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Abstract

This paper considers an envy-free allocation of a single indivisible good in the quasi-linear utility environment where a
monetary transfer is allowed and externalities among agents exist. We show that an envy-free allocation does not exist
if a degree of the externalities is high enough and there are two groups of agents: one group of agents can but the other
group of agents cannot enjoy externalities. We also show that both efficient allocations and envy-free allocations are
generally incompatible whereas they are always compatible without externalities.
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1 Introduction

We consider a fair allocation of a indivisible good under the quasi-linear utility envi-
ronment with monetary transfers and externalities. Central fairness criterion of such
problem is called envy-freeness (Foley, 1967; Kolm, 1971). An allocation is envy-free if
no one wants to swap any other agent’s allocation with his/her own. We show that an
envy-free allocation does not exist if a degree of externalities is high enough. Moreover, we
show that both efficient allocations and envy-free allocations are incompatible in general.

To understand our motivation, consider the following example. Suppose that a public
facility (e.g, a library, a sports center, and a park etc.) is to be located in some city. Each
city has or does not have transportation services to each other. If they exist, even people
who do not live in the city where the facility is located can also use it. Otherwise, the
facility is only used by people who live in the city. In this sense, accessibility to a facility
will induce network externalities to users. Another example is an allocation of patent
licenses of medical products. If a license is allocated to a firm which is willing to offer an
open access or access with low cost, other firms can also use the product’s information.
As these examples suggest, we have to take externalities into account in some indivisible
goods allocation problems.

Without externalities, Svensson (1983) shows that envy-free allocations are always
efficient under quasi-linear utility environment. Moreover, envy-free allocations always
exist and the set of them is characterized by Fujinaka and Sakai (2009). In contrast, we
show that an envy-free allocation does not exist if a degree of the externalities is high
enough and there are two groups of agents, that is, one group of agents can but the other
group of agents cannot enjoy externalities. An intuition behind this result is based on
the following observation. To allocate a good to agents in a fair way, each agent who
does not obtain the good must be monetary compensated by the consumer. If there
are agents who cannot enjoy externality (i.e, there is no connection with the consumer),
their compensation must be higher than that of other agents who can enjoy externality.
However, the upper bound for the compensation is limited and depends on the degree
of externalities because of the fairness for the consumer: the upper bound is lower if
the degree of externalities is high enough. Therefore, if a degree of externalities is high
enough, such an agreeable monetary compensation is impossible. We also show that envy-
free allocations are not necessarily efficient even if the degree of externalities is low. This
trade-off arises because, for envy-free allocations, the highest valued agent must obtain
the good, whereas, for efficient allocations, the most influential agent, measured by how
he can induce externalities among agents, must obtain the good.

In the literature on fair allocation problem of indivisible goods, although the exis-



tence of envy-free allocations and their properties are intensively considered,! the case
of externalities are not well considered. One exception is Velez (2016), who considers
envy-free allocations of multiple indivisible goods with externalities. He mainly consid-
ers that externalities are symmetric and each agent’s monetary transfer is positive. In
contrast, in our paper, externalities are asymmetric depending on the network structure
and a positive transfer among all agents is impossible because there is no extra money in
the environment. He also considers that a negative transfer is allowed in a special class
of payoff function. Especially, he considers that there are externalities from both indivis-
ible goods consumption and monetary transfer. However, we consider that the source of
externalities is only the consumption of an indivisible good via network structures.

The rest of this paper is organized as follows. Section 2 introduces the model. Section

3 provides our results. Section 4 is the conclusion.

2 Model

Let N = {1,--- ,n} be the set of agents. In this environment, there are two kinds of
goods: an indivisible good and money. We denote by a; € {0, 1} an agent i’s assignment
of the indivisible good and by a = (ay,--- ,a,) € {0,1}", with }_,_y a; = 1, a profile of
assignments. Let A be the set of all profiles of assignments. We also denote by t; € R an
agent i’s monetary transfer and by t = (t1,--- ,t,) € RV a profile of monetary transfers.
Let X = {(a,t) e AxRNja € A, 3",y t; = 0} be the set of all feasible allocations. Each
agent ¢ has a valuation for the indivisible goods v; € R, ;. Let V; C R, be the set of
t’s valuations. We denote by V =V} x --- x V,, the set of agents’ valuation profiles. For
v eV, let M(v) = max;env; be the maximum value in the valuation profile v.

To describe how externalities exist, we introduce a network among agents. Let gV =
{ijli,j € N,i # j} be the set of all possible links. Then, a network ¢ is a symmetric
subset of g"V. We denote by GV = {g|lg C ¢} the set of all networks. For each network
g € GY and player i € N, let N;(g) = {j € N|ij € g} be the set of i’s neighborhoods in
g. For each network g € G" and for each distinct 4, j € N, let

1 ifij €y,
gij =

0 otherwise.

Let 6 € (0,1) be a parameter of the degree of externalities. We call & = (v,g,0) €
V x GV x (0,1) an environment.

Each agent i’s utility function does not only depend on his/her own allocation but

1See, Thomson (1996), Tadenuma (1996) and Tadenuma and Thomson (1991, 1993, 1995).



also his/her neighbor’s consumption of indivisible goods because of externalities. For
each environment &, let u; : X — R be a utility function defined as a quasi-linear form
ui(z) = v;(a; + 0> iz a;gij) + t;.2

The central fairness criterion of allocations is called envy-free by Foley (1967) and
Kolm (1971). We introduce envy-freeness regarding externalities following Velez (2016).
To understand the idea, suppose that agent 1 and agent 2 are connected, but agent 3
is isolated. Suppose also that agent 1 has an indivisible good, but agent 1 prefers agent
2’s allocation to his own because agent 2’s transfer is high enough and he can still enjoy
externalities. In this sense, agent 1 may want to “swap” his allocation with that of agent
2. Regarding this point, we say that an allocation is envy-free if no one wants to swap

other agent’s allocation with his/her own.

Definition 1 (Velez, 2016). An allocation © € X is envy-free in E if for any i,j € N,
ui(x) > u;(y) where y; = xj,y; = x; and yp = xy, for any k # 1, 7.

Let F(£) be the set of all envy-free allocations in an environment &.

3 Results

3.1 Existence and non-existence of envy-free allocations

We first show the following characterization of envy-free allocations, which is a general-
ization of Fujinaka and Sakai (2009).

Lemma 1. Fiz an environment £ and an allocation x € X. Let i* be the agent such that
ai = 1. Then, x € F() if and only if there is t € R such that

(1) vi= = M(v),
(2) t=t;,=t; for alli,j # i,

(3)

[maxj:i* 'Uj’ MT(LU)} if Nz* (g) = @7
fe [mmusO=iy 0-oue) if N\ (N (9) U {i}) = 0,
[max {maxjezv@-* (9)(1=0)vj  max;g N . (9)u{i*} Vs } (1_‘;)M(”)} otherwise.

Proof. We only show the necessity part. The sufficiency part can be shown by the same

way of necessity.

2This kind of utility function, where the effect from network structure is incorporated linearly, is
assumed naturally in the context of network games. See, for example, Jackson (2008).



(1): Suppose that a;« = 1. Then, by envy-freeness, for all j # i*,

Vi + tix 2> 00Giej + 15 & (1 = 8gpj)vie > (b5 — 1+).
Also, by envy-freeness, for all j # i*,

V;0gj + 1 > 05+t & (B — ) > (1 — dgimj)v;.

Combining these inequalities, we have (v;+ — v;)(1 — dg;«;) > 0. Since § € (0,1), v > v,
for all j # ¢*, which means that vy = M(v).

(2): This is immediate from the definition of envy-free allocations for i, j # i*.

(3): Since the arguments are same, it is enough to show the case of N;<(g) # (0 and
Ni+(g) # 0. By (2), let  =t; for all j # i*. Then, by feasibility, t;» = —(n — 1)t. For any
j € Ni<(g), by the same argument of (1), we have (1 — &)v; < nf < (1 — §)M(v), which
means that

max;en,. o) (1 — 8)v; < nt < (1 —8§)M(v).

Also, for any j ¢ Ni-(g), v; < nt < M(v), which means that
max;gn,. (g0 < nt < M(v).

Combining these inequalities, we obtain the condition. Il

Hereafter, we consider environments with generic valuations, i.e, v € V such that
largmax, . yv;| = 1. Then, for envy-free allocations, we can focus on the allocations such
that a; = 1 for M(v) = v by Lemma 1. The following main result of the paper
shows how degree of externalities and network structure affect the existence of envy-free

allocations.

Theorem 1. For each environment €, let 6(E) = 1—% € (0,1) where t = maX;en\ (N, (g)u{i*}) = -

Then, F(E) # 0 if and only if one of the following conditions holds:
(1) [Ni=(g)] = 0,
(2) [Ni-(g)| =n —1,
(3) 1 < [Nix(g9)] < (n—2) and 6 < 5(E).

Proof. By Lemma 1, in all cases, it must be that a; = 1. Then, we want to show that the
allocations x = (a, t) with following transfer profiles ¢ constitute envy-free allocations.

(1): By Lemma 1, F(£) must be the set of allocations with following transfer profiles:



) } . ix0; M
tix = —(n—1)t, t; =1t for any j # 1" where t € [maxﬁg UJ, (U>]
n n

(2): By Lemma 1, F'(£) must be the set of allocations with following transfer profiles:
max;i-(1 —0)v; (1—0)M(v)

tie = —(n—1)i,t; =t for any j # i* where { € [ ; ]
n n

(3): Fix an environment with 1 < [Nj(g)| < (n — 2). Let £(6) = maxjeNi*(g)Mvu By

n J

Lemma 1, F(£) must be the set of allocations with following transfer profiles:

(1= 9)M(v)

ti = —(n—1)t,t; =1 for all j # ¢* where { € [max{t(6),},
n

Note that £(8) < (1—531—M(v) for any 0 € (0,1) and max{#(8),#} = £ for some § € (0,1).
Therefore, F(E) # ) if and only if

]

We first clarify the difference between our result and that of Velez (2016). He con-
siders general class of preferences and shows an existence result when externalities are
symmetric. Also, he assumes that agent’s monetary transfer is positive, i.e, some amount
of money is given in his environment. In contrast, in our paper, externalities are asym-
metric depending on the network structure and a positive transfer among all agents is
impossible because there is no extra money in the environment. He also considers that
a negative transfer is allowed in a special class of payoff function, which is different from
ours. In particular, he considers that there are externalities from both indivisible goods
consumption and monetary transfer. However, we consider that the source of externalities
is only the consumption of an indivisible good via network structures.

The first and second parts in Theorem 1 state that an envy-free allocation always
exists regardless of externality if ¢* is isolated or centered. The reasons behind these parts
are that these environments are almost identical to the case of no externality, where the
existence of envy-free allocations are guaranteed. In the former case, no agent enjoys
externalities, so the environment is virtually identical as the case of no externality, i.e,
0 = 0. In the latter case, only difference from the no externality case is the set of feasible

transfers. Since every agents can enjoy externalities, in view of ¢*, a transfer to other



agents must be small. Also, in view of j # i*, a small transfer is enough to have no envy
to 4*. In particular, as § — 1, £ — 0, so that only no transfer is feasible.

The third part clarifies how the externality affects the existence of envy-free allocations
in the broad class of networks. More precisely, if there are two groups of agents who can
and cannot enjoy positive externalities and network externalities are high enough, then
there is no envy-free allocation. The intuition is as follows. To allocate a good to agents
in a fair way, each agent who does not obtain the good must be monetary compensated by
the consumer. If there are agents who cannot enjoy externality (i.e, there is no connection
with the consumer), their compensation must be higher than that of other agents who
can enjoy externalities. However, the upper bound for the compensation is limited and
depends on the degree of externalities because of the fairness for the consumer: the upper
bound is lower if the degree of externalities is high enough. Therefore, if a degree of
externalities is high enough, such an agreeable monetary compensation is impossible.

We stress that this result is not solely an impossibility result. This result states that
an envy-free allocation does not exist if externalities are strong enough. In contrast, even
if there are weak externalities, we can guarantee the existence of an envy-free allocation.
Hence, in such cases, the usual results in the literature can be applied. We will illustrate

this trade-off by an example later.

3.2 Efficient allocations vs envy-free allocations

Definition 2. An allocation x € X is Pareto efficient in & if there is no y € X such that
(1) u;(y) > u;(z) for any i € N and (2) u;(y) > u;(x) for some i € N.

Let P(E) be the set of all Pareto-efficient allocations for an environment £. Since
each agent’s utility function is quasi-linear, efficient allocations are characterized by the

budget balance ), t; = 0 and the solution of following maximization problem:

maXgeca Z V; ((IZ' + 62 ajgz-j).

ieN i

Since the objective function can be rewritten by > 2,y (vi+6 D, v59i5)ai and 30,y a; =
L,a; € {0,1} for all ¢ € N, we must have a;» = 1 if and only if i** € argmax;.y(v; +
0D 2 Vi9i)-

Therefore, efficient allocations are incompatible with envy-free allocations in general

if there are externalities among agents.

Proposition 1. For each £, F(E) N P(E) # (0 only if argmax;cyv; N argmax, ey (v; +
0> 52:0i9i5) # 0.

The special case is ¢ = 0, which corresponds to no-externality environments.



3.3 An illustrative example

To illustrate our results, consider the following example. Let N = {1,--- 5}, v =
(10,2,1,4,5) and g = {15,25,35,45}. A network g corresponds to a core-periphery net-
work where agent 5 is in a center. A graphical representation of the network is given in
Figure 1. If a; = 1, the social surplus is 10 + 5. On the other hand, if a5 = 1, the social
surplus is 5+ 170. Therefore, F(E)NP(E) # 0 only if 10456 > 5+ 175 < 6 < 5/12. For
envy-free allocations, we must have a; = 1,a3 = ---a5 = 0 and t; = —Af bty = -t =1
where max{%, %, %, @05} <t< @Ul & max{4/5,1 -6} <t <2(1—4). Hence, if
§ > 0(&) =3/5, F(£) = () because such ¢ does not exist. The feasible region of ¢ for each
0 under envy-free allocations is described in Figure 2. The region surrounded by colored

lines is the existence area.

S

F(E)NP(E)

F(E)\ P(€)

’U3=1

0 1/5 5/12 5(€) =3/5

Fi 1: Network structure in &£. . .
1pure CUWOrT structe Figure 2: Feasible transfers under no-envy

allocations.

4 Concluding remarks

We consider how externality among agents affects the existence of envy-free allocations.
Our result shows that, if externality is high enough, envy-free allocation does not exist
for broad class of networks, but they still exist otherwise.

We only consider the case of positive externalities, but our model can be rewritten
for the case of negative externalities by considering the case V' C R__. Negative network
externalities will be relevant in the NIMBY problem studied by Sakai (2012), especially

in the case of severe externalities like a construction of a nuclear plant.
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