

Step I: Suppose x(p1,0) > x(p1,1). Then C(G,I) < C(B,1) <1 < C(G,h) < C(B,h) < h. A
price p; can screen one type from the other types only if p; € [C(G,1),C(B,l)] or p; € [C(G,h),C(B,h)].
If p; € [C(G,1),C(B,l)] and only type (G,!) rejects pj, then x(p;,0) = 0, so it contradicts with

x(p1,0) > x(p1, 1).
If p; € [C(G,h),C(B,h)] and only type (B,h) accepts pi, then x(p1,1) = 1, so it contradicts
with x(p1,0) > x(p1,1).
Step 2: Suppose x(p1,0) < x(pi1,1). Thenl < C(B,l) < C(G,l) <h < C(B,h) <C(G,h). A
price p; can screen one type from the other types only if p; € [C(B,1),C(G,I)] or p; € [C(B,h),C(G,h)].
If p; € [C(B,1),C(G,I)] and only type (B, 1) rejects py, then x(p1,0) = 1, so it contradicts with
x(p1,0) < x(p1,1).

If p; € [C(B,h),C(G,h)] and only type (G,h) accepts pj, then x(pi,1) = 0, so it contradicts
with x(p1,0) <x(p1,1).

Step 3: Suppose x(p1,0) = x(py,1). Then C(B,1) = C(G,l) =1 < C(B,h) = C(G,h) = h.

If p; <, all types accept p;.

If p; > h, all types reject p;.

If I < p; < h, both type (B,!) and (G,!) reject p; and both type (B, k) and (G, h) accept pj.

In any case, screening one buyer type cannot happen in equilibrium. ®

Lemma 5 Let W(pi,a;) denote the probability that action a; is taken in the continuation game
following py. If ¥(p1,1) € (0,1) for a given py in a PBE, then x(p1,0) > x(p1, 1).

Proof. [Proof of Lemma 5] Suppose ¥(pi,1) € (0,1) and x(p1,0) < x(pi,1) in a PBE. Then
[ < C(B,1) < C(G,I) < h< C(B,h) < C(G,h),and ¥(py,1) € (0,1) only if p; € [C(B,1),C(G,h)].
We will show that it reaches a contradiction for any p; € [C(B,1),C(G,h)].

If py € [C(B,1),C(G,1)), then only type (B,1) rejects p; and x(p1,0) =1 > x(py,1).

If p; € (C(B,h),C(G,h)], then only type (G,h) accepts p; and x(p1,1) =0 < x(py,0).

If p1 € (C(G,1),C(B,h)), then ¥(p1,0) = y(a) < a <¥(a) = ¥(p1,1) and x(p1,0) > x(p1, 1).

Denote X’ as the probability for type (G,!) to reject p; = C(G,I) and Y’ as the probability for
type (B, h) to reject py = C(B,h).

If p, = C(G, 1),

B aX'(1—4%)
= aX () (1)l —gF) L%

Y(p1,0)

and
og” + (1 —-X")(1—q°)

M) = g (1w (- X191

so x(p1,0) > x(p1,1).
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If p =C(B,h),

o(1—q%)
a(l-¢%)+(1-a)(1-¢B)+(1-a)Y'qf ~~

}/(p170>:

and
oaq®

o +(1—a)(1-Y")q? >7a),

Y(p1,1) =

so x(p1,0) > x(py,1).
Since every case leads to a contradiction with x(p1,0) < x(p1, 1), the seller offers x(p;,0) >

x(p1,1)inaPBEif ¥(p1,1) € (0,1). =

Proof. [Proof of Lemma 2] (i) ¥(p1,1) € (0,1) and x(p1,0) > x(p1,1) = a € [a, Q).
Suppose ¥(p1,1) € (0,1), x(p1,0) > x(p1,1) and a € (0, @) U (@, 1). ThenC(G [) <C(B,I) <
[ < C(G,h) < C(B,h) <h. ¥(p1,1) € (0,1) only if p; € [C(G,I),C(B,h)]. We will show that it
reaches a contradiction for any p; € [C(G,1),C(B,h)].
If py € [C(G,1),C(B,1)), then only type (G,!) rejects py and x(p1,0) =0 < x(p1,1).
If p; € (C(G,h),C(B,h)], then only type (B,h) accepts p; and x(p;,1) =1 > x(p1,0).
If py € (C(B,1),C(G,h)) and o < @, then ¥(py,1) =¥(et) < ¥* and x(p1,1) =1 > x(p1,0).
If p; € (C(B,1),C(G,h)) and & > @, then ¥(p1,0) = y(@) > y* and x(p;1,0) = 0 < x(py, 1).
Denote X as the probability for type (B,!) to reject p; = C(B,[) and Y as the probability for
type (G, h) to reject p; = C(G,h).

If py ::Cxl%l)’
_ a(l-q°)
PO = G0+ (- ax (1)~ 1)
and e
v(p1,1) =

aqf+ (- o)+ (1—a)1-X)1—qf) ° V(@)

When a < a, ¥(p1,1) <7(a) <y andx(p1,1) =1 > x(p1,0). When a > @, y(p1,0) > y(a) > y*
and x(p1,0) =0 <x(p1,1).

If p1 = C(G, h),
_ aYq®+a(l—g¢%)
M0 = Gy o ali—g0) + (- o)1 =)~ 1
and
_ G
v(p1,1) = a1 —Y)g <¥(a).

o(1-Y)g%+ (1 —a)qB

When a < @, ¥(p1,1) <7(a) < y*and x(p1,1) =1 >x(p1,0). When o > @, y(p1,0) > y(at) > v*
and x(p1,0) =0 < x(p1,1). B
Therefore, every case is contradictory to x(p1,0) > x(py, 1).
(if) It is directly derived from Lemma 5 and (i) of Lemma 2. m

Proof. [Proof of Proposition 1]
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Fart 1: Pessimistic Seller

Step 1: We first show that it is the unique D equilibrium strategy for the buyer to accept pj if
and only if p; <vy.

(1) Suppose x(p1,0) > x(p;,1). Lemma 2 implies that either all buyer types accept p; or all
buyer types reject p1. Given o < & and x(p1,0) > x(p1,1), it must be the case that all buyer
types reject py, otherwise x(p1,1) = 1. Since x(p;,0) > x(p1,1) and all buyer types reject py,
p1 > C(B,h), which is less than 4. But a PBE cannot pass criterion D if all buyer types reject
p1 < h. Therefore, p; > h and all buyer types reject p;.

(2) Suppose x(p1,0) < x(p1,1). Given o < &, Lemma 2 implies that p; <C(B,l) = rréin{C(Gl )}

1

which is greater than /, and all buyer types accept p;. But a PBE cannot pass criterion D if all
buyer types accept p; > [. Therefore, p; <[ and all buyer types accept p;.

(3) Suppose x(p1,0) = x(p1,1). All buyer types accept p; if and only if p; < v; for any p;.

Combining three cases above, it is the unique D; equilibrium strategy for the buyer to accept
p1 if and only if p; < vy.

Step 2: Given the buyer’s strategy, the seller offers p; = [ or p; = h, and always offers p, =1
on the equilibrium path. The respective payoffs for the seller is:

{ n(l) =1+81;
n(h) = ah+ 1.

Given a < a < ¥*, it is optimal to offer p; = [.
Part 2: Optimistic Seller
Step 1: Similar to the pessimistic seller, we first show that it is the unique D; equilibrium
strategy for the buyer to accept p; if and only if p; < vy.
(1) Suppose x(p1,0) > x(p1,1). Given & > @, Lemma 2 implies that p; < C(G,[) = rréin{C(Gl)} <
1

[, and all buyer types accept p;. It passes criterion Dj.
(2) Suppose x(p1,0) <x(p1,1). Given @ > @, Lemma 2 implies that p; > C(G,h) = rrbax{C(Gl )} >
1

h, and all buyer types reject p;. It passes criterion D;.

(3) Suppose x(p1,0) = x(p1, 1). All buyer types accept p; if and only if p; < v; for any p;.

Combining three cases above, it is the unique D equilibrium strategy for the buyer to accept
p1 if and only if p; < vy.

Step 2: Given the buyer’s strategy, the seller offers p; =/ or p; = h, and always offers p, = h
on the equilibrium path. The respective payoffs for the seller is:

n(l) =1+ 8oh;
n(h) = ah+ doh.

Since o > O > ¥, it is optimal to offer p; = h. m

Proof. [Proof of Lemma 3] We try to derive all the possible buyer’s strategies following different
second-period strategy of the seller.

(1) Suppose x(p1,0) < x(p1,1).

We have [ < C(B,l) < C(G,l) < h < C(B,h) < C(G,h). Lemma 5 implies that p; must be
accepted or rejected with probability one given x(p;,0) < x(p1,1). Given x(p;1,0) < x(p1,1),
when a < a@ < ¥*, p; < C(B,l) and all buyer types accept p;. When y* < o < @, p; > C(G,h)
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and all buyer types reject p;. The equilibrium cannot pass criterion D if all types accept py > [.
Thus, when & < @ < ¥*, p; <[ and all types accept p;. When ¥* < o < &, p; > C(G,h) > h and
all buyer types reject py.

(2) Suppose x(p1,0) = x(p1,1).

We have C(G,l) = C(B,l) =1 < C(G,h) = C(B,h) = h. Therefore, for p; <1 all buyer types
accept py, and for p; > h all types reject p;. For p; € (I,h], type (B,l) and (G,[) reject p; and
type (B,h) and (G, h) accept p1, so x(p1,0) = 1 and x(p;,1) =0 given & < o < @, which leads to
a contradiction.

(3) Suppose x(p1,0) > x(p1,1).

We have C(G,l) < C(B,l) <1 < C(G,h) < C(B,h) < h. Next we divide all the possibilities
into three cases.

Case I: p; is accepted or rejected with probability one, i.e., ¥(p;,1) € {0,1}. So when
o < a < y*, p1 > C(B,h) and all buyer types reject p;. When y* < a < @, p; < C(G,1) and all
buyer types accept p;. The equilibrium cannot pass criterion D if all buyer types reject p; < h.
Thus, when & < o < ¥*, p; > h and all buyer types reject p;. When v* < o < a, p; < C(G,l) <
and all buyer types accept pi.

Case 2: p is accepted and rejected with a positive probability, i.e., ¥(py,1) € (0,1), and the
seller plays pure strategy in the second period, i.e., x(p1,0) = 1 and x(p;, 1) = 0. Lemma 4 shows
that no p; separates a single type from other types. So p; € (C(B,1),C(G,h)| = (p, p]. Type (B,[)
and (G, 1) reject p; and type (B,h) and (G, h) accept p;. B

Case 3: p; is accepted and rejected with a positive probability, i.e., ¥(p;,1) € (0,1), and
the seller plays mixed strategy in the second period, i.e., 0 < x(p1,0) —x(p1,1) < 1. Then either
x(p1,0) =1 and x(p1,1) € (0,1) or x(p1,0) € (0,1) and x(p;,1) = 0, since the knife-edge condi-
tion o = y* is omitted. The former implies y(p;,0) < ¥* and y(p;,1) = ¥, and the latter implies
v(p1,0) =v* and y(p1, 1) > y*. Therefore, y(p1,1) = y* when o < o < ¥*, and y(p1,0) = y* when
Y* < a < o. From Lemma 4, it is not possible for type (G,!) or (B,h) to randomize, otherwise the
seller can at least sometimes separate type (G,[) or (B, h) from other types. So only type (B,![) and
(G,h) may play mixed strategy.

When o < o < ¥, type (B,[) randomizes to reject p; with probability X*, (G,I) rejects py,
and (G,h) and (B, h) accept p;. Then

Yol = — S A ——
aq+ (1= )P+ (1- @) (1 ~X)(1 — )
Type (B, 1) is indifferent from accepting and rejecting p1, then
[ —p1+8¢8x(p1, 1) (h—1) = 8qB(h—1).
So type (B,!) rejects py € (p,l] with probability X* =1+ lfl;B - (1226)8:;;7/*’ and the seller
offers x(p1,1) =1— %,x(mﬁ) =1.

When v* < o < @, type (B,l) randomizes to reject p; with probability X**, (G, 1) rejects py,
and (G, h) and (B, h) accept p;. Then’

OC(]—(]G) _,}/k
T~ +(—aX(1—g)

’Since the seller is more optimistic after acceptance of p; than rejection of pi, her posterior belief y(p,1) >
¥(p1,0). Therefore, in a mixed strategy equilibrium, y(p;,1) = ¥* if @ < y* and y(p1,0) = v* if ¢ > 7*.

'}/(plao) = (X(
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Type (B,!) is indifferent from accepting and rejecting pi, then

1—p1 = 8¢°x(p1,0)(h—1).

(1-¢%)(1-7")

So type (B, [) rejects py € (p, ] with probability X** = ‘(X]_a)(] 7 and the seller offers x(p;,0) =

I—
W/fll) and X(pl, 1) =0.
When & < a < ¥*, type (G, h) randomizes to reject p; with probability Y*, (B,l) and (G,)
reject py, and (B,h) accepts p;. Then
OC<1 B Y*)qG *

Wen D)= a(1-7)0+ (1—a)gf |

Type (G, h) is indifferent from accepting and rejecting py, then
h=p1+8¢°x(p1,1)(h—1) = 8¢%(h—1).

(1-a)g®y*

0g®17) and the seller offers x(p, 1) =

Sotype (G, h) rejects p; € (p, h] with probability Y* =1 —
h—
1— Wflil) andx(pl,O) = 1.
When v* < o < @, type (G, h) randomizes to reject p; with probability Y**, (B,1) and (G, ()
reject py, and (B,h) accepts p;. Then
B (xY**qG+(x(1—qG)
—a¥gC+a(l—¢%)+(1-a)(l-4¢")

*

Y(p1,0)

Type (G, h) is indifferent from accepting and rejecting py, then

h—p1 = 8q°x(p1,0)(h—1).

So type (G, h) rejects py € (p,h] with probability Y** = (I;ZG)S:‘Q“ — 1;30 and the seller offers

h—
x(p1,0) = Wﬁl) and x(p1,1) =0.
Lemma 3 comes from the combination of three steps. m

Proof. [Proof of Proposition 2 and 3]
Moderately Pessimistic Seller
(1) p1 = p: The seller offers p, = [, with p; and p, accepted by all buyer types.

l/1=:£2+-5l;

(2) p1 = I: Since there are multiple equilibrium strategies for the buyer following p; € (p, ],
the seller’s payoff from offering p; = [ depends on which strategy the buyer is using. Suppose that
all buyer types choose to accept p; = [, then the seller offers p, = p; = [, with p; and p; accepted
by all buyer types.

U, =1+ 9l

If buyer type (G,l) rejects p;, buyer type (B,l) randomizes, and buyer types (B,h) and (G,h)
accept p1, then the seller’s payoff from offering p; =1 is

Us =[ag®+ (1 —a)g® + (1 —a)(1 —¢P) (1 —X*)]1 + 81
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Finally, if both /-value buyer types choose to reject and both A-value buyer types choose to accept
p1 = [, then offering p; = [ is dominated by offering p; = p.

(3) p1 = p: Buyer types (B,[) and (G,!) reject py, buyer types (B,h) and (G, h) accept p;, and
the seller offers p, = [ if p; is rejected and p, = h if p; is accepted.

Us = [ag®+(1-a)g®|p+8[a(g®)+(1-a)(g®)]h
+8[a(1—¢%) +(1—a)(1—g")]1;

(4) p1 = h: The unique equilibrium strategy is for buyer type (G, k) to randomize, buyer type
(B, h) to accept p1, and buyer types (B,!) and (G,!) to reject py, so the seller’s payoff is

Us = [ag®(1 —Y*) + (1 — a)gP|h+ S1.

Proof for pooling equilibria.
Step 1: First we show that U, > max{Us Us} for & < o < y*. Given this, there always exists a
pooling equilibrium with p; = I on the equilibrium path and all buyer types accepting p; € [p,1].

Us—Uy
= 8(1—a)g®l(q° —1)+8aq®l(¢” 1)
+8(1—a)q’h(q” —4°) +[ag®h+ (1 - a)g’h —1]
< 0

Each item on the right hand side of the equation is negative fora < a < y*.

By plugging Y* into the definition of Us, Us = v =% 4Bh + 81, which is decreasing in a. So

Us —U,
1—a ,

< h—1
l—y*q

h

= ————(/h—q°)(/h—4°) <.

pes sy HUUSLRIUURY D

Step 2: ()If U; > max{Uy,Us}, for an arbitrary pj € [p,l], assume all buyer types accept
p1 € [p,pi], type (B,1) and (G, 1) reject p; € (p?,1], and type (B,h) and (G,h) accept p; € (p,1],
then p_”f is the optimal p;.

(i) Since Uy = p+ 61 < max{Us,Us} < U, = [ + 81, there exists p’ € (p,[) such that u(p’) =
p' + 81 = max{Uy,Us}. For an arbitrary p} € [p',1], assume all buyer types accept pi € [p, pi],
type (B,1) and (G,1) reject p; € (p},1], and type (B, k) and (G, h) accept p; € (p,]. Then pj is
the optimal p; given u(p’) = max{Uy,Us}.

Proof for semi-separating equilibria. (i) By definition Uz, Us and Us are the potential highest
payoffs in a semi-separating equilibrium. If the lowest payoff from a pooling offer, U, is greater
than max{Us, Uy, Us}, there is no semi-separating equilibrium.

(ii) For all p; € (p,!], the buyer can adopt two semi-separating equilibrium strategies: 1) types
with v; = [ reject p; and types with v; = & accept py, or 2) types with v; = h accept py, type (G,1)
rejects py and type (B, 1) randomizes. If the first strategy is adopted at p; € (p, (], the seller’s payoff
by offering p; is less than Uy. If the second strategy is adopted, the payoff is weakly less than Us,
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which is less than max{Uy,Us}. Therefore, when the buyer adopts either of these two strategies,
given U; < max{Uy,Us}, a semi-separating equilibrium exists and the path is unique, with p; = p
or p; = h, depending on whether Uy or Us is larger.

(iii) Define U (p1,X*) = [atq® + (1 —a)g® + (1 — &) (1 —¢B) (1 — X*)]p1 + 81, which is increas-
ing in p; € (p,!]. First suppose max{Us,Us} < U; < Us. By definition U(p,X*) < U; < Uz =
U(1,X*). Therefore, there exists p” € (p,[) such that U (p",X*) = Uy. For any arbitrary p} € [p",[]
, assume the buyer uses the second strategy for pi < p” and uses the first strategy described in part
(ii) for pj > p”, then pj € [p”,1] is the optimal p;.

Then suppose U; < max{U,,Us} < Us. Since U(p,X*) <U; < Us =U(,X*), U(p,X*) <
max{Uy,Us} < U(I,X*). Define p" € (p,1) such that U(p",X*) = max{Uy,Us}. If for any arbi-
trary p} € [p”,1], the buyer uses the second strategy described in part (ii) for pi < p” and uses the
first strategy for pi > p” , then pj € [p”,[] is the optimal p,. If for any p; € (p,[], the buyer uses
the first strategy, then p; = p or p = h is optimal, depending on whether Uy or Us is larger.

Moderately Optimistic Seller
(1) p1 = p: p2 = h, p1 accepted by all buyer types and p; accepted by types with v, = h.

Vi = p+8lag® + (1 —a)q’lh;
(2) p1 =I: p» = h, p; accepted by all buyer types and p, accepted by types with v, = h.
Vo =14 8[0g + (1 — a)gP)h;

Payoff V3 is the seller’s payoff from offering p; = [, buyer type (G, [) rejects py, buyer type (B,[)
randomizes, and buyer types (B,h) and (G, h) accept p;.

Vs =[og®+ (1—a)g® + (1 — ) (1 —¢%)(1 = X))l + 8[ag” + (1 — &) g”]h;

(3) p1 = p: Payoff V4 = Uy is the seller’s payoff when buyer types (B,/) and (G,!) reject py,
buyer types (B,h) and (G,h) accept py, and the seller offers p, = [ if p; is rejected and pp = h if
p1 1s accepted.

Vi = [ag®+(1—a)d®]p+8[a(q®)* + (1 - a)(¢®)*|h
+8[a(1—¢%) +(1—a)(1—g%)]I;

(4) p1 = h: Payoff Vs is the seller’s payoff from offering p; = h, buyer type (G, h) randomizes,
buyer type (B,h) accepts pi, and buyer types (B,l) and (G, 1) reject p;.

Vs = [ag® (1 —Y*) + (1 — a)g®lh+ 8[ag® + (1 — a)4B]h.

The proof of the pooling and semi-separating equilibria are similar to that for moderately pes-
simistic seller and are therefore omitted. m

Proof. [Proof of Proposition 4]

Step 1: We first describe the equilibrium in the two-period version of Hart and Tirole’s rental
model.

In period 2, both types accept p, if and only if p» < v, and reject p, otherwise. In the first
period, the [-type buyer accepts p; if and only if p; <[ and reject p; otherwise. If u < [/h, the
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h-type buyer accepts p; < h— 6(h—1) and reject py > h—6(h—1). If u > 1/h, the h-type buyer
accepts p; < h—90(h—1), randomizes to accept p; € (h— 8(h—1),h] with probability y* = ‘é ,

)
hi+81(h—1)
ash(i—r)> the

)

)’
seller offers py =h—38(h—1), po = hif p; is accepted and p, = [ if p; is rejected; if u > lej_g;ll((
the seller offers p; = p» = h. The seller’s revenue in the equilibrium is as follows.

and reject p; > h. Therefore, if u < [/h, the seller offers p; = pp =L if [/h < u <

D)
)’

1461, if u<1/h;
w=d Blh—8(h—1)]+ Suh+8(1— )l = ph+ 81, it I/h<p < pEo=,

" _ uh?—hi+8uh*>—Suhl . hl+-81(h—1)
Hy h+5‘u1’l— =1 1f,LL>hl+T(h_l)

Step 2: Next we compare the revenue in our model with that in Hart and Tirole, assuming that
u = g%+ (1 — a)g®. Notice that o > y* is equivalent to u > [/h. For convenience, denote
= uh+ 6l and W, = uy*h+ o uh.
(i) For an optimistic seller (o > @), there is a unique equilibrium outcome as shown in Propo-

sition 2, and the seller’s revenue in our model is

(g + (1 —a)g”)h+8(0g® + (1 - a)g®)h
= uh+douh
> max{W,W,}.

So the seller’s revenue in our model is higher than in Hart and Tirole’s.

(ii) For a moderately optimistic seller (y* < & < @), it suffices to compare the potential optimal
revenues W) and W, in Hart and Tirole with the potential optimal revenues V,, V4 and Vs in our
model. Our proof consists of the following results.

Result 1:
Wi —W ==(1~—-5)([Lh-—l) >0
Result 2:
W —Vy=8(1—a)g®(q® —¢®)h+8u(1—4¢%)>o.
Result 3:

Vs >W if ¢ >1-¢®+45(1/h).

Vs — W,
= [ag®(1=Y*)+ (1 - a)q°Jh—puy*h
_ G_ B 1—-4° 1 h
- a(q —q )(qG—l/h_l—l/l’l)
g U= Un—g®

4 —1i/h 1—1/h
If (1—-¢%)(1—1/h) < q° —1/h, then Vs > W, when
1/h—q® q° 1

G _ _ B 1 145 1
©~4" =g C—ijn ~ T=Ijh

o<
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The RHS of the inequality is decreasing in ¢© and converges to 1 when g® — 1, therefore the RHS
of the inequality is greater than 1, so the inequality always holds when (1 —¢8)(1—1/h) < q% —1/h.
Result 4: There exists @ € (y*, &) such that, for & € (@, &), Wo > Wy if ¢ > 1 —g8+45(1/h)
B _ SU/h)(1-1/h)
and ¢g” < Th+8(1=1/h)"
W, > W,
I/h+38(l/h)(1—1/h)
I/h+6(1—1/h)
1 I/h+06(1/h)(1—=1/h) 4
qG—qB[ I/h+8(1—1/h) )

=

= o> [0

It is easy to show that & > y*. Next we need to show the conditions under which & < a.

a<a
1 I/h+38(l/h)(1—1/h) B 1—qB l/h—qB
NPy y e T Ty R (R ¢ R oy R
UhesWm( -1 5 (1-g") /g

Uhrs(i—ijh) 4 = (—gB)— (g0 —i/h)

At the same time,

g% —1/h> (1—¢")(1—1/h)
& (1-¢")=(q°=1/h) < (1=¢") = (1-¢")(1—1/h)
& (1=4")(1/n)>(1—=4")—(q° —1/h)
I/h—q®  (1-4¢%)U/h—4")
I/h = (1—4¢%)—(q°—1/h)

To show @ < @, it is sufficient to show that

Uh+81/(1—1/h) 5 1/h—gPB

Uhto( -t 4 < "n o

which is satisfied when ¢® < %.

Combining Result 1, 2, 3, and 4, we have shown that, if ¢ > (1 —¢®)(1 —1/h)+1/h and

B < %, there exists @ € (y*, a) such that, for o € (@, @), V5 > Wp > Wy > max{Vs, V4 }.

Therefore, V5 is the optimal revenue in our model and it is higher than the optimal revenue in the
two-period version of Hart and Tirole (1988).

(iii) For a pessimistic seller or moderately pessimistic seller (@ < 7*), there always exists a
pooling equilibrium in which the seller offers p; = p, = [ and all buyer types accept the offer as
shown in Proposition 1 and 3. This equilibrium yields revenue / + 6/, which is the same as in Hart
and Tirole’s (1988). m
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Appendix B: Criterion D,

The following definition of Criterion D; is modified from Cho and Kreps (1987).

Consider a fixed equilibrium on the continuation of p;, with action a; € {0, 1} reached with
zero probability. Suppose x(p1,1) and x(p1,0) is the seller’s equilibrium strategy.
Step 1: Find the sets of all (mixed) responses ¢ by the seller that would cause type 0; = (d,v) to
defect from the equilibrium and to be indifferent. If a; = 0 is the out-of-equilibrium action, form
the sets

Do, = {9 : (v — p1) +8q"x(p1, 1) (h—1) < 8¢*9(h—1),¢ € [0,1]},
Dy ={¢: (vi—p1)+8q°x(p1,1)(h—1) = 5q"9(h—1),¢ € [0,1]}.

If a; = 1 is the out-of-equilibrium action, form the sets
Do, = {0 : (vi — p1) + 89 (h—1) > 8¢°x(p1,0)(h— 1),0 € [0,1]},

DY ={¢: (vi —p1)+84°d(h—1) = 8q"x(p1,0)(h—1),¢ € [0,1]}.

Step 2: For a given out-of-equilibrium action ay, if for some type 0 there exists a second type 51
with Dg, U Dgl - D51’ then the combination (6;,a;) may be pruned from the continuation game
following pj.
Step 3: Check whether the fixed equilibrium is still sequentially rational given that the seller’s
belief is restricted to the buyer types who survive from Step 2. If not, then the equilibrium does
not survive from D;.

Given a PBE, if the corresponding equilibrium in all the continuation games following p; € R
survives from D1, then we say that the PBE survives from D;.

The effect of applying criterion D in our model is summarized in the following lemma.

Lemma 6 The equilibrium in the continuation game can not pass criterion Dy if all buyer types
accept p1 > 1 or all buyer types reject py < h; The equilibrium in the continuation game passes
criterion Dy if all buyer types accept py < | or all buyer types reject py > h.

Proof. [Proof of Lemma 6] Part 1: Suppose all buyer types accept p; > [. Then x(p; 1) >

x(p1,0) and x(p; 1) = 1 without considering the knife- edge case that & = y*. Since max{x(p; 1) —

x(p1,0)} = 1 and all types accept py, p1 < (mm {(vi+8¢%(h—1)} =1+ 848 (h—1) by the definition
d

7V1
of cutoff value.
Apply the definition of D in the case that a; = 0 is the out-of-equilibrium message and form

the sets Dg, and D0 for each buyer type 6;. So Do, = {¢ : ¢ > x(p1,1)+ % ¢ €[0,1]} and

Dy ={¢:¢ —x(p1,1)+ 5V}1 hp‘l ,¢ € [0,1]}. Therefore, for x(p1.1) = 1 and p; € (I,]+ 8¢ (h—
1)], D, UDG] C D(gy) for all 6, # (B,l). All the combinations (6y,a; = 0) with 6; # (B,1)
are pruned from the game. Given the seller’s belief is restricted on type (B,l) after rejection,
x(p1,0) = 1 and it is contradictory to x(p;.1) > x(p1,0). So the equilibrium fails to pass criterion
Dy.

Part 2: Suppose all buyer types accept p; < [. From Part 1, Do, = {¢ : ¢ > x(p;1,1) +

ey 9 € [0,1]) and D = ={¢: 9 =x(p1, 1)+ 5575 ¢ € [0,1]}-
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If py =1 and & < ¥*, Do, UDy = 0 for 6 € {(B,h),(G,h)} and Dg, UDg = {1} for 6, €
{(B,1),(G,1)}.

If py =1 and o > ¥*, Do, UDy = 0 for 6 € {(B,h),(G,h)} and Dy, UD§ = [0,1] for 6; €
{(B,1),(G,])}.

If p; <land ot < y*, then Dy, UD(E),] = ( for all buyer types 6.

If p1 <! and & > y*, then either Dy, UD%1 = ( for all buyer types 6 or Dg, L,ng1 < DGy
If the latter happens, the seller’s belief is restricted on type (G,I) after rejection and she offers
x(p1,0) = 0. Tt is still sequential rational for all buyer types 6, to accept p; < [ given x(p;,1) =
x(p1,0) =0.

In all the cases above, the equilibrium passes criterion Dj.

Part 3: Suppose all buyer types reject p; < h. Then x(p; 0) > x(p1,1) and x(p; 0) = 1 without
considering the knife-edge case that a@ = y*. Since max{x(p; 0) —x(p1,1)} = 1 and all types reject
P1,P1 > gnax){vl —38¢%(h—1)} = h— 8qP(h — 1) by the definition of cutoff value.

d,vl

Apply the definition of criterion D in the case that a; = 1 is the out-of-equilibrium message.
So Do, ={¢: ¢ >x(p1,0)+5575"5,0 € [0, 1]} and D = {9 : ¢ =x(p1,0)+ 55725.0 €[0, 1]}
Then for x(p; 0) =1 and p; € [h 8q%(h—1),h), Dy, UDO1 G Dg ) for all 6; # (B h). All the
combinations (0;,a; = 1) with 6; # (B, h) are pruned from the game. Given the seller’s belief is
restricted on type (B, h) after acceptance, x(p;,1) = 1 and it is contradictory to x(p; 0) > x(p1, 1).
So the equilibrium fails to pass Criterion Dj.

Part 4: Suppose all buyer types reject p; > h. From Part 3, Do, = {¢ : ¢ > x(p1,0) +
ot 9 €10,1]} and Dy = {9+ ¢ = x(p1,0) + 55450 € 0, 1]}

If py=hand a < 7", 1)9l UDg, =0 for 6 € {(B 1) (G,1)} and Dg, UDy = {1} for 6; €
{(B,1),(G,h)}.

If py = h and a > ¥*, Do, UDy = 0 for 6 € {(B,1),(G,1)} and Dg, UDy = [0,1] for 6, €
{(B,h),(G,h)}.

If p1 > hand & < ¥*, then Dy, UDj = 0 for all buyer types 6).

If p; > hand & > ¥, then either Dy, UDj = 0 for all buyer types 6; or Do, UDy & DG p)-
If the latter case happens, the seller’s belief is restricted on type (G,h) after acceptance and
x(p1,1) = 0. Then it is still sequential rational for all buyer types 6; to reject p; > h given

x(plal) ::x(p170)::(l
In all the cases above, the equilibrium passes criterion D;. m
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