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Abstract
We develop a Ricardian market game to show that in non-Walrasian economies, the Law of Comparative Advantage

(LCA) à la Ricardo-Haberler (1817; 1936) can fail. Trade is driven, not by comparative advantages, but by strategic

behaviour. This leads to a new and somewhat surprising result: it is shown in a Ricardian economy that at equilibrium,

by both exporting and importing goods in which they have a comparative disadvantage, countries can Pareto improve

on when they specialise as per the LCA, which in turn Pareto dominates autarky.
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✶✳ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ▲❛✇ ♦❢ ❈♦♠♣❛r❛t✐✈❡ ❆❞✈❛♥t❛❣❡ ✭▲❈❆✮ à ❧❛ ❘✐❝❛r❞♦✕❍❛❜❡r❧❡r ✭✶✽✶✼❀ ✶✾✸✻✮ ✐s ❛ ❝♦r♥❡rst♦♥❡

♦❢ ✐♥t❡r♥❛t✐♦♥❛❧ tr❛❞❡ t❤❡♦r②✳ ■♥ ✐ts ♠♦st ❜❛s✐❝ t✇♦✲❝♦✉♥tr② t✇♦✲❣♦♦❞ ❢♦r♠❛t✱ ✐t ❣✐✈❡s t❤❡

❢♦❧❧♦✇✐♥❣ ❛♥s✇❡r t♦ t❤❡ q✉❡st✐♦♥ ♦❢ ✇❤✐❝❤ ❣♦♦❞s ❛ ❝♦✉♥tr② ✇✐❧❧ ❡①♣♦rt✱ ❛♥❞ ✇❤✐❝❤ ✐t ✇✐❧❧

✐♠♣♦rt✳ ❆ ❝♦✉♥tr② ✇✐❧❧ ♣r♦❞✉❝❡ ♠♦r❡ t❤❛♥ ✐t r❡q✉✐r❡s ♦❢ t❤❡ ❣♦♦❞ ✐♥ ✇❤✐❝❤ ✐t ❤❛s ❛ ❝♦♠♣❛r❛t✐✈❡

❛❞✈❛♥t❛❣❡✱ ❛♥❞ tr❛❞❡ t❤❡ s✉r♣❧✉s ✇✐t❤ t❤❡ ♦t❤❡r ❝♦✉♥tr② ❛❣❛✐♥st t❤❡ ♦t❤❡r ❣♦♦❞ ✇❤✐❝❤ ✐t

✐s ❧❡ss s✉✐t❡❞ t♦ ♣r♦❞✉❝❡✳ ❘✐❝❛r❞♦ ♣♦st✉❧❛t❡❞ t❤❛t ❢r❡❡ tr❛❞❡ ✇♦✉❧❞ ✐♥❡✈✐t❛❜❧②✱ ❛♥❞ ❡✈❡♥

✉♥✐♥t❡♥t✐♦♥❛❧❧②✱ ❧❡❛❞ ❝♦✉♥tr✐❡s t♦ s♣❡❝✐❛❧✐s❡ ❛❝❝♦r❞✐♥❣ t♦ ❝♦♠♣❛r❛t✐✈❡ ❛❞✈❛♥t❛❣❡s ✭s❡❡ ✕ ❡✳❣✱

❙❝❤✉♠❛❝❤❡r✱ ✷✵✶✸✮✳ ❘✐❝❛r❞♦✬s ✭✶✽✶✼✮ ♦r✐❣✐♥❛❧ ♠♦❞❡❧ ❛ss✉♠❡❞ ♣❡r❢❡❝t❧② ❝♦♠♣❡t✐t✐✈❡ ❧❛❜♦✉r ❛♥❞

❣♦♦❞s ♠❛r❦❡ts✳ ❨❡t✱ ✐t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ✐♥ r❡❛❧✐t②✱ ❝♦✉♥tr✐❡s✱ ❛♥❞ t❤❡✐r ❝♦♥st✐t✉❡♥t ✇♦r❦❡rs✱

❜❡❤❛✈❡ str❛t❡❣✐❝❛❧❧② ✭s❡❡ ✕ ❡✳❣✱ ❚❛➩❜❛➩✐✱ ✷✵✶✼❀ ❙✐❡❜❡rt✱ ✷✵✵✼✿ ♣✳ ✸✽✷❀ ❛♥❞ ❏❛❝q✉❡♠✐♥✱ ✶✾✽✷✮✳ ■t

✐s t❤❡r❡❢♦r❡ ✐♠♣♦rt❛♥t ✭❛♥❞ ✐♥❞❡❡❞ ❛ ♥❡❝❡ss❛r② st❡♣✮ t♦ r❡❛♥❛❧②s❡✱ t❤❡♦r❡t✐❝❛❧❧②✱ t❤❡ ♣r❡❞✐❝t✐♦♥s

♦❢ t❤❡ tr❛❞✐t✐♦♥❛❧ ▲❈❆ ✇❤❡♥ str❛t❡❣✐❝ ✐♥t❡r❛❝t✐♦♥s ❛♠♦♥❣st ❛❣❡♥ts ❛r❡ ✐♥tr♦❞✉❝❡❞✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❝♦♥str✉❝t ❛ ❘✐❝❛r❞✐❛♥ ♠♦❞❡❧✱ ❛♥❞ s❤♦✇✱ t❤r♦✉❣❤ ❛ r♦❜✉st ❝♦✉♥t❡r❡①❛♠✲

♣❧❡✱✶ t❤❛t t❤❡ ▲❈❆ ❢❛✐❧s✳ ■♥ t❤❡ t✇♦✲❝♦✉♥tr② t✇♦✲❣♦♦❞ ❢r❛♠❡✇♦r❦ t❤❛t ✇❡ ❝♦♥s✐❞❡r✱ ❝♦♥tr❛r② t♦

✇❤❛t t❤❡ ▲❈❆ ♣r❡❞✐❝ts✱ ✐t ✐s ♥♦t ❝♦♠♣❛r❛t✐✈❡ ❛❞✈❛♥t❛❣❡s✱ ❜✉t str❛t❡❣✐❝ ❜❡❤❛✈✐♦✉r t❤❛t ❞r✐✈❡s

tr❛❞❡✳ ■♥tr✐❣✉✐♥❣❧②✱ ❛t ❡q✉✐❧✐❜r✐✉♠ ✐♥ ♦✉r ❡①❛♠♣❧❡✱ ❝♦✉♥tr✐❡s ❝❛♥ P❛r❡t♦ ✐♠♣r♦✈❡ t❤❡✐r s✐t✉❛✲

t✐♦♥ ❜② tr❛❞✐♥❣ ✐♥ ❜♦t❤ ❣♦♦❞s ❛♥❞ ♥♦t s♣❡❝✐❛❧✐s✐♥❣ ❛t ❛❧❧✱ ❛s ♦♣♣♦s❡❞ t♦ ✇❤❡♥ t❤❡② s♣❡❝✐❛❧✐s❡

❛❝❝♦r❞✐♥❣ t♦ ❘✐❝❛r❞♦✬s ♣r✐♥❝✐♣❧❡s✳✷ ❚❤❡ ✐♥t✉✐t✐♦♥ ❢♦r t❤✐s ❛♣♣❛r❡♥t ✏❛♥♦♠❛❧②✑ ✐s t❤❛t ✐♥ ♥♦♥✲

❲❛❧r❛s✐❛♥ ❡❝♦♥♦♠✐❡s✱ ♠❛r❦❡t✲❝❧❡❛r✐♥❣ ♣r✐❝❡s ❛r❡ s❡♥s✐t✐✈❡ t♦ ❛❣❡♥ts✬ ❜✉②✲❛♥❞✲s❡❧❧ ❞❡❝✐s✐♦♥s✳

❚❤✉s✱ ❛♥② ❡✛♦rt ❜② ❛ ✇♦r❦❡r t♦ ❜❡♥❡✜t ❢r♦♠ s❤✐❢t✐♥❣ ♦r❞❡rs ❛❝r♦ss ♠❛r❦❡ts ✭✕ ❡✳❣✱ ❜✉②✐♥❣

❧❡ss ♦❢ t❤❡ ❡①♣❡♥s✐✈❡ ❝♦♠♠♦❞✐t② ❛♥❞✴♦r ♠♦r❡ ♦❢ t❤❡ ❝❤❡❛♣❡r ♦♥❡✮✱ ❛❧t❡rs t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

♠❛r❦❡t✲❝❧❡❛r✐♥❣ ♣r✐❝❡s ❛❞✈❡rs❡❧②✳ ❚❤❡ r❡s✉❧t✐♥❣ ♥❡t ❡✛❡❝t ❛✛❡❝ts t❤❡ ✇♦r❦❡r ✉♥❢❛✈♦✉r❛❜❧②✱ ❛♥❞

s✴❤❡ t❤❡r❡❢♦r❡ ❝❤♦♦s❡s t♦ st❛② ♣✉t✳ ❚❤✉s✱ t❤✐s ♥♦✲s♣❡❝✐❛❧✐s❛t✐♦♥ s✐t✉❛t✐♦♥ ✐s s✉st❛✐♥❛❜❧❡ ❛s ❛

♠❛r❦❡t ❡q✉✐❧✐❜r✐✉♠✳ ❚❤❡s❡ ❝❧❛✐♠s ❛r❡ ❡st❛❜❧✐s❤❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❙tr❛t❡❣✐❝ ▼❛r❦❡t ●❛♠❡s

✭❙▼●✮ ♦❢ t❤❡ ❙❤❛♣❧❡②✕❙❤✉❜✐❦ ✭✶✾✼✼✮ tr❛❞✐t✐♦♥✳ ❆♥ ❙▼● ✐s ❛ ♥♦♥✲❝♦♦♣❡r❛t✐✈❡ ❣❛♠❡✲t❤❡♦r❡t✐❝

♠♦❞❡❧✱ ✇❤✐❝❤ ✐♠♣❧❡♠❡♥ts ❛ ❣❡♥❡r❛❧ ❡q✉✐❧✐❜r✐✉♠ ♦✉t❝♦♠❡ ❛s ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ✭◆✳❊✮✳ ❍❡♥❝❡✱

❙▼●s ❝♦♥st✐t✉t❡ ❛♥ ❡❧❡❣❛♥t t♦♦❧✸ ✇✐t❤ ✇❤✐❝❤ t♦ ♠♦❞❡❧ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ str❛t❡❣✐❝ ✐♥t❡r❛❝t✐♦♥s

♦♥ tr❛❞❡ ✐♥ ✇♦r❧❞ ♠❛r❦❡ts✳

❖✉r r❡s✉❧ts ❛r❡ ♦❜t❛✐♥❡❞ ✐♥ ❛ ❝♦♥t❡①t ✇❤❡r❡ ❛❧❧ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❛ss✉♠♣t✐♦♥s ♦❢ ❘✐❝❛r❞♦✕

✶❆s ✐♥ ❑♦✉ts♦✉❣❡r❛s ✭✷✵✵✸✮✱ s✐♥❝❡ t❤❡ s♦❧✉t✐♦♥ t♦ ❛❣❡♥ts✬ ♠❛①✐♠✐s❛t✐♦♥ ♣r♦❜❧❡♠ ✐s ✐♥tr❛❝t❛❜❧❡ ❛♥❛❧②t✐❝❛❧❧②✱
✇❡ ✉s❡ ❛ r♦❜✉st ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡ t♦ ✐❧❧✉str❛t❡ ♦✉r ♠❛✐♥ ♣♦✐♥t✳

✷◆♦t❡ t❤❛t ❜♦t❤ t❤❡ ♠❛r❦❡t ❣❛♠❡ ✐♥ ✇❤✐❝❤ ❛❣❡♥ts s♣❡❝✐❛❧✐s❡ ❛s ♣❡r t❤❡ ▲❈❆✱ ❛♥❞ t❤❡ ♦♥❡ ✐♥ ✇❤✐❝❤ t❤❡② ❞♦
♥♦t s♣❡❝✐❛❧✐s❡✱ ❛❧❧♦✇ ❢♦r ♠✉❧t✐♣❧❡ ❡q✉✐❧✐❜r✐❛✳ ❍♦✇❡✈❡r✱ ✐♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❝♦♥s✐❞❡r ♦♥❧② s✉❜s❡ts ♦❢ ❡q✉✐❧✐❜r✐❛ ♦❢
t❤♦s❡ t✇♦ ❣❛♠❡s✳ ❚❤✐s ❤❛s ❜❡❡♥ ❞♦♥❡ ❢♦r t❤❡ s♦❧❡ ♣✉r♣♦s❡ ♦❢ ❞❡♠♦♥str❛t✐♥❣ t❤❛t ✐♥ ✐♠♣❡r❢❡❝t❧②✲❝♦♠♣❡t✐t✐✈❡
❡❝♦♥♦♠✐❡s✱ ♦♥❡ ❝❛♥♥♦t r✉❧❡ ♦✉t t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ t❤❡r❡ ❡①✐st✐♥❣ ♥♦✲s♣❡❝✐❛❧✐s❛t✐♦♥ ❡q✉✐❧✐❜r✐❛ ✇❤✐❝❤ P❛r❡t♦ ❞♦♠✲
✐♥❛t❡ ❡q✉✐❧✐❜r✐❛ ✇✐t❤ s♣❡❝✐❛❧✐s❛t✐♦♥✳ ❲❤❡t❤❡r ♦r ♥♦t ❛❧❧ s✉❝❤ ♥♦✲s♣❡❝✐❛❧✐s❛t✐♦♥ ❡q✉✐❧✐❜r✐❛ ❛r❡ P❛r❡t♦ s✉♣❡r✐♦r t♦
❡q✉✐❧✐❜r✐❛ ✇✐t❤ s♣❡❝✐❛❧✐s❛t✐♦♥ ✐s ❛♥ ♦♣❡♥ q✉❡st✐♦♥✱ ✇❤✐❝❤✱ t❤♦✉❣❤ ♠❡❛♥✐♥❣❢✉❧✱ ✐s ❜❡②♦♥❞ t❤❡ s❝♦♣❡ ♦❢ t❤✐s ♥♦t❡✳

✸❋♦r ❡①❝❡❧❧❡♥t✱ r✐❣♦r♦✉s tr❡❛t♠❡♥ts ♦❢ t❤❡ ✐♠♣♦rt❛♥❝❡ ❛♥❞ ✉s❡❢✉❧♥❡ss ♦❢ ❙▼●s✱ s❡❡ ✕ ❡✳❣✱ ❩✐r♦s ✭✷✵✶✶✮✱ ❩✐r♦s
✭✷✵✶✺✮✱ ❛♥❞ ❑♦✉ts♦✉❣❡r❛s ❛♥❞ ❩✐r♦s ✭✷✵✶✺✮✳



❍❛❜❡r❧❡r ❛r❡ r❡t❛✐♥❡❞✱ ❡①❝❡♣t t❤❛t ♦❢ ♣r✐❝❡✲t❛❦✐♥❣ ❛❣❡♥ts✳ ◆♦✇✱ ✐t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡✱ ❛s

●✉r❡♥ ❡t ❛❧✳ ✭✷✵✶✺✮ ❛r❣✉❡✱ t❤❛t ♠♦st tr❛❞❡ ♠♦❞❡❧s ❛ss✉♠❡ ❡✐t❤❡r ♣❡r❢❡❝t ❢❛❝t♦r ♠♦❜✐❧✐t②✱ ♦r

❝♦♠♣❧❡t❡ ✐♠♠♦❜✐❧✐t②✱ ❡✈❡♥ t❤♦✉❣❤ ❡♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ s✉❣❣❡sts t❤❛t ❜♦t❤ ❛ss✉♠♣t✐♦♥s ❛r❡ t♦♦

❡①tr❡♠❡ t♦ ❛♣♣r♦♣r✐❛t❡❧② r❡✢❡❝t t❤❡ ✐♠♣❛❝t ♦❢ tr❛❞❡ s❤♦❝❦s ♦♥ ❧❛❜♦✉r ♠❛r❦❡ts✳ ■♥ ❧✐♥❡ ✇✐t❤

t❤✐s ♦❜s❡r✈❛t✐♦♥✱ ✐♥ t❤✐s ♥♦t❡✱ ✇❡ tr❡❛t ❧❛❜♦✉r ❛s q✉❛s✐✲s♣❡❝✐✜❝✳✹ ❇② ✏q✉❛s✐✲s♣❡❝✐✜❝✱✑ ✇❡ ♠❡❛♥

t❤❛t t❤❡r❡ ✐s ❛ ❧✐♠✐t ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ❤♦✉rs t❤❛t ✇♦r❦❡rs ❝❛♥ ❛❧❧♦❝❛t❡ t♦✇❛r❞s t❤❡ ♣r♦❞✉❝t✐♦♥

♦❢ ❡❛❝❤ ❣♦♦❞✳ ❚❤✐s ❧✐♠✐t ❞❡♣❡♥❞s ♦♥ t❤❡ s❦✐❧❧ s❡t ♦❢ ✇♦r❦❡rs✱ ✇❤✐❝❤ ✐s ❡①♦❣❡♥♦✉s❧② ❞❡t❡r♠✐♥❡❞✳

■♥ ❛ ♣r❡✈✐♦✉s ♣❛♣❡r✱ ❈♦r❞❡❧❧❛ ❛♥❞ ●❛❜s③❡✇✐❝③ ✭✶✾✾✼✮ ✭❤❡♥❝❡❢♦rt❤✱ ❈●✮ ✉s❡ ❛♥ ❙▼● t♦

s❤♦✇ ❤♦✇ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♦❧✐❣♦♣♦❧✐st✐❝ ❛❣❡♥ts ❛✛❡❝ts t❤❡ ♣r❡❞✐❝t✐♦♥s ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❘✐❝❛r❞✐❛♥

♠♦❞❡❧✳ ❖✉r ♠♦❞❡❧ ❞✐✛❡rs ❢r♦♠ t❤❡✐rs ✐♥ ♠❛♥② r❡s♣❡❝ts✳ ■♥ ❈●✬s t✇♦✲❝♦✉♥tr②✱ t✇♦✲❝♦♠♠♦❞✐t②

❢r❛♠❡✇♦r❦✱ ✐♥❞✐✈✐❞✉❛❧s ❞❡r✐✈❡ ✉t✐❧✐t② ❢r♦♠ ❝♦♥s✉♠✐♥❣ ♦♥❧② t❤❡ ❣♦♦❞ ✐♥ ✇❤✐❝❤ t❤❡② ❤❛✈❡ ❛ ❝♦♠✲

♣❛r❛t✐✈❡ ❞✐s❛❞✈❛♥t❛❣❡✳ ❚❤❡② s❤♦✇ t❤❛t ✇✐t❤ ✜♥✐t❡❧② ♠❛♥② ❛❣❡♥ts✱ ❢♦r ❛ ❧❛r❣❡ ❝❧❛ss ♦❢ ❘✐❝❛r❞✐❛♥

❡❝♦♥♦♠✐❡s✱ ❛✉t❛r❦② ✐s t❤❡ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ ♦♥ t❤❡ ✇♦r❧❞ ♠❛r❦❡t✳ ■♥ ♦✉r ♠♦❞❡❧✱ ❤♦✇❡✈❡r✱

✇♦r❦❡rs ❞❡r✐✈❡ ✉t✐❧✐t② ❢r♦♠ t❤❡ ❝♦♥s✉♠♣t✐♦♥ ♦❢ ❜♦t❤ ❣♦♦❞s ✐♥ t❤❡ ❡❝♦♥♦♠②✳ ▼♦r❡♦✈❡r✱ ✐♥ ♦✉r

❡①❛♠♣❧❡✱ ❛❝t✐✈❡ tr❛❞❡ t❛❦❡s ♣❧❛❝❡ ❛t ❡q✉✐❧✐❜r✐✉♠✿ ❜♦t❤ ❝♦✉♥tr✐❡s ❡①♣♦rt ❛♥❞ ✐♠♣♦rt ❢r♦♠ ❡❛❝❤

♦t❤❡r✱ ❜♦t❤ ❣♦♦❞s ♦♥ t❤❡ ✇♦r❧❞ ♠❛r❦❡t✳ ❚❤✐s ♥♦✲s♣❡❝✐❛❧✐s❛t✐♦♥ ❡q✉✐❧✐❜r✐✉♠ P❛r❡t♦ ❞♦♠✐♥❛t❡s✱

❜♦t❤ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ s♣❡❝✐❛❧✐s❛t✐♦♥✱ ❛♥❞ ❛✉t❛r❦②✳ ❆❧s♦✱ ✇❤✐❧❡ str❛t❡❣✐❝ ✐♥t❡r❛❝t✐♦♥s ❜②

❛❣❡♥ts ✐♥ ❈● ❞♦ ❛✛❡❝t t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡①❝❤❛♥❣❡ r❛t❡ ♦❢ ❣♦♦❞s✱ ✐♥❞✐✈✐❞✉❛❧s st✐❧❧ t❛❦❡ ✇♦r❧❞

♣r✐❝❡s ♦❢ t❤❡ t✇♦ ❣♦♦❞s ❛s ❣✐✈❡♥✳ ❍❡♥❝❡✱ ❝♦♥tr❛r② t♦ ♦✉r ♠♦❞❡❧ ✕ ✐♥ ✇❤✐❝❤ ❝♦♠♠♦❞✐t② ♣r✐❝❡s

❛r❡ ❞❡t❡r♠✐♥❡❞ ♣✉r❡❧② ❡♥❞♦❣❡♥♦✉s❧②✱ ❜② ❛❣❡♥ts✬ ❜✉②✲❛♥❞✲s❡❧❧ ❞❡❝✐s✐♦♥s ✕ ❈●✬s ♣r♦✈✐❞❡s ♥♦

❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❝♦♠♠♦❞✐t②✲♣r✐❝❡ ❢♦r♠❛t✐♦♥ ♣r♦❝❡ss✳

❇❡❢♦r❡ ❝❧♦s✐♥❣ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡♠❛r❦ t❤❛t t❤❡r❡ ❛r❡ ✇❡❧❧✲❦♥♦✇♥ s♣❡❝✐❛❧ ❝❛s❡s ✇❤❡r❡ t✇♦✲

✇❛② tr❛❞❡ ✐♥ t❤❡ s❛♠❡ ❣♦♦❞ t❛❦❡s ♣❧❛❝❡✳ ❙✉❝❤ ❝❛s❡s ✐♥❝❧✉❞❡ t❤❡ s♦✲❝❛❧❧❡❞ ✏♥❡✇ tr❛❞❡ t❤❡♦r②✿✑

✐♥❝r❡❛s✐♥❣ r❡t✉r♥s t♦ s❝❛❧❡ ❛♥❞ tr❛♥s♣♦rt ❝♦sts ✭❑r✉❣♠❛♥✱ ✶✾✼✾❀ ❇r❛♥❞❡r✱ ✶✾✽✶✮✱ ❛♥❞❀ s❡❣✲

♠❡♥t❡❞ ♠❛r❦❡ts ❛♥❞ tr❛♥s♣♦rt ❝♦sts ✭❇r❛♥❞❡r ❛♥❞ ❑r✉❣♠❛♥✱ ✶✾✽✸✮✳ ◆♦♥❡ ♦❢ t❤❡s❡ ❡✛❡❝ts ❛r❡

♣r❡s❡♥t ✐♥ t❤❡ ❘✐❝❛r❞✐❛♥ ♠♦❞❡❧ t❤❛t ✇❡ ❝♦♥s✐❞❡r ✐♥ t❤✐s ♣❛♣❡r✳ ■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t

♦✉r ♠♦❞❡❧✱ ❛♥❞ ✇❡ ✐❧❧✉str❛t❡ t❤❡ ❢❛✐❧✉r❡ ♦❢ t❤❡ ▲❈❆ ✇✐t❤ ❛♥ ❡①❛♠♣❧❡ ✐♥ ❙❡❝t✐♦♥ ✸✳ ❙❡❝t✐♦♥ ✹

❝♦♥t❛✐♥s ♦✉r ❝♦♥❝❧✉s✐♦♥s✳

✷✳ ❚❤❡ ▼❛r❦❡t ●❛♠❡ Γ

❚❤❡r❡ ❛r❡ t✇♦ ❝♦✉♥tr✐❡s F ❛♥❞ H✱ ❛♥❞ t❤❡ s❡t ♦❢ ❛❣❡♥ts ✐s N = F ∪ H✱ ✇✐t❤
∣

∣F
∣

∣,
∣

∣H
∣

∣ ≥ 2✳

❚❤❡ s❡t ♦❢ ❝♦♠♠♦❞✐t✐❡s t❤❛t ❝❛♥ ❜❡ ♣r♦❞✉❝❡❞ ❜② ❧❛❜♦✉r ✐♥ ❜♦t❤ ❝♦✉♥tr✐❡s ✐s ❞❡♥♦t❡❞ ❜②

K = {1, 2}✳ ❚❤❡r❡ ✐s ❛❧s♦ ❛ t❤✐r❞ ❣♦♦❞✱ m✱ ✇❤✐❝❤ ✐s ♥♦t ♣r♦❞✉❝❡❞✱ ❛♥❞ ✇❤✐❝❤✱ ✐♥ ❛❞❞✐t✐♦♥ t♦

✹❚❤✐s ❛ss✉♠♣t✐♦♥ ❞♦❡s ✐♥ ♥♦ ✇❛② ❛✛❡❝t t❤❡ ♣r❡❞✐❝t✐♦♥s ♦❢ t❤❡ tr❛❞✐t✐♦♥❛❧ ▲❈❆✳ ■♥ ❢❛❝t✱ ❛s ❘✐❝❛r❞♦ ✭✶✽✶✼✮
❛♥❞ ❍❛❜❡r❧❡r ✭✶✾✸✻✮ ❛r❣✉❡✱ ❡✈❡♥ ✇✐t❤ q✉❛s✐✲s♣❡❝✐✜❝ ✭♥❡✐t❤❡r ♣❡r❢❡❝t❧② ♠♦❜✐❧❡ ♥♦r ❝♦♠♣❧❡t❡❧② ✐♠♠♦❜✐❧❡✮✱ ♦r ❡✈❡♥
✐♥ t❤❡ ❡①tr❡♠❡ ❝❛s❡ ♦❢ s♣❡❝✐✜❝ ✭❝♦♠♣❧❡t❡❧② ✐♠♠♦❜✐❧❡✮ ❢❛❝t♦rs ♦❢ ♣r♦❞✉❝t✐♦♥✱ ❝♦✉♥tr✐❡s ✇✐❧❧ st✐❧❧ s♣❡❝✐❛❧✐s❡ ❛s
♣❡r ❝♦♠♣❛r❛t✐✈❡ ❛❞✈❛♥t❛❣❡s✳ ❋♦r ❛♥ ✐♥✲❞❡♣t❤ ❛♥❞ ✐♥t✉✐t✐✈❡ ❛♥❛❧②s✐s✱ ✇❡ r❡❢❡r t❤❡ ✐♥t❡r❡st❡❞ r❡❛❞❡r t♦ ❍❛❜❡r❧❡r
✭✶✾✸✻✮✿ ♣♣✳ ✶✽✸✲✶✽✾✳



②✐❡❧❞✐♥❣ ✉t✐❧✐t②✱ ❛❧s♦ ❛❝ts ❛s ♠♦♥❡②✳ ❚❤❡ ❝♦♥s✉♠♣t✐♦♥ s❡t ♦❢ ❡❛❝❤ ✇♦r❦❡r ✐s t❤✉s ✐❞❡♥t✐✜❡❞ ✇✐t❤

R3
+✳ ❚❡❝❤♥♦❧♦❣② ✐s ❡①♦❣❡♥♦✉s❧② ✜①❡❞ ❛♥❞ ❝❤❛r❛❝t❡r✐s❡❞ ❜② ❝♦♥st❛♥t r❡t✉r♥s t♦ s❝❛❧❡✱ ❛♥❞ ✐s

❞❡♥♦t❡❞ ❜② aJk , J = F,H✳ ❚❤❡ t❡❝❤♥♦❧♦❣② ✐♥ ❝♦✉♥tr② J, aJk ✱ ❞❡t❡r♠✐♥❡s t❤❡ ♥✉♠❜❡r ♦❢ ❧❛❜♦✉r

❤♦✉rs t❤❛t ✇♦r❦❡r j ∈ J ♥❡❡❞s t♦ ♣r♦❞✉❝❡ ♦♥❡ ✉♥✐t ♦❢ ❝♦♠♠♦❞✐t② k ∈ K✳ ❆s s❤♦✉❧❞ ❜❡ t❤❡

❝❛s❡ ✐♥ ❛ ❘✐❝❛r❞✐❛♥ ✇♦r❧❞✱ ✇❡ ❛ss✉♠❡ t❤❛t aF1 /a
F
2 6= aH1 /a

H
2 ✳ ▲❛❜♦✉r ✐s ❤♦♠♦❣❡♥❡♦✉s ✭❛s ✐♥

❈●✮ ❛♥❞ q✉❛s✐✲s♣❡❝✐✜❝ ✭♠♦r❡ ❡①♣❧❛♥❛t✐♦♥ ❜❡❧♦✇✮ ✇✐t❤✐♥ ❛ ❝♦✉♥tr②✱ ❜✉t ❤❡t❡r♦❣❡♥❡♦✉s ❛♥❞

✐♠♠♦❜✐❧❡ ❛❝r♦ss ❝♦✉♥tr✐❡s✳ ❊❛❝❤ n ∈ N ✐s ❞❡s❝r✐❜❡❞ ❜② ❛ ♣r❡❢❡r❡♥❝❡ r❡❧❛t✐♦♥ r❡♣r❡s❡♥t❛❜❧❡ ❜②

❛ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ un : R3
+ → R✱ ❛♥❞ ✐♥✐t✐❛❧ ❡♥❞♦✇♠❡♥ts✱ ♦❢ ♠♦♥❡② en,m ∈ R++✱ ❛♥❞ ♦❢ ❧❛❜♦✉r

❤♦✉rs Qn ∈ R++✳ ❚♦ ♠♦❞❡❧ t❤❡ q✉❛s✐✲s♣❡❝✐✜❝✐t② ♦❢ ❧❛❜♦✉r✱ ✇❡ ❛ss✉♠❡ ❢♦r ❡❛❝❤ j ∈ J t❤❛t Qj

✐s ✏♣❛rt✐t✐♦♥❡❞✑ ✐♥t♦ t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ t❤❡ t✇♦ ❣♦♦❞s ❜❛s❡❞ ♦♥ t❤❡ s❦✐❧❧ s❡t ♦❢ t❤❡ ✇♦r❦❡r ✕ ✐✳❡✱

Qj = Qj,1 +Qj,2✱ ✇❤❡r❡ t❤✐s ❞✐✈✐s✐♦♥ ✐s ❞❡t❡r♠✐♥❡❞ ❜② ✇♦r❦❡r j✬s ✭❡①♦❣❡♥♦✉s❧②✲✜①❡❞✮ s❦✐❧❧ s❡t✳

❚❤❡r❡ ❛r❡ ♥♦ tr❛♥s♣♦rt❛t✐♦♥ ❝♦sts✱ ❛♥❞ ♥♦ ❣♦✈❡r♥♠❡♥t ✐♥t❡r✈❡♥t✐♦♥✳

❚❤❡r❡ ✐s ❢✉❧❧ ❡♠♣❧♦②♠❡♥t ♦❢ ❧❛❜♦✉r✱ ❛♥❞ ✇♦r❦❡rs ❝❛♥ ♣r♦❞✉❝❡ ❛❧❧ ❝♦♠♠♦❞✐t✐❡s k ∈ K✱ ❛s ✐♥

❈●✳ ❱✐❡✇❡❞ ❞✐✛❡r❡♥t❧② t❤❡r❡❢♦r❡✱ ❛ ✇♦r❦❡r j✬s✱ j ∈ J, J = F,H✱ ❡♥❞♦✇♠❡♥t ♦❢ ❧❛❜♦✉r ❤♦✉rs

❢♦r t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ❛ ❝♦♠♠♦❞✐t② k ∈ K ❝❛♥ ✐♥ ❢❛❝t ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❤✐s✴❤❡r ❡♥❞♦✇♠❡♥t ♦❢

k✱
Qj,k

aJ
k

✳

❚❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ✜①❡❞ ❡①❝❤❛♥❣❡ r❛t❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❝♦✉♥tr✐❡s

✐s ✶✲✶✱✺ ❛♥❞ t❤❛t ♣r❡❢❡r❡♥❝❡s ❢♦r ❡❛❝❤ t②♣❡ ♦❢ ❛❣❡♥ts ❛r❡ ❝♦♥✈❡①✱ C2✱ ❛♥❞ ❞✐✛❡r❡♥t✐❛❜❧② str✐❝t❧②

♠♦♥♦t♦♥❡✳✻

✷✳✶✳ ■♥t❡r❛❝t✐♦♥s ✐♥ t❤❡ ❡❝♦♥♦♠②

❚r❛❞❡ ✐♥ t❤❡ ❡❝♦♥♦♠② t❛❦❡s ♣❧❛❝❡ ✈✐❛ ❛ s②st❡♠ ♦❢ tr❛❞✐♥❣ ♣♦sts ✭❝♦♠♠♦♥ t♦ ❜♦t❤ ❝♦✉♥tr✐❡s✮✱

❛t ✇❤✐❝❤ ✇♦r❦❡rs ♦✛❡r (q) ❣♦♦❞s ✶ ❛♥❞ ✷ ❢♦r s❛❧❡✱ ❛♥❞ ♣❧❛❝❡ ❜✐❞s (b) ❢♦r t❤❡s❡ ❝♦♠♠♦❞✐t✐❡s ✐♥

t❡r♠s ♦❢ ❝♦♠♠♦❞✐t② m✳ ❲❡ ❞❡✜♥❡ t❤❡ str❛t❡❣② s❡t ♦❢ ❡❛❝❤ j ∈ J, J = F,H✱ ❛s

ξj =
{(

bj, qj
)

∈ R2
+ × R2

+ :
∑

k∈K bj,k ≤ ej,m; qj,k ≤ (Qj,k/a
J
k ), k ∈ K

}

✳

●✐✈❡♥ ❛ str❛t❡❣② ♣r♦✜❧❡✱ ✇❡ ❞❡✜♥❡ Bk =
∑

n∈N bn,k✱ φk =
∑

n∈N qn,k✱ B−n,k =
∑

l∈N\{n} bl,k✱

❛♥❞ φ−n,k =
∑

l∈N\{n} ql,k✳ ❚r❛♥s❛❝t✐♦♥s ❛t ❡❛❝❤ tr❛❞✐♥❣ ♣♦st ❝❧❡❛r t❤r♦✉❣❤ t❤❡ ♣r✐❝❡ pk =

Bk/φk✳ ❋♦r ❛ ✇♦r❦❡r j ∈ J, J = F,H✱ ✇❡ ❞❡✜♥❡ t❤❡ ❛❧❧♦❝❛t✐♦♥ ♦❢ ❛ ❝♦♠♠♦❞✐t② k✱ ❛s

xj,k =



















(Qj,k/a
J
k ) + (bj,k/pk)− qj,k ✐❢ k ∈ K; ❛♥❞ pk 6= 0;

(Qj,k/a
J
k )− qj,k ✐❢ k ∈ K; ❛♥❞ pk = 0;

ej,m −
∑

k∈K bj,k +
∑

k∈K qj,k · pk ✐❢ k = m,

✇❤❡r❡✱ ❛s ✐s st❛♥❞❛r❞ ✐♥ t❤❡ ❙▼● ❧✐t❡r❛t✉r❡✱ ❛♥② ❞✐✈✐s✐♦♥ ❜② ③❡r♦✱ ✐♥❝❧✉❞✐♥❣ 0/0✱ ❡q✉❛❧s

③❡r♦✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❛❜♦✈❡ ♠❡❝❤❛♥✐s♠✱ ❛ ✇♦r❦❡r j ∈ J, J = F,H✱ ✐s ❛❧❧♦❝❛t❡❞ ❝♦♠♠♦❞✐t②

✺❚❤✐s ❛ss✉♠♣t✐♦♥ ❛✛❡❝ts ♥❡✐t❤❡r t❤❡ ♠❡❝❤❛♥✐s♠ ❛t ✇♦r❦✱ ♥♦r ♦✉r ❝♦♥❝❧✉s✐♦♥s✳ ❚❤✐s ❝♦♥❞✐t✐♦♥✱ ✇❤✐❝❤ ❝❛♥
♠♦st ❝❡rt❛✐♥❧② ❜❡ ❞r♦♣♣❡❞✱ ❤❛s ❜❡❡♥ ✐♠♣♦s❡❞ s♦ t❤❛t ✉♥♥❡❝❡ss❛r② ♠❛tt❡rs ❞♦ ♥♦t ❞❡tr❛❝t ❢r♦♠ t❤❡ ♠❛✐♥
♠❡ss❛❣❡ ♦❢ t❤✐s ♣❛♣❡r✳

✻✕ ✐✳❡✱ ✐❢ u r❡♣r❡s❡♥ts �✱ t❤❡♥ ❢♦r ❛❧❧ x ∈ R3
+, ∂un/∂xk > 0 ∀k = 1, 2,m✳



k ∈ {m}∪K ✐♥ ♣r♦♣♦rt✐♦♥ t♦ ❤✐s ❜✐❞s ❛♥❞ s❛❧❡s✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❛❧❧♦❝❛t✐♦♥ r✉❧❡ ❛❜♦✈❡ ✐♠♣❧✐❡s

t❤❛t ❛ ✇♦r❦❡r j ∈ J ❞♦❡s ♥♦t ❤❛✈❡ t♦ ♦✛❡r ❢♦r s❛❧❡ t❤❡ ❝♦♠♠♦❞✐t✐❡s s✴❤❡ ♣r♦❞✉❝❡s✳ ■♥ ❢❛❝t✱ s✴❤❡

❝❛♥ ❡✈❡♥ ❝♦♥s✉♠❡ ❡✈❡r②t❤✐♥❣ s✴❤❡ ♣r♦❞✉❝❡s✱ ✇✐t❤♦✉t t❤❡s❡ ❡✈❡r ❣♦✐♥❣ ♦♥t♦ t❤❡ ♠❛r❦❡t♣❧❛❝❡✳

❲♦r❦❡rs ✐♥ ❝♦✉♥tr② J, J = F,H✱ ❛r❡ ✈✐❡✇❡❞ ❛s s♦❧✈✐♥❣ t❤❡ ♣r♦❜❧❡♠✿

max
(bj ,qj)∈ξj

{

uj

(

(

xj,k

(

bj,k, qj,k, B−j,k, φ−j,k

))

k∈K
, xj,m

((

bj,k, qj,k, B−j,k, φ−j,k

)

k∈K

)

)}

. ✭✶✮

❆♥ ❡q✉✐❧✐❜r✐✉♠ ✐♥ ♦✉r ♠♦❞❡❧ ✐s ❛ ♣r♦✜❧❡ ❝♦♥st✐t✉t✐♥❣ ✈❡❝t♦rs ♦❢ ✇♦r❦❡rs✬ ❜✐❞s ❢♦r✱ ❛♥❞ s❛❧❡ ♦❢

❝♦♠♠♦❞✐t✐❡s✱ {(bj, qj) ∈ ξj : j ∈ J, J = F,H}✱ ✇❤✐❝❤ ❢♦r♠s ❛♥ ◆✳❊✳ ❙♦✱ ❣✐✈❡♥ t❤❡ str❛t❡❣✐❡s ♦❢

✇♦r❦❡rs ♦t❤❡r t❤❛♥ s♦♠❡ j ∈ J ✱ ❛♥ ◆✳❊ ✇✐t❤ ♣♦s✐t✐✈❡ ❜✐❞s ❛♥❞ ♦✛❡rs ✐s ❝❤❛r❛❝t❡r✐s❡❞ ❜② t❤❡

❢♦❧❧♦✇✐♥❣ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t✼ ❝♦♥❞✐t✐♦♥s ❢♦r ✭✶✮✱ ❢♦r ❡❛❝❤ j ∈ J ✿

∂uj

∂xj,k

·

(

B−j,kφk
(

Bk

)2

)

=
∂uj

∂xj,m

·

(

φ−j,k

φk

)

+ λb
j, k ∈ K;

∂uj

∂xj,k

·

(

B−j,k

Bk

)

=
∂uj

∂xj,m

·

(

Bkφ−j,k

(φk)2

)

− λq
j,k, k ∈ K;

λb
j · (
∑

k∈K bj,k − ej,m) = 0;
∑

k∈K bj,k ≤ ej,m; λb
j ≥ 0;

λq
j,k · (qj,k − (Qj,k/a

J
k )) = 0, k ∈ K; λq

j,k ≥ 0, k ∈ K; qj,k ≤ (Qj,k/a
J
k ), k ∈ K,

✭✷✮

✇❤❡r❡ λb
j ❛♥❞ λq

j,k, k = 1, 2✱ ❛r❡ t❤❡ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡rs ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❝♦♥str❛✐♥ts ✐♥ ✭✶✮✳

❇❡❢♦r❡ ♣r♦❝❡❡❞✐♥❣✱ ✇❡ ♣r❡s❡♥t ❛ ✭♣❛rt✐❛❧❧② ♠♦❞✐✜❡❞✮ r❡s✉❧t ❢r♦♠ P❡❝❦ ❡t ❛❧✳ ✭✶✾✾✷✮ ✇❤✐❝❤ ✇❡

✇✐❧❧ ✉s❡ ✐♥ ♦✉r ❡①❛♠♣❧❡ ✭s❡❡ ❢♦♦t♥♦t❡ ✾ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✮✿

▲❡♠♠❛ ✶✳ ▲❡t σ = {(bn, qn)}n∈N ❜❡ ❛♥ ◆✳❊ ♦❢ t❤❡ ♦✛❡r✲❝♦♥str❛✐♥❡❞ ♠❛r❦❡t ❣❛♠❡ Γ (q̄)✳ ■❢

❛t σ ✇❡ ❤❛✈❡✱ ∀n ∈ N ✱ t❤❛t bn ∈ R2
++ ❛♥❞

∑

k∈K bn,k < en,m✱ t❤❡♥ σ ✐s ❛❧s♦ ❛♥ ◆✳❊ ♦❢ t❤❡

✉♥❝♦♥str❛✐♥❡❞ ♠❛r❦❡t ❣❛♠❡ Γ ✳

❙♣❡❝✐✜❝❛❧❧②✱ ✐♥ ❛♥ ♦✛❡r✲❝♦♥str❛✐♥❡❞ ♠❛r❦❡t ❣❛♠❡✱ ❛❣❡♥ts ❛r❡ ❝♦♥str❛✐♥❡❞ t♦ s❡♥❞ ❛ ✜①❡❞ ✈❡❝t♦r

♦❢ ❝♦♠♠♦❞✐t✐❡s✱ q̄✱ t♦ t❤❡ ♠❛r❦❡t✳ ■♥ t❤✐s ♣❛♣❡r✱ t❤❡ ❣❛♠❡ Γ (q̄) ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❛♥❛❧②s❡❞ ✐s ❛s

❢♦❧❧♦✇s✳ ■❢ α, α = 1, 2✱ r❡♣r❡s❡♥ts t❤❡ ❣♦♦❞ ✐♥ ✇❤✐❝❤ ❝♦✉♥tr② J, J = F,H✱ ❤❛s ❛ ❝♦♠♣❛r❛t✐✈❡

❞✐s❛❞✈❛♥t❛❣❡✱ t❤❡♥ ✐♥ Γ (q̄)✱ ❡✈❡r② ✇♦r❦❡r j ∈ J ✐s ❝♦♥str❛✐♥❡❞ t♦ s❡♥❞ qj,α = 0 t♦ t❤❡ ♠❛r❦❡t✳

✸✳ ❚❤❡ ❢❛✐❧✉r❡ ♦❢ t❤❡ ▲❈❆✿ ❛♥ ❡①❛♠♣❧❡

❈♦♥s✐❞❡r ❛♥ ❡❝♦♥♦♠② ✐♥ ✇❤✐❝❤ N = F ∪ H✱ ✇❤❡r❡ F = {f1, f2}✱ ❛♥❞ H = {h1, h2}✳ ❇♦t❤

❝♦✉♥tr✐❡s ❤❛✈❡ t❤❡ t❡❝❤♥♦❧♦❣② t♦ ♣r♦❞✉❝❡ ❣♦♦❞s {1, 2}✱ ❛♥❞ t❤❡ ❝♦♥s✉♠♣t✐♦♥ s❡t ♦❢ ❡❛❝❤ ❛❣❡♥t

✐s ❛ s✉❜s❡t ♦❢ R3
+✳ ❊❛❝❤ n ∈ N ✐s ❡♥❞♦✇❡❞ ✇✐t❤ 30 ✉♥✐ts ♦❢ ❝♦♠♠♦❞✐t② m✱ ❛♥❞ ✇✐t❤ ❧❛❜♦✉r

❤♦✉rs✱ ❛❝❝♦r❞✐♥❣ t♦ n✬s s❦✐❧❧ s❡t✱ ❛s s❤♦✇♥✿

✼❯t✐❧✐t② ✐s ❛ s♠♦♦t❤ ❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥ ♦❢ x✱ ❛♥❞ t❤❡ ❝♦♥s✉♠♣t✐♦♥ ♣♦ss✐❜✐❧✐t✐❡s s❡t ✭❈P❙✮ ✐s str✐❝t❧② ❝♦♥✈❡①✳
❍❡♥❝❡✱ ❜② t❤❡ ❙✉♣♣♦rt✐♥❣ ❍②♣❡r♣❧❛♥❡ ❚❤❡♦r❡♠✱ ❛ ✉♥✐q✉❡ ♦♣t✐♠✉♠ ❡①✐sts ✕ ✐✳❡✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ❛❧❧♦❝❛t✐♦♥
✈❡❝t♦r t❤❛t ✐s ❛ ❜❡st r❡♣♦♥s❡ t♦ t❤❡ str❛t❡❣✐❡s ♣❧❛②❡❞ ❜② ♦t❤❡r ❛❣❡♥ts✳ ❋♦r ♣r♦♦❢ ♦❢ ❝♦♥✈❡①✐t② ♦❢ t❤❡ ❈P❙✱ s❡❡
✕ ❡✳❣✱ ❉✉❜❡② ❛♥❞ ❙❤✉❜✐❦ ✭✶✾✼✽✮✳



1 2

Qf1 = Qf2 = (15, 50
3
),

Qh1
= Qh2

= (44, 40).

❚❤❡ ♥✉♠❜❡r ♦❢ ❤♦✉rs r❡q✉✐r❡❞ ❜② ✇♦r❦❡rs ✐♥ ❡❛❝❤ ❝♦✉♥tr② t♦ ♣r♦❞✉❝❡ ❡❛❝❤ ❣♦♦❞✱ ❛s ❞❡t❡r♠✐♥❡❞

❜② t❤❡ t❡❝❤♥♦❧♦❣②✱ ✐s ❛s ❢♦❧❧♦✇s✿✽

(aF1 , a
H
1 ) = (3, 4),

(aF2 , a
H
2 ) = (10

3
, 5).

❚❤❡ ♣r❡❢❡r❡♥❝❡s ♦❢ t❤❡ ❛❣❡♥ts ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s✿

uf1 = uf2 = 900xf,1 + 539xf,2 + 220xf,m,

uh1
= uh2

= 153xh,1 + 343xh,2 + 68xh,m.

❋r♦♠ t❤❡ ❛❜♦✈❡✱ ❛♥❞ ✉s✐♥❣ ✭✷✮✱ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ str❛t❡❣✐❡s ❢♦r♠ ❛♥ ◆✳❊✿

bf1,1 = bf2,1 = 7❀ qf1,1 = qf2,1 = 1❀ bh1,1 = bh2,1 = 2❀ qh1,1 = qh2,1 = 2❀ bf1,2 = bf2,2 = 3❀

qf1,2 = qf2,2 = 3❀ bh1,2 = bh2,2 = 11❀ qh1,2 = qh2,2 = 1✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛r❦❡t✲❝❧❡❛r✐♥❣ ♣r✐❝❡s

t♦ t❤❡s❡ str❛t❡❣✐❡s ❛r❡ (p1, p2) = (3, 7
2
), ❛♥❞ ❡❛❝❤ ❛❣❡♥t ❡♥❞s ✉♣ ✇✐t❤ ❝♦♥s✉♠♣t✐♦♥✿

1 2 m

xf1 = xf2 = (19
3
, 20

7
, 67

2
),

xh1
= xh2

= (29
3
, 71

7
, 53

2
).

❙✉♣♣♦s❡ ♥♦✇ t❤❛t t❤❡r❡ ✐s s♣❡❝✐❛❧✐s❛t✐♦♥ ❛s ♣❡r ❘✐❝❛r❞♦✕❍❛❜❡r❧❡r ✕ ✐✳❡✱ ❛❝❝♦r❞✐♥❣ t♦ ❝♦♠✲

♣❛r❛t✐✈❡ ❛❞✈❛♥t❛❣❡s✳ ❋r♦♠ ✭✷✮✱✾ ✐t ♠❛② ❜❡ ✈❡r✐✜❡❞ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦✜❧❡ ♦❢ str❛t❡❣✐❡s

❝♦♥st✐t✉t❡s ❛♥ ◆✳❊✿ bf1,1 = bf2,1 = 270
49

❀ qf1,1 = qf2,1 = 0❀ bh1,1 = bh2,1 = 360
49

❀ qh1,1 = qh2,1 = 4❀

bf1,2 = bf2,2 =
3773
1058

❀ qf1,2 = qf2,2 = 2❀ bh1,2 = bh2,2 =
2058
529

❀ qh1,2 = qh2,2 = 0✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

♠❛r❦❡t✲❝❧❡❛r✐♥❣ ♣r✐❝❡s t♦ t❤❡ str❛t❡❣✐❡s ❛❜♦✈❡ ❛r❡ (p1, p2) = (45
14
, 343

92
), s✉❝❤ t❤❛t✿

1 2 m

xf1 = xf2 = (47
7
, 91

23
, 735642

25921
),

xh1
= xh2

= (65
7
, 208

23
, 819618

25921
).

✽F ❤❛s ❛♥ ❛❜s♦❧✉t❡ ❛❞✈❛♥t❛❣❡ ✐♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ❜♦t❤ ❣♦♦❞s✳ ❍♦✇❡✈❡r✱ ✐t ❤❛s ❛ ❝♦♠♣❛r❛t✐✈❡ ❛❞✈❛♥t❛❣❡
✐♥ ❣♦♦❞ 2✱ ✇❤✐❧❡ H ❤❛s ❛ ❝♦♠♣❛r❛t✐✈❡ ❛❞✈❛♥t❛❣❡ ✐♥ ❣♦♦❞ 1✳ ❲❡ ❤❛✈❡ ❝❤♦s❡♥ t❤❡s❡ ✜❣✉r❡s ♣r❡❝✐s❡❧② t♦ s❤♦✇
t❤❛t ✇❤✐❧❡ tr❛❞❡ ✐s ♥♦t ❞r✐✈❡♥ ❜② ❝♦♠♣❛r❛t✐✈❡ ❛❞✈❛♥t❛❣❡s✱ ✐t ✐s ❛❧s♦ ♥♦t ❞r✐✈❡♥ ❜② ❛❜s♦❧✉t❡ ❛❞✈❛♥t❛❣❡s✳

✾❚❤❡ ❣❛♠❡ ✇✐t❤ s♣❡❝✐❛❧✐s❛t✐♦♥ ✐s ❛♥ ♦✛❡r✲❝♦♥str❛✐♥❡❞ ♦♥❡✱ ❛♥❞ ❜② ▲❡♠♠❛ ✶✱ ❛♥② ◆✳❊ σ ♦❢ Γ (q̄) ❛t ✇❤✐❝❤
❜♦t❤ bn ∈ R2

++ ❛♥❞
∑

k∈K bn,k < en,m ❤♦❧❞ ∀n ∈ N ✱ ✐s ❛❧s♦ ❛♥ ◆✳❊ ♦❢ Γ ✳ ◆♦t❡✱ ❤♦✇❡✈❡r✱ t❤❛t ❛t σ ✐♥ Γ (q̄)✱
❢♦r ❛❣❡♥ts ✐♥ F ✭r❡s♣✳ H✮✱ ♦♥❧② t❤❡ ◆✳❊ ❡q✉❛t✐♦♥s ♣❡rt❛✐♥✐♥❣ t♦ ❜✐❞s ✐♥ ✭✷✮ ❛r❡ r❡❧❡✈❛♥t ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣
❝♦♠♠♦❞✐t② 1 ✭❝♦♠♠♦❞✐t② ✷✮✳ ■♥❞❡❡❞✱ ✇✐t❤ ✭q✉❛s✐✲✮ s♣❡❝✐✜❝ ❢❛❝t♦rs ♦❢ ♣r♦❞✉❝t✐♦♥✱ ✇❤❡♥ ❝♦✉♥tr✐❡s s♣❡❝✐❛❧✐s❡ ❛s
♣❡r t❤❡ ▲❈❆✱ t❤❡② ❞♦ ♥♦t ❡①♣♦rt t❤❡ ❝♦♠♠♦❞✐t② ✐♥ ✇❤✐❝❤ t❤❡② ❤❛✈❡ ❛ ❈♦♠♣❛r❛t✐✈❡ ❉✐s❛❞✈❛♥t❛❣❡ ✭❈✳❉✮✱ s✐♥❝❡
✐t ❝♦sts t❤❡♠ ✭r❡❧❛t✐✈❡❧②✮ ♠♦r❡ t♦ ♣r♦❞✉❝❡ t❤✐s ❝♦♠♠♦❞✐t②✱ s✉❝❤ t❤❛t t❤❡② r❡❝❡✐✈❡ ✭r❡❧❛t✐✈❡❧②✮ ❧❡ss ♣❡r ✉♥✐t ♦❢
t❤✐s ❝♦♠♠♦❞✐t② t❤❛t ✐s ❡①♣♦rt❡❞✳ ❚♦ ✐❧❧✉str❛t❡ t❤✐s ♣♦✐♥t ✐♥ ♦✉r ❡①❛♠♣❧❡✱ ❧❡t α, α = 1, 2✱ ❜❡ t❤❡ ❣♦♦❞ ✐♥ ✇❤✐❝❤
❝♦✉♥tr② J, J = F,H✱ ❤❛s ❛ ❈✳❉✳ ◆♦✇✱ ♥♦t✐❝❡ t❤❛t ❢♦r ❛♥② j ∈ J ✱ ∂uj/∂xα > pα·(∂uj/∂xm) > pα·(∂uj/∂xm)−∂uj/∂xα✱
s✉❝❤ t❤❛t ✇♦r❦❡rs ❛r❡ ❜❡tt❡r ♦✛ ♥♦t ❡①♣♦rt✐♥❣✱ ❛♥❞ ✐♥st❡❛❞✱ s✐♠♣❧② ❝♦♥s✉♠✐♥❣ t❤❡ ❣♦♦❞ ✐♥ ✇❤✐❝❤ t❤❡② ❤❛✈❡ ❛
❈✳❉✳ ❍❡♥❝❡✱ ❝♦✉♥tr✐❡s s♣❡❝✐❛❧✐s✐♥❣ ❛s ♣❡r t❤❡ ▲❈❆ ✐s ❛❦✐♥ t♦ ❛♥ ♦✛❡r✲❝♦♥str❛✐♥❡❞ ❣❛♠❡✱ ✐♥ ✇❤✐❝❤✱ ❢♦r ❣♦♦❞ α✱
t❤❡ ♦♥❧② ✈❛r✐❛❜❧❡ ✇✳r✳t✳ ✇❤✐❝❤ ✇♦r❦❡rs j ∈ J ♠❛①✐♠✐s❡ t❤❡✐r ✉t✐❧✐t✐❡s ✐s t❤❡✐r ♣✉r❝❤❛s❡s✴❜✐❞s✳



❆ r♦✉t✐♥❡ ❝❛❧❝✉❧❛t✐♦♥ s❤♦✇s t❤❛t t❤❡ ✉t✐❧✐t② t❤❛t ❡❛❝❤ ♣❧❛②❡r ❞❡r✐✈❡s ❢r♦♠ ♥♦t s♣❡❝✐❛❧✐s✐♥❣

✐s ❣r❡❛t❡r t❤❛♥ t❤❡ ✉t✐❧✐t② ❞❡r✐✈❡❞ ❜② s♣❡❝✐❛❧✐s✐♥❣✱ ✇❤✐❝❤ ✐♥ t✉r♥✱ ✐s ❣r❡❛t❡r t❤❛♥ t❤❡ ✉t✐❧✐t②

❞❡r✐✈❡❞ ✉♥❞❡r ❛✉t❛r❦②✳✶✵ ❍❡♥❝❡✱ t❤❡ ♥♦✲s♣❡❝✐❛❧✐s❛t✐♦♥ ♦✉t❝♦♠❡ ✐s ❛ P❛r❡t♦ ✐♠♣r♦✈❡♠❡♥t ✉♣♦♥

t❤❡ ♦t❤❡r t✇♦ ❝❛s❡s✳

✹✳ ❉✐s❝✉ss✐♦♥ ♦❢ ❡①❛♠♣❧❡ ❛♥❞ ❝♦♥❝❧✉s✐♦♥

■♥ t❤❡ ❡①❛♠♣❧❡ ❛❜♦✈❡✱ ✐t ❤❛s ❜❡❡♥ s❤♦✇♥ t❤❛t ❜♦t❤ ❝♦✉♥tr✐❡s ❝❛♥ ✐♠♣r♦✈❡ ✉♣♦♥ t❤❡ s♣❡❝✐❛❧✐s❛✲

t✐♦♥ ❡q✉✐❧✐❜r✐✉♠✱ ❜② ❜♦t❤ ❡①♣♦rt✐♥❣ ❛♥❞ ✐♠♣♦rt✐♥❣ ❢r♦♠ ❡❛❝❤ ♦t❤❡r t❤❡ ❝♦♠♠♦❞✐t② ✐♥ ✇❤✐❝❤

t❤❡② ❤❛✈❡ ❛ ❝♦♠♣❛r❛t✐✈❡ ❞✐s❛❞✈❛♥t❛❣❡✳ ❚❤❡ ❦❡② ✐❞❡❛ ❜❡❤✐♥❞ t❤✐s r❡s✉❧t ✐s t❤❛t ✐♥ t❤❡ ♥♦✲

s♣❡❝✐❛❧✐s❛t✐♦♥ ❣❛♠❡ Γ ✱ ❛❣❡♥ts ❛r❡ ❛❧❧♦✇❡❞ t♦ ♠❛❦❡ ✏✇❛s❤✲s❛❧❡s✑ ✕ ✐✳❡✱ ❛♥② ❛❣❡♥t n ∈ N ✱ ❝❛♥

❡♥t❡r t❤❡ ♠❛r❦❡t ❢♦r ❛♥②✶✶ ❝♦♠♠♦❞✐t② k ∈ K ❜♦t❤ ❛s ❛ ❜✉②❡r ❛♥❞ ❛ s❡❧❧❡r✳ ❚❤✐s ❣✐✈❡s r✐s❡

t♦ ❛ s✐t✉❛t✐♦♥ ✇❤❡r❡ ❢♦r ❡❛❝❤ k ∈ K✱ ✐❞❡♥t✐❝❛❧ ❛♠♦✉♥ts ♦❢ ♣✉r❝❤❛s❡s ❛♥❞ s❛❧❡s ✭❡q✉❛❧ t♦ min

{bn,k/pk, qn,k}✮ ❝❛♥❝❡❧ ❡❛❝❤ ♦t❤❡r ♦✉t✱ ✇✐t❤♦✉t ✐♥✢✉❡♥❝✐♥❣ n′s ♥❡t tr❛❞❡✳ ❨❡t✱ s✉❝❤ str❛t❡❣✐❡s

❛✛❡❝t t❤❡ t❤✐❝❦♥❡ss✶✷ ♦❢ t❤❡ ♠❛r❦❡t ❢♦r k❀ t❤✐s ✐♥ t✉r♥✱ r❡❞✉❝❡s t❤❡ ♦t❤❡r ❛❣❡♥ts✬ ❛❜✐❧✐t② t♦ ✐♥✢✉✲

❡♥❝❡ t❤❡ ♠❛r❦❡t✲❝❧❡❛r✐♥❣ ♣r✐❝❡✳ ❋♦r ❝❧❛r✐t②✱ ❝♦♥s✐❞❡r ❛♥ ❛❣❡♥t n✱ ✇❤♦✱ ❣✐✈❡♥ t❤❡ ❛❝t✐♦♥s ♦❢ ♦t❤✲

❡rs✱ ♣❧❛②s ❛ str❛t❡❣② (b̂n,k, q̂n,k) ✐♥ t❤❡ ♠❛r❦❡t ❢♦r k✱ ✇❤❡r❡ b̂n,k · q̂n,k > 0✱ ❛♥❞ b̂n,k/pk− q̂n,k > 0✳

■t ✐s tr✐✈✐❛❧ t♦ ✈❡r✐❢② t❤❛t t❤❡ ✭❜✉❞❣❡t✲❢❡❛s✐❜❧❡✮ str❛t❡❣② (b∗n,k, q
∗
n,k) = (b̂n,k − q̂n,k

B
−n,k+b̂n,k

φ
−n,k+q̂n,k

, 0)

❣❡♥❡r❛t❡s t❤❡ s❛♠❡ ♥❡t tr❛❞❡ ❢♦r n✱ ❛♥❞ ❤❡♥❝❡✱ t❤❡ s❛♠❡ ❛❧❧♦❝❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ❜② ♣❧❛②✐♥❣

(b̂n,k, q̂n,k)✱ t❤❡r❡❜② ✐♥❝r❡❛s✐♥❣ t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ♠❛r❦❡t ❢♦r k✱ ❛❣❡♥t n ✐s ❛❜❧❡ t♦ r❡❞✉❝❡ t❤❡

❞❡❣r❡❡ t♦ ✇❤✐❝❤ ♦t❤❡r ❛❣❡♥ts ❛r❡ ❛❜❧❡ t♦ ✐♥✢✉❡♥❝❡ k✬s ♣r✐❝❡✳ ❆♥ ❛♥❛❧♦❣♦✉s ❛r❣✉♠❡♥t ❤♦❧❞s ❢♦r

✇❤❡♥ b̂n,k · q̂n,k > 0✱ ❛♥❞ b̂n,k/pk − q̂n,k < 0✱ ✐♥ ✇❤✐❝❤ ❝❛s❡✱ (b∗n,k, q
∗
n,k) = (0, q̂n,k − b̂n,k

φ
−n,k+q̂n,k

B
−n,k+b̂n,k

)✳

❍❡♥❝❡✱ ✐♥ t❤❡ ♥♦♥✲❲❛❧r❛s✐❛♥ ❢r❛♠❡✇♦r❦ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥✱ ❛❣❡♥ts t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ❢❡❛✲

t✉r❡ ❜② ❡①❡r❝✐s✐♥❣ t❤❡✐r ♠❛r❦❡t ♣♦✇❡r t♦ ♠❛♥✐♣✉❧❛t❡ ♣r✐❝❡s ✐♥ t❤❡✐r ❢❛✈♦✉r✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡

♦❢ ✇❤✐❝❤✱ t❤❡ ▲❈❆ ❢❛✐❧s✳ ❆♥② ❡♥❞♦✇♠❡♥ts✱ ❛♥❞ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s ✇✐t❤ t❤❡ s❛♠❡ ♠❛r❣✐♥❛❧ r❛t❡

♦❢ s✉❜st✐t✉t✐♦♥ ❛t t❤❡ ❝♦♥s✉♠♣t✐♦♥ ❛❧❧♦❝❛t✐♦♥ r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ❛❜♦✈❡ ♣r♦✜❧❡ ♦❢ str❛t❡❣✐❡s✱

✇♦✉❧❞ ❝♦♥st✐t✉t❡ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ t❤❡ s❛♠❡ ♣r♦♣❡rt②✱ t❤❡r❡❜② ❛tt❡st✐♥❣ t♦ t❤❡ r♦❜✉st♥❡ss

♦❢ ♦✉r ❡①❛♠♣❧❡ ✐♥ ❡♥❞♦✇♠❡♥t ❛♥❞ ✉t✐❧✐t② s♣❛❝❡s✳

❆♥♦t❤❡r str✐❦✐♥❣ ❛s♣❡❝t ♦❢ ♦✉r ❡①❛♠♣❧❡✱ ✇❤✐❝❤ ✐s ♦❢ ✐♥❞❡♣❡♥❞❡♥t ✐♥t❡r❡st✱ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

✐♥ t❤❡ ✭✉♥❝♦♥str❛✐♥❡❞✮ ♠❛r❦❡t ❣❛♠❡ Γ ✱ t❤❡r❡ ❡①✐sts ♥♦ ✐♥t❡r✐♦r✶✸ ❡q✉✐❧✐❜r✐✉♠ ✇❤❡r❡ ❛ ✇♦r❦❡r

j ∈ J, J = F,H✱ ♠❛❦❡s ❛ ♥❡❣❛t✐✈❡ ♥❡t tr❛❞❡ (bj,α/pα − qj,α < 0) ✐♥ t❤❡ ❝♦♠♠♦❞✐t② α, α = 1, 2✱

✐♥ ✇❤✐❝❤ s✴❤❡ ❤❛s ❛ ❝♦♠♣❛r❛t✐✈❡ ❞✐s❛❞✈❛♥t❛❣❡ ✭s❡❡ t❤❡ ❆♣♣❡♥❞✐① ❢♦r ♣r♦♦❢ ♦❢ t❤✐s ❝❧❛✐♠✮✳

❍❡♥❝❡✱ ✐t ✐s ✇♦rt❤✇❤✐❧❡ t♦ ♥♦t❡ t❤❛t ❛❧t❤♦✉❣❤ ❛❣❡♥ts ❞♦ ❡①♣♦rt t❤❡ ❝♦♠♠♦❞✐t② ✐♥ ✇❤✐❝❤ t❤❡②

❤❛✈❡ ❛ ❝♦♠♣❛r❛t✐✈❡ ❞✐s❛❞✈❛♥t❛❣❡✱ t❤❡② st✐❧❧ ❜✉② ♠♦r❡ ♦❢ ✐t t❤❛♥ t❤❡② s❡❧❧✱ ❛t ❡q✉✐❧✐❜r✐✉♠✳

✶✵❆✉t❛r❦②✱ ✐♥ t❤❡ ♠♦❞❡❧ t❤❛t ✇❡ ♣r♦♣♦s❡✱ ✐s s✐♠♣❧② t❤❡ tr✐✈✐❛❧ ♦✉t❝♦♠❡ ✐♥ ✇❤✐❝❤ ♥♦ tr❛❞❡ t❛❦❡s ♣❧❛❝❡ ❛t ❛❧❧✱
✇✐t❤ b = q = 0✳ ❚❤✐s ♣r♦✜❧❡ ♦❢ str❛t❡❣✐❡s ❝❧❡❛r❧② ❝♦♥st✐t✉t❡s ❛♥ ◆✳❊ ✕ s❡❡ ✕ ❡✳❣✱ ❉✉❜❡② ❛♥❞ ❙❤✉❜✐❦ ✭✶✾✼✽✮✳

✶✶❘❡❝❛❧❧ t❤❛t t❤✐s ✐s ♥♦t tr✉❡ ♦❢ s♦♠❡ ❝♦♠♠♦❞✐t✐❡s ✐♥ t❤❡ ✭♦✛❡r✲❝♦♥str❛✐♥❡❞✮ ❣❛♠❡ ✇✐t❤ s♣❡❝✐❛❧✐s❛t✐♦♥✱ Γ (q̄)✳
✶✷❋♦❧❧♦✇✐♥❣ P❡❝❦ ❡t ❛❧✳ ✭✶✾✾✷✮✱ ✇❡ s❛② t❤❛t t❤❡ ♠❛r❦❡t ❢♦r ❛ ❝♦♠♠♦❞✐t② k ✐s ✏t❤✐❝❦✑ ✭t❤✐♥✮ ✇❤❡♥ φk ✐s ❧❛r❣❡

✭s♠❛❧❧✮ r❡❧❛t✐✈❡ t♦
∑

f∈F (Qf,k/a
F
k ) +

∑

h∈H(Qh,k/a
H
k )✳

✶✸❆♥ ❡q✉✐❧✐❜r✐✉♠ ✐s t❡r♠❡❞ ✐♥t❡r✐♦r ✐❢ ❡✈❡r② j ∈ J, J = F,H✱ s♦❧✈❡s ✭✶✮ ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ ξj ✳



■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t s♣❡❝✐❛❧✐s❛t✐♦♥ ❛s ♣❡r t❤❡ ▲❈❆ ♠❛② ✐♠♣r♦✈❡ ✇❡❧❢❛r❡✱

❜✉t ♥❡❡❞ ♥♦t ❛❧✇❛②s ❞♦ s♦✱ ❡s♣❡❝✐❛❧❧② ✐♥ t❤❡ ♥♦♥✲❲❛❧r❛s✐❛♥ ❢r❛♠❡✇♦r❦ t❤❛t ✇❡ ❛❞♦♣t✳ ❨❡t✱

t❤❡ ❢❛✐❧✉r❡ ♦❢ t❤❡ ▲❈❆ ❞♦❡s ♥♦t ❤❛✈❡ t♦ ❞❡str♦② tr❛❞❡ ❝♦♠♣❧❡t❡❧② ✭❛s ♦♣♣♦s❡❞ t♦ t❤❡ ✈❡r②

♣❡ss✐♠✐st✐❝ r❡s✉❧t ✐♥ ❈●✮✳ ❘❛t❤❡r✱ ✐t ✐♠♣❧✐❡s ❛ ♣♦s✐t✐✈❡ ♦✉t❝♦♠❡✿ t❤❛t t✇♦✲✇❛② tr❛❞❡✱ ❡✈❡♥ ✐♥

❣♦♦❞s ✐♥ ✇❤✐❝❤ ❝♦✉♥tr✐❡s ❤❛✈❡ ❛ ❝♦♠♣❛r❛t✐✈❡ ❞✐s❛❞✈❛♥t❛❣❡✱ ❝❛♥ st✐❧❧ ❜❡ ♠✉t✉❛❧❧② ♣r♦✜t❛❜❧❡ ❢♦r

❛❧❧ ❝♦✉♥tr✐❡s ❡♥❣❛❣✐♥❣ ✐♥ ✐t✳

■♥ ❢✉t✉r❡ r❡s❡❛r❝❤✱ ✇❡ ✇✐❧❧ ❛✐♠ t♦ ❡①t❡♥❞ t❤❡ ♠♦❞❡❧ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ✇♦r❦✱ t♦ ❛ t✇♦✲

st❛❣❡ ❣❛♠❡ ✇✐t❤ ♣❡r❢❡❝t❧② ♠♦❜✐❧❡ ❧❛❜♦✉r✳ ■♥ t❤❡ ✜rst st❛❣❡✱ ✇♦r❦❡rs ✇♦✉❧❞ t❤❡♥ ❝❤♦♦s❡ t❤❡✐r

♣r❡❢❡rr❡❞ ✏❡♥❞♦✇♠❡♥t✑ ✈❡❝t♦r ❛❧♦♥❣ t❤❡ ♣r♦❞✉❝t✐♦♥ ♣♦ss✐❜✐❧✐t② ❢r♦♥t✐❡r✱ ❛♥❞ s✉❜s❡q✉❡♥t❧② tr❛❞❡

str❛t❡❣✐❝❛❧❧② ✐♥ t❤❡ s❡❝♦♥❞ st❛❣❡✳

❆♣♣❡♥❞✐①

❈❧❛✐♠ ✶✳ ■♥ t❤❡ ♠❛r❦❡t ❣❛♠❡ Γ ♦❢ ❙❡❝t✐♦♥ ✸✱ t❤❡r❡ ❡①✐sts ♥♦ ✐♥t❡r✐♦r ❡q✉✐❧✐❜r✐✉♠ ✇❤❡r❡ ❛

✇♦r❦❡r j ∈ J, J = F,H✱ ♠❛❦❡s ❛ ♥❡❣❛t✐✈❡ ♥❡t tr❛❞❡ (zj,α ≡ bj,α/pα−qj,α < 0) ✐♥ t❤❡ ❝♦♠♠♦❞✐t②

α, α = 1, 2✱ ✐♥ ✇❤✐❝❤ s✴❤❡ ❤❛s ❛ ❝♦♠♣❛r❛t✐✈❡ ❞✐s❛❞✈❛♥t❛❣❡✳

Pr♦♦❢ ✿ ❲❡ ✜rst ❞❡r✐✈❡ ❛ ❝r✉❝✐❛❧ r❡s✉❧t✱ ✇❤✐❝❤ st✐♣✉❧❛t❡s t❤❛t ❛t ❛♥②✶✹ ✐♥t❡r✐♦r ❡q✉✐❧✐❜r✐✉♠ ✭■✳❊✮

♦❢ Γ ✱ ❛❧❧ ❛❣❡♥ts ✇✐t❤✐♥ t❤❡ s❛♠❡ ❝♦✉♥tr② ♠❛❦❡ ♥❡t tr❛❞❡s ♦❢ t❤❡ s❛♠❡ s✐❣♥ ✐♥ ❛♥② ❝♦♠♠♦❞✐t②

k ∈ K✳ ❚❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤✐s r❡s✉❧t ✇✐❧❧ ❜❡❝♦♠❡ ❡✈✐❞❡♥t ✐♥ t❤❡ s❡q✉❡❧✳

❙♦✱ ❝♦♥s✐❞❡r ✇♦r❦❡rs ✐♥ ❝♦✉♥tr② F ✜rst✳ ❋♦r ❡❛s❡ ♦❢ ❡①♣♦s✐t✐♦♥✱ t❤r♦✉❣❤♦✉t t❤✐s ♣r♦♦❢✱ ✇❡

✇✐❧❧ ❞❡♥♦t❡
∂uf1

∂xk
=

∂uf2

∂xk
❜② δk, k = 1, 2✳ ❘❡❝❛❧❧ ❢✉rt❤❡r✱ t❤❛t ❢♦r ❡❛❝❤ k ∈ K✱ δk ✐s ❝♦♥st❛♥t✳

◆❡①t✱ ♣✐❝❦ ❛♥② ✇♦r❦❡r ✐♥ F ✱ s❛② f1✱ ❛♥❞ ❛♥② ❝♦♠♠♦❞✐t② k ∈ K✳ ❯s✐♥❣ ✭✷✮✱ ❛t ❛♥ ■✳❊✱ ✐t ❤❛s

t♦ ❜❡ tr✉❡ t❤❛t✿

δk ·

(

B−f1,kφk
(

Bk

)2

)

= 220 ·

(

φ−f1,k

φk

)

⇒ (pk)
2 =

δk
220

·

(

B−f1,k

φ−f1,k

)

.

❲✳❧✳♦✳❣✳✱ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ ❛❣❡♥t f1 ✐s ❛ ♥❡t s❡❧❧❡r ♦❢ ❝♦♠♠♦❞✐t② k ✭zf1,k < 0✮✳ ■t ❝❛♥ ❜❡

✈❡r✐✜❡❞ t❤❛t t❤✐s ✐♠♣❧✐❡s t❤❛t
B

−f1,k

φ
−f1,k

> pk✱ s✉❝❤ t❤❛t ❛t ❛♥② ■✳❊ ✐♥ ✇❤✐❝❤ ❛❣❡♥t f1 ∈ F ♠❛❦❡s

❛ ♥❡❣❛t✐✈❡ ♥❡t tr❛❞❡ ✐♥ k✱ ✇❡ ♠✉st ❤❛✈❡✿

(pk)
2 =

δk
220

·

(

B−f1,k

φ−f1,k

)

>
δk
220

· pk ⇒ pk >
δk
220

.

❙✉♣♣♦s❡ ♥♦✇ t❤❛t ❛t ❛♥② s✉❝❤ ■✳❊✱ ❛❣❡♥t f2 ∈ F ✇❡r❡ ❛ ♥❡t ❜✉②❡r ♦❢ ✭zf2,k > 0✮✱ ♦r ♠❛❞❡ ❛ ③❡r♦

♥❡t tr❛❞❡ ✭zf2,k = 0✮ ✐♥ ❝♦♠♠♦❞✐t② k✱ s✉❝❤ t❤❛t
B

−f2,k

φ
−f2,k

≤ pk✳ ❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ ❛s

❛❜♦✈❡✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤✐s ✐♠♣❧✐❡s t❤❛t ❢♦r f2✱ ✇❡ ♠✉st ❤❛✈❡ 0 < pk ≤ δk
220

✱ ✇❤✐❝❤ ✐s ❛♥

✐♠♣♦ss✐❜✐❧✐t②✱ s✐♥❝❡ ∄pk s✉❝❤ t❤❛t pk > δk
220

❆◆❉ 0 < pk ≤ δk
220

✳ ■t ❝❛♥ ❜❡ ❡❛s✐❧② ♣r♦✈❡❞ t❤❛t

✶✹✕ ✐✳❡✱ ❡✈❡♥ ✐♥t❡r✐♦r ❡q✉✐❧✐❜r✐❛ ✇❤✐❝❤ ❛r❡ ♥♦t ✏t②♣❡✲s②♠♠❡tr✐❝✳✑



❛♥ ❛♥❛❧♦❣♦✉s ❝♦♥❝❧✉s✐♦♥ ✐s tr✉❡ ❢♦r ✇♦r❦❡rs h ∈ H ❛s ✇❡❧❧✳ ❲✐t❤ t❤✐s✱ ✇❡ ❤❛✈❡ ❡st❛❜❧✐s❤❡❞ t❤❡

❢♦❧❧♦✇✐♥❣ ✐♥t❡r♠❡❞✐❛t❡ r❡s✉❧t✿

▲❡♠♠❛ ✷✳ ❆t ❛♥② ■✳❊ ♦❢ Γ ✱ ❛❧❧ ✇♦r❦❡rs ✇✐t❤✐♥ t❤❡ s❛♠❡ ❝♦✉♥tr② ♠❛❦❡ ♥❡t tr❛❞❡s ♦❢ t❤❡ s❛♠❡

s✐❣♥ ✐♥ ❛♥② ❝♦♠♠♦❞✐t② k ∈ K ✕ ✐✳❡✱ zj1,k · zj2,k > 0✱ ✇❤✐❧❡ zj1,k · zj2,k = 0 ✐✛ zj1,k = zj2,k = 0✱

j1, j2 ∈ J, J = F,H✳

❙♦✱ ❛ss✉♠❡ t❤❛t ❛t ❛♥ ■✳❊✱ ❛♥ ❛❣❡♥t f ∈ F ✇❡r❡ ❛ ♥❡t s❡❧❧❡r ♦❢ ❝♦♠♠♦❞✐t② ✶ ✭✐♥ ✇❤✐❝❤ F ❤❛s ❛

❝♦♠♣❛r❛t✐✈❡ ❞✐s❛❞✈❛♥t❛❣❡✮✱ s✉❝❤ t❤❛t p1 >
900
220

= 45
11
✳ ❈r✉❝✐❛❧❧②✱ ❜② ▲❡♠♠❛ ✷✱ t❤✐s ♠❡❛♥s t❤❛t

❛❧❧ ✇♦r❦❡rs ✐♥ F ❛r❡ ♥❡t s❡❧❧❡rs ♦❢ ❝♦♠♠♦❞✐t② 1✳ ❚❤❡r❡❢♦r❡✱ t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ♥❡❝❡ss❛r✐❧②

❡①✐sts ❛t ❧❡❛st ♦♥❡ ❛❣❡♥t h ∈ H ✇❤♦ ✐s ❛ ♥❡t ❜✉②❡r ♦❢ ❣♦♦❞ ✶ ✭zh,1 > 0✮✳ ❇② ▲❡♠♠❛ ✷✱ t❤✐s

♠❡❛♥s t❤❛t ❛❧❧ ✇♦r❦❡rs h ∈ H ❛r❡ ♥❡t ❜✉②❡rs ♦❢ ❝♦♠♠♦❞✐t② ✶✱ s✉❝❤ t❤❛t
B

−h,1

φ
−h,1

< p1 ∀h ∈ H✳

Pr♦❝❡❡❞✐♥❣ ❛s ❛❜♦✈❡✱ ✇❡ ❝❛♥ ✜♥❛❧❧② s❤♦✇ t❤❛t ❛t s✉❝❤ ❛♥ ■✳❊✱ ✐t ♠✉st s✐♠✉❧t❛♥❡♦✉s❧② ❜❡ tr✉❡

∀h ∈ H✱ t❤❛t✿

0 < p1 <
153

68
=

9

4
✱

✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts ♦✉r ✐♥✐t✐❛❧ ❤②♣♦t❤❡s✐s t❤❛t p1 >
45
11
✳

❆ s✐♠✐❧❛r ❛♣♣r♦❛❝❤ ❝❛♥ ❜❡ ✉s❡❞ t♦ s❤♦✇ t❤❛t ♥♦ ✇♦r❦❡r h ∈ H ❝❛♥ ❜❡ ❛ ♥❡t s❡❧❧❡r ♦❢

❝♦♠♠♦❞✐t② 2 ✭zh,2 < 0✮ ❛t ❛♥② ■✳❊ ♦❢ Γ ✳ Q.E.D.
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