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Abstract
The most prevalent welfare criteria for quasi-hyperbolic discounting models are the Pareto criterion that takes into
account all periods' intertemporal utilities and the long-run perspective criterion that considers the intertemporal utility
in fictitious period 0. This paper shows that efficiency by the Pareto criterion implies efficiency by the long-run
criterion.
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Introduction

Economists have tried to incorporate present-biased preferences into economic models. The most successful model of present-bias is quasi-hyperbolic
discounting time preferences, which have been developed by Strotz (1956),
Phelps and Pollak (1968) and Pollak (1968).1 Laibson (1996, 1997) showed
that the economy with quasi-hyperbolic preferences results in suboptimal undersaving problems.2 The suboptimality of present-biased agents’ decisions
provides justi…cations for government interventions. After Laibson’s work,
there have been plenty of policy suggestions and implications, such as consumption taxation, encouraging savings, retirement and pension system, and
accumulation of illiquid assets.3
These economic policies cannot be e¤ectively evaluated without wellde…ned welfare functions. With present-biased preferences, there is no single
dominating welfare criterion because there are multiple preferences one can
use. Among several welfare criteria, the major two are the Pareto criterion and the long-run perspective criterion.4 The Pareto criterion takes into
account intertemporal utilities from all perspectives, while the “long-run perspective” welfare criterion considers intertemporal utility from a prior perspective where the person weights all future periods equally.
Even though the two welfare criteria are commonly used in research of
policy implications,5 to my knowledge none of these works compare these two
criteria. It is likely that the two welfare criteria are quite distinct because
they are based on di¤erent intertemporal utilities. However, this paper shows
that if a strategy is superior to another in the Pareto sense, it would be also
superior based on the long-run perspective criterion. Many research papers
assume that the outside authority, such as the government, evaluates individual’s welfare based on long-run utility rather than the biased intertemporal
1

See Frederick, Loewenstein and O’Donoghue (2002) and Loewenstein and Prelec (1992)
for broad discussion on time-inconsistent preferences.
2
The quasi-hyperbolic preferences are applied in various economic models such as a
repreated games model by Chade, Prokopovych and Smith (2008), a contract design model
by Dellavigna and Malmendier (2004), mechanish design problems by Gilpatric (2008) and
principal-agent problems with moral hazard by Yilmaz (2013).
3
See O’Donoghue and Rabin (2006), Laibson (1996, 1998), Diamond and Koszegi
(2003), Thaler and Benartzi (2004) and many others.
4
For detailed discussion of the two welfare criteria, see O’Donoghue and Rabin (2015)
on page 276 and O’Donoghue and Rabin (1999a) on pages 112-113.
5
For policy evaluations based on the “long-run” welfare criterion, see O’Donoghue
and Rabin (1999b, 2001, 2003), Krusell and Smith (2002), Diamond and Koszegi (2003)
and Guo and Krause (2015). For policy implications based on the Pareto criterion, see
Goldman (1979), Laibson (1996) and Bisin, Lizzeri and Yariv (2015).
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utilities. The main result of this paper implies that Pareto-improving policies in terms of all the biased intertemporal utilities is also welfare-improving
from the unbiased long-run perspective.
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The main result

An individual lives T
3 periods. Let u 2 R be the individual’s instantaneous utility experienced in period 2 f1; 2; :::; T g. Given fu gT=1 2 RT ,
the intertemporal preferences from the perspective of period t is
Ut fu gT=t = ut +

TPt

i

ut+i :

(1)

i=1

With this functional form in (1), = 1 corresponds to exponential discounting while 2 (0; 1) re‡ects present bias.
The Pareto criterion ranks di¤erent strategies based on all periods’ intertemporal utilities. With two di¤erent sets of instantaneous utilities, fu gT=1
and fu0 gT=1 , the Pareto criterion is de…ned as follows:
De…nition 1 The strategy resulting in fu gT=1 is strictly preferred in the
Pareto sense to another resulting in fu0 gT=1 , that is fu gT=1 P fu gT=1 ; if
Ut fu gT=t

Ut fu0 gT=t

for all t 2 f1; :::; T g;

(2)

for some t 2 f1; :::; T g:

(3)

and
Ut fu gT=t > Ut fu0 gT=t

O’Donoghue and Rabin (1999) proposed a di¤erent welfare criterion of a
“long-run perspective” utility in which the intertemporal utility function Ut
is evaluated from period 0. Assuming that u0 = 0, the intertemporal utility
in period 0 is de…ned as
U0 fu gT=1 =

T
P

i

ui ;

(4)

i=1

which is a¢nely equivalent to U1 fu gT=1 using = 1.
From (4), the long-run welfare criterion is de…ned as the following:
De…nition 2 The strategy resulting in fu gT=1 is strictly preferred in the
long-run perspective to another resulting in fu0 gT=1 , that is fu gT=1 L
fu0 gT=1 ; if
(5)
U0 fu gT=1 > U0 fu0 gT=1 :
2

The following proposition shows that welfare-improvement in the Pareto
sense is su¢cient for welfare-improvement in the long-run perspective sense.
Proposition 1 For any given two streams of instantaneous utilities fu gT=1
and fu0 gT=1 , if fu gT=1 P fu0 gT=1 , then fu gT=1 L fu0 gT=1 .
Proof of Proposition 1: De…ning a function Vt : Rt ! R as
2

Vt fu gT=t = ut + ut+1 +

ut+2 + ::: +

T t

uT =

TPt

i

ut+i ;

(6)

i=0

we have
U0 fu gT=1 =

V1 fu gT=1 :

(7)

We use the following simpli…ed notations:
Ut0 = Ut fu0 gT=t ;

Ut = Ut fu gT=t ;

and Vt0 = Vt fu0 gT=t :

Vt = V t fu gT=t

From the de…nition of Vt in (6), we have the following lemma:
0
, then Vt > Vt0 for all t 2 f1; :::; T
Lemma 1: If Ut > Ut0 and Vt+1 Vt+1
0
1g. If Ut Ut0 and Vt+1 > Vt+1
, then Vt > Vt0 for all t 2 f1; :::; T 1g:
Proof of Lemma 1: From (1) and (6), Ut can be written as

Ut = ut +

TPt

i

ut+i = ut +

Vt+1

i=1

= ut + Vt+1

(1

) Vt+1

(8)

From (6) and (8), we have
Ut = Vt

(1

) Vt+1

(9)

0
From (9), we know that if Ut > Ut0 and Vt+1 Vt+1
; we have Vt > Vt0 because
0
0
< 1. We also know that if Ut
Ut and Vt+1 > Vt+1
; we have Vt > Vt0
because < 1.
End of Lemma 1 proof.

Where t = T; we have VT = UT . Therefore, from Lemmas 1, (2) and (3)
we have
VT 1 VT0 1 or VT 1 > VT0 1 .
(10)
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By Lemma 1 and inequality (10), we have
VT
VT

2
2

VT0
> VT0

2
2

if UT
if UT

1
1

= UT0
> UT0

1;
1:

(11)

Given inequalities in (11), for t 2 f1; 2; :::; T 2g, we have Vt Vt0 if Ut+1 =
0
0
Ut+1
; and Vt > Vt0 if Ut+1 > Ut+1
. Thus, we have Vt Vt0 for t 2 f1; 2; :::; T
2g: As noted, there is at least one 2 f1; 2; :::; T g with U > U 0 by Pareto
improvement property. If Ut = Ut0 for t = 1; 2; :::;
1 and U > U 0 , then
V
(1
) V +1 > V 0 (1
) V 0+1 from equation (9). Since we have
0
0
V +1 > V +1 ; V > V . Then, U 1
U 0 1 together with V > V 0 implies
V 1 > V 0 1 . Recursively, we get V1 > V10 ; which implies that U0 > U00 by
(7).
End of Proposition 1 Proof.
The main proof of Proposition 1 starts from equation (9), which shows the
relationship between present-biased intertemporal utility (Ut ) and unbiased
intertemporal utilities (Vt and Vt+1 ). From (9), the unbiased intertemporal
utility in period t can be expressed as
Vt = Ut + (1

) Vt+1 ;

(12)

which implies that the strategy resulting in higher unbiased utility in period
t + 1 and higher biased utility in period t is also resulting in higher unbiased
utility in period t. Proposition 1 is proven in a recursive way from t = T 1
to t = 1. From equation (12), we know that the main result does not hold if
> 1.
Although a welfare-improvement in the sense of the Pareto criterion is
su¢cient for a welfare-improvement in the long-run criterion by Proposition
1, the converse is not true.6
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Concluding remark

This paper shows that welfare-improving policies for the intertemporal utilities of all periods t 2 f1; :::; T g is necessarily also welfare-improving for the
intertemporal utility from …ctitious period 0. Economists conceived that
the Pareto e¢ciency criterion is strong compared to the long-run criterion,
6

A simple example is the case where T = 3; = 1=2; = 0:9; fu1 ; u2 ; u3 g = f3; 0; 0g
and fu01 ; u02 ; u03 g = f0; 0; 4g: In the example, we have U0 < U00 , U1 > U10 , U2 < U20 and
U3 < U30 ; The inequality U0 < U00 does not imply that Ut < Ut0 for all t 2 f1; :::; T g:

4

but they did not realize that improvement by the Pareto-e¢ciency criterion
implies the long-run utility improvement, which is shown in this paper.
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