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Abstract
Proposer participants confront four sharing game types in a within subjects design, the symmetric demand, ultimatum,

Yes-No and impunity game, varying the power structure from equal (symmetric demand game) to powerless recipients

(impunity game). We additionally allow both types of participants to opt out of playing the game under consideration.

Beside choice data we elicit action beliefs. Average demands choice and belief data) of proposer participants are

significantly lower in symmetric demand than in Yes-No and impunity games. In Yes-No and impunity games the

payoff demands of proposer participants react differently to recipients' outside option payoffs than in symmetric

demand games, but not action beliefs. Ultimatum games are often seen as similar to symmetric demand games: When

controlling for interaction effects between game type and outside option payoffs, actual demands and beliefs do not

vary between symmetric demand and ultimatum games and they are not differently affected by outside option payoffs.
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✶ ■♥tr♦❞✉❝t✐♦♥

❍✉♠❛♥ ❞❡❝✐s✐♦♥ ♠❛❦✐♥❣ ❤❛s t♦ r❡❧② ♦♥ ❝♦♠♣❧❡①✐t② r❡❞✉❝t✐♦♥ ✇❤❡♥ ❢❛❝✐♥❣ ❝♦♠♣❧❡① ❞❡❝✐s✐♦♥
t❛s❦s✱ ❢♦r ❡①❛♠♣❧❡ ✐♥ ❡①♣❡r✐♠❡♥ts✳ ❇✉t ❞♦❡s ♠❡♥t❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ❛❧s♦ ❞✐✛❡r ❢r♦♠ ✇❤❛t ✐s
❡①♣❡r✐♠❡♥t❛❧❧② ✐♥❞✉❝❡❞ ✇❤❡♥ t❤❡ ❝❤♦✐❝❡ t❛s❦ ✐s r❛t❤❡r s✐♠♣❧❡ ❛♥❞ ❡❛s✐❧② ✉♥❞❡rst♦♦❞❄ ❚♦
❛♥s✇❡r t❤✐s✱ ✇❡ ❝♦♠♣❛r❡ s✐t✉❛t✐♦♥s ✇✐t❤ s✐♠✐❧❛r ❝❤♦✐❝❡ s❡ts ❜✉t ❞✐✛❡r❡♥❝❡s ✐♥ s✉❜t❧❡ ❞❡t❛✐❧s✳
❲✐❧❧ s✉❜t❧❡ ❞✐✛❡r❡♥❝❡s ❜❡ s✐♠♣❧② ♦✈❡r❧♦♦❦❡❞ ♦r ✐♥t❡♥t✐♦♥❛❧❧② ♥❡❣❧❡❝t❡❞✱ ❡✳❣✳✱ ❜② tr✐❣❣❡r✐♥❣
t❤❡ s❛♠❡ ♠♦t✐✈❡s ❛♥❞ s✐♠✐❧❛r ❜❡❤❛✈✐♦r ❛❝r♦ss s✐t✉❛t✐♦♥s✱ ♦r ✇✐❧❧ ♦♥❡ ❝❛r❡❢✉❧❧② ❝♦♥s✐❞❡r ❛♥❞
❝♦♥❞✐t✐♦♥ ❜❡❤❛✈✐♦r ♦♥ s✉❝❤ ❞❡t❛✐❧s❄

❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❢♦❝✉s ♦♥ ❢♦✉r s❤❛r✐♥❣ ❣❛♠❡ t②♣❡s ✇✐t❤ t✇♦ ♣❧❛②❡rs ❡❛❝❤✱ ♦♥❡ ♣r♦♣♦s✐♥❣
❤♦✇ t♦ ❛❧❧♦❝❛t❡ ❛ ♠♦♥❡t❛r② ❛♠♦✉♥t ❛♥❞ t❤❡ ♦t❤❡r✬s r❡❛❝t✐♦♥ ✈❛r②✐♥❣ ❢r♦♠ ❞♦✐♥❣ t❤❡ s❛♠❡ t♦
❤❛✈✐♥❣ ♥♦ ♣♦✇❡r ❛t ❛❧❧✿ s②♠♠❡tr✐❝ ❞❡♠❛♥❞✱ ✉❧t✐♠❛t✉♠✱ ❨❡s✲◆♦✱ ❛♥❞ ✐♠♣✉♥✐t② ❣❛♠❡s✳ ❋♦r
❡❛❝❤ ❣❛♠❡✱ ✜rst ❜♦t❤ ♣❧❛②❡rs ✐♥❞❡♣❡♥❞❡♥t❧② ❞❡❝✐❞❡ ✇❤❡t❤❡r ♦r ♥♦t t♦ ♣❧❛②✿ ✇❤❡♥ ❛t ❧❡❛st
♦♥❡ ♣❧❛②❡r ♦♣ts ♦✉t✱ ❜♦t❤ ♣❧❛②❡rs r❡❝❡✐✈❡ t❤❡✐r ♦✉ts✐❞❡ ♦♣t✐♦♥ ♣❛②♦✛s✳ ■❢ ♥♦♥❡ ♦♣ts ♦✉t✱ t❤❡②
♣❧❛② t❤❡ r❡s♣❡❝t✐✈❡ s❤❛r✐♥❣ ❣❛♠❡✳

❆❧t❤♦✉❣❤ t❤❡ ❣❛♠❡ t②♣❡s ❞✐✛❡r str❛t❡❣✐❝❛❧❧②✱ ♣❛rt✐❝✐♣❛♥ts ♠❛② ♣❡r❝❡✐✈❡ t❤❡♠ ❛s r❛t❤❡r
s✐♠✐❧❛r ✭P✉❧❧✱ ✶✾✾✾✱ ✷✵✵✸✱ ❙❡❧t❡♥✱ ✷✵✵✵✮✳ ❋♦r ❡①❛♠♣❧❡✱ ✇❤❡♥ ♠❡♥t❛❧❧② r❡♣r❡s❡♥t✐♥❣ ❛ ❣❛♠❡
♦♥❧② ❜② ✐ts ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥✱ ♣❛rt✐❝✐♣❛♥ts ♥❡❣❧❡❝t t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ✉❧t✐♠❛t✉♠
❛♥❞ ❞❡♠❛♥❞ ❣❛♠❡ ✭s❡❡✱ ❡✳❣✳ ❋✐s❝❤❡r ❡t ❛❧✳✱ ✷✵✵✻✱ ❛♥❞ ❋✐s❝❤❡r ❡t ❛❧✳✱ ✷✵✵✼✮✳

❲❡ tr② t♦ ✐♥❢❡r ♠❡♥t❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ❢r♦♠ ❝❤♦✐❝❡ ❛♥❞ ❜❡❧✐❡❢ ❞❛t❛ ♦❢ ♣r♦♣♦s❡r ♣❛rt✐❝✐♣❛♥ts
✇❤♦ ♠✉st ❛♥t✐❝✐♣❛t❡ ❤♦✇ ❛ ♠♦r❡ ♦r ❧❡ss ♣♦✇❡r❢✉❧ ♦t❤❡r ✇✐❧❧ r❡❛❝t t♦ t❤❡✐r ♣r♦♣♦s❛❧✳ ❚❤✐s
❝❛♥ r❛♥❣❡ ❢r♦♠ ♥♦ r✐s❦ ❛t ❛❧❧ t♦ s②♠♠❡tr✐❝ str❛t❡❣✐❝ ✐♥t❡r❞❡♣❡♥❞❡♥❝❡✳ ■♥ ♦✉r ✈✐❡✇✱ ❝❤♦✐❝❡
❞❛t❛ ❛❧♦♥❡ ❞♦ ♥♦t s✉✣❝✐❡♥t❧② r❡✈❡❛❧ ✇❤❡t❤❡r ❛♥❞ ✇❤❡♥ ✈❡t♦ ♣♦✇❡r ✐s ♠❡♥t❛❧❧② ♥❡❣❧❡❝t❡❞✳✶

❚♦ ❛ss❡ss ♠❡♥t❛❧ ♠♦❞❡❧✐♥❣✱ ❛ ✧r❡✈❡❛❧❡❞ ♠❡♥t❛❧ ♠♦❞❡❧✧ ❛♣♣r♦❛❝❤ tr②✐♥❣ t♦ ✐♥❢❡r ✐❞✐♦s②♥❝r❛t✐❝
♠❡♥t❛❧ r❡♣r❡s❡♥t❛t✐♦♥s ♦♥❧② ❢r♦♠ ❝❤♦✐❝❡ ❞❛t❛ ♦❢t❡♥ ❜❡❝♦♠❡s ❛ ♠❛tt❡r ♦❢ s♣❡❝✉❧❛t✐♦♥✳✷ ❲❡
❝♦♥s✐❞❡r ♦✉r r✐❝❤❡r ❞❛t❛ ❡❧✐❝✐t❛t✐♦♥ ❛s ❛ ✜rst ❛tt❡♠♣t t♦ s❤❡❞ ❧✐❣❤t ♦♥ ❤♦✇ ✇❡ ❝♦❣♥✐t✐✈❡❧②
❣❡♥❡r❛t❡ ❝❤♦✐❝❡s ✇❤❡♥ ❡♥❣❛❣✐♥❣ ✐♥ ❢♦r✇❛r❞ ❧♦♦❦✐♥❣ ❞❡❧✐❜❡r❛t✐♦♥✳

✶❋♦r ❛♥ ❛❧t❡r♥❛t✐✈❡ ✇❛② t♦ ❡♥r✐❝❤ t❤❡ ❝❤♦✐❝❡ ❞❛t❛ ❢r♦♠ ❡①♣❡r✐♠❡♥ts ❜② ❤❛✈✐♥❣ ♣❛✐rs ♦❢ ♣❛rt✐❝✐♣❛♥ts ❞❡❝✐❞✐♥❣
t♦❣❡t❤❡r ❛♥❞ ❜② ❛✉❞✐♦✲t❛♣✐♥❣ t❤❡ ❞✐s❝✉ss✐♦♥ ♣r❡❝❡❞✐♥❣ t❤❡✐r ❝❤♦✐❝❡ s❡❡ t❤❡ r❡❝❡♥t ✇♦r❦ ❜② ❇❡r♥✐♥❣❤❛✉s ❡t ❛❧✱
✷✵✶✼✳

✷❆❝t✉❛❧❧② t❤✐s ❛t ❧❡❛st ♣❛rt❧② ❛♣♣❧✐❡s t♦ P✉❧❧ ✭✶✾✾✾ ❛♥❞ ✷✵✵✸✮ ❛♥❞ ❙❡❧t❡♥ ✭✷✵✵✵✮ ✇❤♦s❡ ❝❧❛✐♠s s♦ ❢❛r ❛r❡
♠❛✐♥❧② s✉♣♣♦rt❡❞ ❜② ❡q✉❛❧ s❤❛r✐♥❣ ❜❡✐♥❣ ❢♦❝❛❧ ❛♥❞ ♠♦❞❛❧ ✐♥ ♠♦st ✉❧t✐♠❛t✉♠ ❡①♣❡r✐♠❡♥ts ✭●üt❤ ❛♥❞ ❑♦❝❤❡r✱
✷✵✶✹✮✳



✷ ❚❤❡ ❣❛♠❡ t②♣❡s

❆❧❧ ❢♦✉r ❣❛♠❡ t②♣❡s ✐♥✈♦❧✈❡ t✇♦ ♣❧❛②❡rs✱ X ❛♥❞ Y ✱ ✇❤♦ ✜rst ✐♥❞❡♣❡♥❞❡♥t❧② ❞❡❝✐❞❡ ✇❤❡t❤❡r ♦r
♥♦t t♦ ♣❧❛② t❤❡ ❣❛♠❡✳ ❲❤❡♥ ❛t ❧❡❛st ♦♥❡ ♣❧❛②❡r ♦♣ts ♦✉t✱ ♣❧❛②❡rs r❡❝❡✐✈❡ t❤❡✐r ♥♦♥✲♥❡❣❛t✐✈❡
♦✉ts✐❞❡ ♦♣t✐♦♥ ♣❛②♦✛ cx✱ r❡s♣❡❝t✐✈❡❧② cy✳ ❚❤❡ ❝❤♦✐❝❡ t♦ ✧♣❧❛② t❤❡ ❣❛♠❡✧ ❡①♣r❡ss❡s ♣r❡✲tr✉st
✐♥ ♦♥❡✬s ♣❛rt♥❡r✱ ❢♦r ❡①❛♠♣❧❡ t❤❛t ✭s✮❤❡ ✇✐❧❧ s❤❛r❡ ❡q✉❛❧❧②✳ ❲❤❡♥ ❜♦t❤ ❤❛✈❡ ❛❝❝❡♣t❡❞ t♦ ♣❧❛②
t❤❡ ❣❛♠❡ ♦✉ts✐❞❡ ♦♣t✐♦♥ ♣❛②♦✛s ❛r❡ ❢♦r❡❣♦♥❡✳ ❚❤❡♥ X ❝❤♦♦s❡s x ∈ (0, p)✱ t❤❡ ❛♠♦✉♥t ✇❤✐❝❤
♣❛rt✐❝✐♣❛♥t X ❞❡♠❛♥❞s ❢♦r ❤❡rs❡❧❢✱ ✇❤❡r❡ p ❞❡♥♦t❡s t❤❡ ♣♦s✐t✐✈❡ ♠♦♥❡t❛r② ♣✐❡ s✐③❡ s❛t✐s❢②✐♥❣
p > cx + cy✱ ✐✳❡✳✱ t❤❡ s✉r♣❧✉s p− cx − cy ♦❢ s❤❛r✐♥❣ ✐s ♣♦s✐t✐✈❡✳ Y ✬s ❝❤♦✐❝❡ ✈❛r✐❡s ❛❝r♦ss ❣❛♠❡
t②♣❡s✿

■♥ s②♠♠❡tr✐❝ ◆❛s❤ ❞❡♠❛♥❞ ❣❛♠❡s ❙●✸ ✱ Y ✐♥❞❡♣❡♥❞❡♥t❧② ❝❤♦♦s❡s ❛ ❞❡♠❛♥❞ y ∈ (0, p)✱ ✐✳❡✳
✇✐t❤♦✉t ❦♥♦✇✐♥❣ X✬s ❝❤♦✐❝❡ ♦❢ x✳ ❚❤❡ ♣❛②♦✛s ❛r❡

(ux(x, y), uy(x, y)) =

{
(0, 0) in case of x+ y > p
(x, y) otherwise.

■♥ ✉❧t✐♠❛t✉♠ ❣❛♠❡s ❯●✱ ♣❛rt✐❝✐♣❛♥t Y ❝❤♦♦s❡s ❛♥ ❛❝❝❡♣t❛♥❝❡ t❤r❡s❤♦❧❞✹ y ∈ (0, p) s♦ t❤❛t
♦♥❧② ♦✛❡rs y(x) = p− x ≥ y ❛r❡ ❛❝❝❡♣t❡❞✳ ❚❤❡ ♣❛②♦✛s ❛r❡

(ux(x, y), uy(x, y)) =

{
(0, 0) in case of y > p− x
(x, p− x) otherwise.

■♥ ❨❡s✲◆♦ ❣❛♠❡s ❨◆✱ ♣❛rt✐❝✐♣❛♥t Y ❝❤♦♦s❡s δ ∈ {0, 1} ✇✐t❤♦✉t ❦♥♦✇✐♥❣ t❤❡ ♦✛❡r y(x) =
p−x✳ ❲✐t❤ δ = 1 ❞❡♥♦t✐♥❣ ❛❝❝❡♣t❛♥❝❡ ❛♥❞ δ = 0 ❞❡♥♦t✐♥❣ r❡❥❡❝t✐♦♥✱ ♣❛②♦✛s ❝❛♥ ❜❡ ❡①♣r❡ss❡❞
❛s✿

(ux(x, δ), uy(x, δ)) = δ(x, p− x)

❋✐♥❛❧❧②✱ ✐♥ ✐♠♣✉♥✐t② ❣❛♠❡s ■●✱ ♣❛rt✐❝✐♣❛♥t Y ❛❧s♦ ❝❤♦♦s❡s δ ∈ {0, 1} ✇✐t❤♦✉t ❦♥♦✇✐♥❣ t❤❡
♦✛❡r y(x) = p− x✳ ■♥ ■●✱ ❛❝❝❡♣t❛♥❝❡ ✭δ = 1 ✮ ✈s✳ r❡❥❡❝t✐♦♥ ✭δ = 0✮ ♦♥❧② ❛♣♣❧✐❡s t♦ Y ✬s ♦✇♥
s❤❛r❡✳ X ✐s ✐♥❢♦r♠❡❞ ❛❜♦✉t Y ✬s ❞❡❝✐s✐♦♥✳✺

(ux(x, δ), uy(x, δ)) = (x, δ(p− x))

❋♦r X✱ ❛❧❧ ❢♦✉r ❣❛♠❡ t②♣❡s s♣❡❝✐❢② t❤❡ s❛♠❡ ❝❤♦✐❝❡ s❡t x ∈ (0, p) ✇❤❡r❡ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥t
x ∈ {ǫ, 2ǫ, ..., p − ǫ} ✇✐t❤ ǫ ❞❡♥♦t✐♥❣ t❤❡ s♠❛❧❧❡st ♣♦s✐t✐✈❡ ♠♦♥❡② ✉♥✐t✳ ❋♦r ♣❧❛②❡r Y ✱ t✇♦
❣❛♠❡ t②♣❡s✱ ❙● ❛♥❞ ❯●✱ ♦✛❡r s✐♠✐❧❛r ❝❤♦✐❝❡ ✈❛r✐❡t② ✈✐❛ y, y ∈ (0, p)✱ r❡s♣❡❝t✐✈❡❧② ✐♥ t❤❡
❡①♣❡r✐♠❡♥t ✈✐❛ y, y ∈ {ǫ, 2ǫ, ..., p − ǫ} ✇❤❡r❡❛s ✐♥ ❨◆ ❛♥❞ ■●✱ ♣❧❛②❡r Y ❢❛❝❡s t❤❡ ❜✐♥❛r②
❝❤♦✐❝❡ δ ∈ {0, 1}✳ ❆ss✉♠✐♥❣ ❝♦♠♠♦♥ ✭❛♥❞ ♣❛rt❧② ❡①♣❡❝t❡❞✮ ♠♦♥❡t❛r② ♦♣♣♦rt✉♥✐s♠ ♦♥❝❡
r❡♣❡❛t❡❞ ❡❧✐♠✐♥❛t✐♦♥ ♦❢ ✭✇❡❛❦❧②✮ ❞♦♠✐♥❛t❡❞ str❛t❡❣✐❡s ②✐❡❧❞s t❤❡ s❛♠❡ ❜❡♥❝❤♠❛r❦ ♦✉t❝♦♠❡
x = p − ǫ ❢♦r X ❛♥❞ ǫ ❢♦r Y ✐♥ ❯●✱ ❨◆ ❛♥❞ ■●✳ ❈♦♠♣❛r❡❞ t♦ t❤✐s✱ ❙● ❤❛s ♠✉❧t✐♣❧❡ str✐❝t
✭♦♥❡ ❧♦s❡s ✇❤❡♥ ✉♥✐❧❛t❡r❛❧❧② ❞❡✈✐❛t✐♥❣✮ ❡q✉✐❧✐❜r✐❛✳ ❈♦♠♣❛r❡❞ t♦ ❯●✱ ❙● ❤❛s ❛♥ ❛❞❞✐t✐♦♥❛❧
❡✣❝✐❡♥❝② ❛s♣❡❝t✱ ♥❛♠❡❧② ❛♥t✐✲❝♦♥✢✐❝t ✇✐t❤ x+ y < p ✇❤✐❝❤✱ ❤♦✇❡✈❡r✱ ❞♦❡s ♥♦t q✉❛❧✐❢② ❛s ❛♥
❡q✉✐❧✐❜r✐✉♠ ♦✉t❝♦♠❡✳ ❇♦t❤✱ ❙● ❛♥❞ ❯●✱ ❢❡❛t✉r❡ t❤❡ s❛♠❡ ♠✉❧t✐♣❧✐❝✐t② ♦❢ ❡q✉✐❧✐❜r✐❛ ✇❤✐❝❤
❛r❡ str✐❝t ✐♥ ❙● ❛♥❞ ♠♦st❧② ✐♥ ✇❡❛❦❧② ❞♦♠✐♥❛t❡❞ str❛t❡❣✐❡s ✐♥ ❯●✱ ✇❤❡r❡❛s ❨◆ ❛♥❞ ■● ❤❛✈❡

✸❙✐♥❝❡ ✇❤❡♥ ❙● ✐s ♣❧❛②❡❞✱ t❤❡ ♦✉ts✐❞❡ ♦♣t✐♦♥ ♣❛②♦✛s✱ cx ❛♥❞ cy✱ ❛r❡ ❢♦r❡❣♦♥❡ ❛♥❞ s✐♥❝❡ ❝♦♥✢✐❝t ✐♥
❜❛r❣❛✐♥✐♥❣ ②✐❡❧❞s 0✲♣❛②♦✛s ❢♦r ❜♦t❤✱ ❙● ✐s s②♠♠❡tr✐❝✳

✹❚❤✐s r✉❧❡s ♦✉t ♥♦♥✲♠♦♥♦t♦♥✐❝ ❛❝❝❡♣t❛♥❝❡ str❛t❡❣✐❡s ✇❤✐❝❤ ❛r❡ ♣❛rt❧② ♦❜s❡r✈❡❞ ✐♥ ❯● ❡①♣❡r✐♠❡♥ts t❤❛t
❛❧❧♦✇ ❢♦r ♥♦♥✲♠♦♥♦t♦♥✐❝ ❛❝❝❡♣t❛♥❝❡ str❛t❡❣✐❡s ✭s❡❡ t❤❡ r❡✈✐❡✇ ❜② ●üt❤ ❛♥❞ ❑♦❝❤❡r✱ ✷✵✶✹✮✳

✺❙✐♥❝❡ δ ∈ {0, 1} ✐s ❝❤♦s❡♥ ✇✐t❤♦✉t ❦♥♦✇✐♥❣ y(x) ❛s ✐♥ ❨❡s✲◆♦ ❣❛♠❡s ♦♥❡ ❝♦✉❧❞ s♣❡❛❦ ♦❢ t❤❡ ❨◆✲t②♣❡ ♦❢
✐♠♣✉♥✐t② ❣❛♠❡s✳ ❯s✉❛❧❧②✱ ✐♠♣✉♥✐t② ✐s ❡①♣❧♦r❡❞ ✇✐t❤ Y ❜❡✐♥❣ ❛✇❛r❡ ♦❢ y(x) ✇❤❡♥ ❞❡❝✐❞✐♥❣ ✭s❡❡✱ ❢♦r ✐♥st❛♥❝❡✱
❨❛♠❛❣✐s❤✐ ❡t ❛❧✳ ✷✵✵✾✮✳



♦♥❧② ♦♥❡ ❡q✉✐❧✐❜r✐✉♠ r❡s✉❧t ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦✉t❝♦♠❡ ♦❢ ❯●✱ ❞❡r✐✈❡❞
❢r♦♠ ♦♥❝❡ r❡♣❡❛t❡❞ ❡❧✐♠✐♥❛t✐♦♥ ♦❢ ✇❡❛❦❧② ❞♦♠✐♥❛t❡❞ str❛t❡❣✐❡s✳

❚❤❡ s♦❧✉t✐♦♥ ❛♥❛❧②s✐s ❛❜♦✈❡ ❛♣♣❧✐❡s t♦ t❤❡ ❣❛♠❡s ✐❢ ♥♦ ♣❧❛②❡r ♦♣ts ♦✉t✱ ✐✳❡✳ ✈✐❡✇s cx ❛♥❞
cy ❛s ❢♦r❡❣♦♥❡ ♣❛②♦✛ ❛❧t❡r♥❛t✐✈❡s✳ ❋♦r✇❛r❞ ✐♥❞✉❝t✐♦♥ r❡❛s♦♥✐♥❣ ✭s❡❡ ❑♦❤❧❜❡r❣ ❛♥❞ ▼❡rt❡♥s✱
✶✾✽✻ ❛♥❞ ❛♣♣❧✐❡❞ t♦ ♦✉ts✐❞❡ ♦♣t✐♦♥ ❣❛♠❡s ❇❛❧❦❡♥❜♦r❣ ❛♥❞ ◆❛❣❡❧✱ ✷✵✶✻✮ ♣r❡❞✐❝ts t❤❛t X
✇♦✉❧❞ ♦♣t ♦✉t ✇❤❡♥ cx > x⋆✱ r❡s♣❡❝t✐✈❡❧② Y ✇❤❡♥ cy > y⋆ ✇❤❡r❡ x⋆ ❛♥❞ y⋆ ❞❡♥♦t❡ t❤❡
s♦❧✉t✐♦♥ ♣❛②♦✛s✳ ❚❤✉s s♣❡❝✐✜❝❛❧❧② ✇❤❡♥ cy > ǫ ♣❧❛②❡r Y s❤♦✉❧❞ ♦♣t ♦✉t ✐♥ ❨◆✱ ■● ❛♥❞ ❯●
✇❤❡r❡❛s ✐♥ ❙● ♥♦ ♣❧❛②❡r ♠✉st ♦♣t ♦✉t ✇❤❡♥ ❛♥t✐❝✐♣❛t✐♥❣ ❡q✉✐❧✐❜r✐❛ ✇✐t❤ x⋆ ≥ cx ❛♥❞ y⋆ ≥ cy✳
❚❤❡ ❢❡❡❞❜❛❝❦ ✐♥❢♦r♠❛t✐♦♥ ♦❢ ❛❧❧ ❢♦✉r ❣❛♠❡ t②♣❡s ✐s ✉♥r❡str✐❝t❡❞✳ ■♥ ❙● ❛♥❞ ❯●✱ ❜♦t❤ ♣❛rt✐❡s
❧❡❛r♥ ✇❤❛t t❤❡ ♦t❤❡r ♣❛rt② ❤❛s ❝❤♦s❡♥ ✭✐✳❡✳ (x, y) ❛♥❞ (x, y) r❡s♣❡❝t✐✈❡❧②✮✱ ✇❤❡r❡❛s ✐♥ ❨◆
❛♥❞ ■● ❜♦t❤ ♣❧❛②❡rs ❛r❡ ✐♥❢♦r♠❡❞ ❛❜♦✉t (x, δ) ✇✐t❤ δ = 1 ❞❡♥♦t✐♥❣ ❛❝❝❡♣t❛♥❝❡ ❛♥❞ δ = 0
❞❡♥♦t✐♥❣ r❡❥❡❝t✐♦♥ ❜② Y ✳

✸ ❊①♣❡r✐♠❡♥t❛❧ ♣r♦t♦❝♦❧

P❛rt✐❝✐♣❛♥ts ❢❛❝❡ ❛❧❧ ❢♦✉r ❣❛♠❡ t②♣❡s ✐♥ ❜♦t❤ r♦❧❡s ❢♦r s❡✈❡r❛❧ ♣❛r❛♠❡t❡r ❝♦♥st❡❧❧❛t✐♦♥s✱
♥❛♠❡❧②✿

(p, cx, cy) = A = (30, 10, 5), B = (30, 5, 10), C = (25, 5, 5), D = (20, 5, 0), E = (20, 0, 5)

✇❤✐❝❤ ♠❛✐♥t❛✐♥ t❤❡ s✉r♣❧✉s p − cx − cy = 15✳ ❲❡ ❡♠♣❧♦② ❛ ✇✐t❤✐♥✲s✉❜❥❡❝ts ❞❡s✐❣♥ t♦
❡①♣❧♦r❡ ❤♦✇ ❜❡❤❛✈✐♦r r❡❛❝ts t♦ (p, cx, cy) ✇✐t❤✐♥ ❛♥❞ ❛❝r♦ss ♣❛r❛♠❡t❡r ❝♦♥st❡❧❧❛t✐♦♥s ❛♥❞ ❣❛♠❡
t②♣❡s✳ ❙✉❜❥❡❝ts s✉❝❝❡ss✐✈❡❧② ❛♥❞ r❛♥❞♦♠❧② ❝♦♥❢r♦♥t t❤❡ ❞✐✛❡r❡♥t ♣❛r❛♠❡t❡r ❝♦♥st❡❧❧❛t✐♦♥s
❢♦r ❡❛❝❤ ❣❛♠❡ t②♣❡✳ ❋♦r i = X, Y ✇❡ ❞❡♥♦t❡ ❜② Ii ✐✬s ❝❤♦✐❝❡ t♦ ✭♥♦t✮ ♣❧❛② t❤❡ ❣✐✈❡♥ ❣❛♠❡✿
②❡s✱ Ii = 1✱ ❛♥❞ ♥♦✱ Ii = 0 ✇❤❡r❡ t❤❡ ❣❛♠❡ ✐s ♣❧❛②❡❞ ♦♥❧② ✐❢ IXIY = 1✳

❆❧t♦❣❡t❤❡r t❤❡ ❛❝t✐♦♥ ❞❛t❛ Xi ♦❢ ♣❛rt✐❝✐♣❛♥t ✐ ✐♥ r♦❧❡ X ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠❛t✿

Xi =

(
(Ii, xi(p, cx, cy)/j) :

all (p, cx, cy) and
j = SG,UG, Y N, IG

)
.

■♥ ❙● ❛♥❞ ❢♦r ❯●✲♣r♦♣♦s❡rs✱ ❜❡st r❡s♣♦♥s❡s ❞❡♣❡♥❞ ♦♥ ✜rst✲♦r❞❡r ❛❝t✐♦♥ ❜❡❧✐❡❢s ❛❜♦✉t t❤❡
❜❡❤❛✈✐♦r ♦❢ t❤❡ ♦t❤❡r ♣❛rt②✳ ❋♦r t❤❡ ♦t❤❡r ❝❤♦✐❝❡ t❛s❦s✱ ❤♦✇❡✈❡r✱ ♥♦r♠❛t✐✈❡ ❜❡❧✐❡❢s ❛s❦✐♥❣✱
❢♦r ✐♥st❛♥❝❡✱ ✇❤✐❝❤ ❜❡❤❛✈✐♦r ❛♥ ✉♥✐♥✈♦❧✈❡❞ t❤✐r❞ ♣❛rt② ✇♦✉❧❞ r❡❝♦♠♠❡♥❞ ♠✐❣❤t ❜❡ ♠♦r❡
✐♥✢✉❡♥t✐❛❧✳ ❚❤❡ ❧✐t❡r❛t✉r❡ ✭s❡❡ ●üt❤ ❛♥❞ ❑♦❝❤❡r✱ ✷✵✶✹✮ ♣r♦✈✐❞❡s ❛♠♣❧❡ ❡✈✐❞❡♥❝❡ t❤❛t ❛t
❧❡❛st ✜rst✲♦r❞❡r ❛❝t✐♦♥ ❜❡❧✐❡❢s ❛r❡ ❜❛s❡❞ ♦♥ ❜❡❧✐❡❢ ❞✐str✐❜✉t✐♦♥s✳ ❊❧✐❝✐t✐♥❣ s✉❝❤ ❞✐str✐❜✉t✐♦♥s
✐♥ ❛♥ ✐♥❝❡♥t✐✈✐③❡❞ ✇❛② ❝♦✉❧❞ r❡❧② ♦♥ ✭❛①✐♦♠❛t✐❝❛❧❧② ❝❤❛r❛❝t❡r✐③❡❞✮ s❝♦r✐♥❣ ✭s❡❡ ❙❡❧t❡♥✱ ✶✾✾✽✮✿
♦♥❡ ❛ss✐❣♥s ♣r♦❜❛❜✐❧✐t② ✇❡✐❣❤ts t♦ ❞✐s❝r❡t❡ r❡❛❧✐③❛t✐♦♥s ❛♥❞ ✐s ❧❡ss s❛♥❝t✐♦♥❡❞ ✇❤❡♥ ♣r❡❞✐❝t✐♥❣
t❤❡ ❛❝t✉❛❧ x t♦ ❜❡ ♠♦r❡ ♣r♦❜❛❜❧❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♥♦r♠❛t✐✈❡ ❜❡❧✐❡❢s ❧✐❦❡ ✧✇❤❛t ❞♦ ②♦✉
r❡❝♦♠♠❡♥❞ ✇❤❡♥ ♥♦t ❦♥♦✇✐♥❣ ②♦✉r r♦❧❡ ♦❢ ❳ ♦r ❨❄✧ ✇♦✉❧❞ ❜❡ ♠♦r❡ ♥❛t✉r❛❧❧② ❛♥❞ ✐♥t✉✐t✐✈❡❧②
❡❧✐❝✐t❡❞ ❛s ♣♦✐♥t ❜❡❧✐❡❢s✳ ●✐✈❡♥ t❤❡ ♠✉❧t✐♣❧✐❝✐t② ♦❢ ❝❤♦✐❝❡ t❛s❦s ❝♦♥❢r♦♥t❡❞ ❜② ♦✉r ♣❛rt✐❝✐♣❛♥ts✱
❛❧✇❛②s ❡❧✐❝✐t✐♥❣ ❜❡❧✐❡❢ ❞✐str✐❜✉t✐♦♥s ✇♦✉❧❞ ❤❛✈❡ ♠❡❛♥t t♦ ❝♦❣♥✐t✐✈❡❧② ♦✈❡r❜✉r❞❡♥ t❤❡♠✳ ❋♦r
t❤❡ s❛❦❡ ♦❢ ❝♦♥st❛♥t ❢♦r♠❛ts ✐♥ ❜❡❧✐❡❢ ❡❧✐❝✐t❛t✐♦♥ ✇❡ t❤❡r❡❢♦r❡ ❛s❦❡❞ ♣❛rt✐❝✐♣❛♥ts ❢♦r ♣♦✐♥t
❜❡❧✐❡❢s t❤r♦✉❣❤♦✉t ✇✐t❤♦✉t ♠♦♥❡t❛r② ✐♥❝❡♥t✐✈❡s✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❛s❦❡❞ ♣❛rt✐❝✐♣❛♥ts ❢♦r ❛❧❧ ♦❢
t❤❡ ❣❛♠❡ t②♣❡s ❛♥❞ ♣❛r❛♠❡t❡r ❝♦♥st❡❧❧❛t✐♦♥s t♦ ❛❞❞✐t✐♦♥❛❧❧② st❛t❡

• t❤❡ ❝❤♦✐❝❡ x̂ t❤❡② t❤✐♥❦ t❤❛t ♣❛rt✐❝✐♣❛♥ts ✐♥ t❤❡ r♦❧❡ ♦❢ Y ❡①♣❡❝t ❢r♦♠ ♣❛rt✐❝✐♣❛♥ts ✐♥
t❤❡ r♦❧❡ ♦❢ X✱

• t❤❡ ❝❤♦✐❝❡ x+ t❤❡② t❤✐♥❦ ♦♥❡ s❤♦✉❧❞ r❡❝♦♠♠❡♥❞ t♦ ♣❛rt✐❝✐♣❛♥ts t❤❛t ❞♦ ♥♦t ❦♥♦✇
✇❤❡t❤❡r t❤❡② ✇✐❧❧ ❜❡ ❛❝t✐♥❣ ✐♥ t❤❡ r♦❧❡ ♦❢ X ♦r Y ✱

• t❤❡ ❝❤♦✐❝❡ x⊘ t❤❡② t❤✐♥❦ ✇✐❧❧ ❜❡ ❝❤♦s❡♥ ♠♦st ❢r❡q✉❡♥t❧② ❢r♦♠ ♣❛rt✐❝✐♣❛♥ts ✐♥ t❤❡ r♦❧❡
♦❢ X✳



P❛rt✐❝✐♣❛♥ts r❡❝❡✐✈❡❞ ❛ s❤♦✇✲✉♣ ❢❡❡ ♦❢ ✹ ❊❯❘ ❢♦r s❤♦✇✐♥❣ ✉♣ ♦♥ t✐♠❡✳ ❆❧t❤♦✉❣❤ t❤❡②
♣❧❛②❡❞ ❛❧❧ ❢♦✉r ❣❛♠❡ t②♣❡s✱ ❡❛❝❤ ❢♦r ❛❧❧ ❞✐✛❡r❡♥t ♣❛r❛♠❡t❡r ❝♦♥st❡❧❧❛t✐♦♥s (p, cx, cy)✱ ♦♥❧②
♦♥❡ ♦❢ t❤❡s❡ ✷✵ ❣❛♠❡s ✇❛s r❛♥❞♦♠❧② s❡❧❡❝t❡❞ ❢♦r ❛❝t✉❛❧ ♣❛②♠❡♥t ✭t♦ ❛✈♦✐❞ t❤❡ ♣♦ss✐❜❧❡
❞✐✈❡rs✐✜❝❛t✐♦♥ ✐♥❝❡♥t✐✈❡s ♦❢ ❝✉♠✉❧❛t✐✈❡ ❡❛r♥✐♥❣s✮✳ ❙♣❡❝✐✜❝❛❧❧②✱ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t
✇❡ r❛♥❞♦♠❧② ❢♦r♠❡❞ ♣❛✐rs ❛♥❞ r❛♥❞♦♠❧② s❡❧❡❝t❡❞ ♦♥❡ ❛❝t✉❛❧ ♣❛✐❞ ❣❛♠❡ ❢♦r ❡❛❝❤ ♣❛✐r✳

❈❤♦✐❝❡s ✇❡r❡ ❡❧✐❝✐t❡❞ ❜② ❡♠♣❧♦②✐♥❣ t❤❡ str❛t❡❣② ✈❡❝t♦r ♠❡t❤♦❞✳ ●✐✈❡♥ t❤❡ ❣❛♠❡✱ ♣❛rt✐✲
❝✐♣❛♥ts ✇❡r❡ ♦♥❧② ❛ss✐❣♥❡❞ t♦ r♦❧❡s ❛❢t❡r ❝♦❧❧❡❝t✐♥❣ ❜♦t❤ ❞❡❝✐s✐♦♥s✱ t❤❡ ♦♥❡ ✐♥ ♣r♦♣♦s❡r r♦❧❡
X ❛♥❞ t❤❡ ♦♥❡ ✐♥ r❡s♣♦♥❞❡r r♦❧❡ Y ✱ ❛❢t❡r ♣❧❛②✐♥❣ ❛❧❧ ✷✵ ❣❛♠❡s✱ ✐✳❡✳ r♦❧❡ ❛ss✐❣♥♠❡♥t ✇❛s
r❛♥❞♦♠❧② ♣❡r❢♦r♠❡❞ ♦♥❧② ❛❢t❡r r❛♥❞♦♠ ♣❛✐r ❢♦r♠❛t✐♦♥ ❛♥❞ ❛❢t❡r r❛♥❞♦♠ s❡❧❡❝t✐♦♥ ♦❢ t❤❡
❛❝t✉❛❧❧② ♣❛✐❞ ❣❛♠❡✳ ❚❤✐s ♦❜✈✐♦✉s❧② ❡①❝❧✉❞❡❞ ❛♥② ❢❡❡❞❜❛❝❦ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ♦t❤❡r✬s ❝❤♦✐❝❡
❛♥❞ ♦✇♥ ♦✉t❝♦♠❡s ✐♥ ♣r❡✈✐♦✉s❧② ♣❧❛②❡❞ ❣❛♠❡s✳ ❚❤✉s ❛❧❧ ✐♥❞✐✈✐❞✉❛❧ ❝♦♥st❡❧❧❛t✐♦♥s ✇✐t❤ ✜✈❡
✐♥❞✐✈✐❞✉❛❧ str❛t❡❣② ✈❡❝t♦rs ❢♦r ❡❛❝❤ ♦❢ t❤❡ ❢♦✉r ❣❛♠❡ t②♣❡s ❛r❡ st❛t✐st✐❝❛❧❧② ✐♥❞❡♣❡♥❞❡♥t ✇❤❛t
❛❧❧♦✇s ❝❧✉st❡r✐♥❣ ❛t t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❧❡✈❡❧ ✐♥ t❤❡ r❡❣r❡ss✐♦♥ ❛♥❛❧②s❡s✳

❇❡❢♦r❡ ❛❝t✉❛❧❧② ♣❧❛②✐♥❣ ♦♥❡ ♦❢ t❤❡ ✷✵ s✉❝❝❡ss✐✈❡ ❣❛♠❡s ✇✐t❤ ✈❛r②✐♥❣ ♣❛r❛♠❡t❡rs p, cx, cy✱
❡❛❝❤ ♣❛rt✐❝✐♣❛♥t ❤❛❞ t♦ ❞❡❝✐❞❡ ❢♦r ❜♦t❤ r♦❧❡s✱ ❳ ❛♥❞ ❨✱ ✇❤❡t❤❡r t♦ ♣❧❛② t❤❡ ❣❛♠❡✱ r❡s♣❡❝t✐✈❡❧②
✇❤❡t❤❡r t♦ ♦♣t ♦✉t✳ ❖♥❧② ✇❤❡♥✱ ❛❢t❡r r❛♥❞♦♠ r♦❧❡ ❛ss✐❣♥♠❡♥t✱ ❜♦t❤ ♦♣t ✐♥✱ t❤❡✐r r♦❧❡ s♣❡❝✐✜❝
str❛t❡❣✐❡s ❞❡t❡r♠✐♥❡ t❤❡✐r ❡❛r♥✐♥❣s✳ ■❢ ❛t ❧❡❛st ♦♥❡ ♦♣ts ♦✉t ✈✐❛ t❤❡ r♦❧❡ s♣❡❝✐✜❝ ♣r♦✜❧❡✻✱ ❜♦t❤
♣❛rt♥❡rs ❡❛r♥ t❤❡✐r r♦❧❡ s♣❡❝✐✜❝ ♦✉ts✐❞❡ ♦♣t✐♦♥ ♣❛②♦✛✱ cx✱ r❡s♣❡❝t✐✈❡❧② cy✳ ❆❧t♦❣❡t❤❡r ❡❛❝❤
♣❛rt✐❝✐♣❛♥t ❤❛s t♦ ♦♣t ✐♥ ♦r ♦✉t ✐♥ ✷✵ ❣❛♠❡s ❛♥❞ ❡❛❝❤ ♦❢ t❤❡ t✇♦ r♦❧❡s ✭X ❛♥❞ Y ✮✱ ✐✳❡✳ ❡❛❝❤
♣❛rt✐❝✐♣❛♥t ♣r♦✈✐❞❡s ✹✵ ✧✐♥✴♦✉t✧✲❞❡❝✐s✐♦♥s ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ✷✵ str❛t❡❣② ✈❡❝t♦r✲❝❤♦✐❝❡s ❢♦r
t❤❡ 4 · 5 = 20 ❞✐✛❡r❡♥t ❣❛♠❡s✱ ✺ ❜❛s❡❞ ♦♥ t❤❡ s❛♠❡ ❣❛♠❡ t②♣❡✳ ●❛♠❡ t②♣❡s ❛r❡ ♣❧❛②❡❞ ✐♥
t❤❡ ❝♦♥st❛♥t s❡q✉❡♥❝❡ ✭❙●✱ ❯●✱ ❨◆✱ ■●✮✱ ✐✳❡✳ ❛❝❝♦r❞✐♥❣ t♦ ❞❡❝r❡❛s✐♥❣ r❡s♣♦♥❞❡r ♣♦✇❡r✳

❆❧t♦❣❡t❤❡r t❤❡ ❡①♣❡r✐♠❡♥t✱ r✉♥ ✐♥ t❤❡ ❝♦♠♣✉t❡r ❧❛❜♦r❛t♦r② ♦❢ t❤❡ ▼❛① P❧❛♥❝❦ ■♥st✐t✉t❡
♦❢ ❊❝♦♥♦♠✐❝s ✐♥ ❏❡♥❛✱ ❡♠♣❧♦②❡❞ ✶✷✹ ♣❛rt✐❝✐♣❛♥ts✱ ♣r♦✈✐❞✐♥❣ 20 · 124 = 2, 480 x̂, x+, x⊘✲
✐♥❞✐✈✐❞✉❛❧ ❝❤♦✐❝❡s ❛♥❞✱ ❞✉❡ t♦ s♦♠❡ ♦♣t✐♥❣ ♦✉t✱ 1, 850 ❝❤♦✐❝❡s ♦❢ x✳ ❚❤❡ ❡①♣❡r✐♠❡♥t ✇❛s
♣r♦❣r❛♠♠❡❞ ❜② ✉s✐♥❣ ❩✲tr❡❡ ✭❋✐s❝❤❜❛❝❤❡r✱ ✷✵✵✼✮ ❛♥❞ r❡❝r✉✐t♠❡♥t ✇❛s ✐♠♣❧❡♠❡♥t❡❞ ✇✐t❤ t❤❡
❤❡❧♣ ♦❢ ❖❘❙❊❊ ✭●r❡✐♥❡r✱ ✷✵✶✺✮ ✇✐t❤♦✉t ❛♥② ❛tt❡♠♣ts t♦ ❝♦♥tr♦❧ ❢♦r ❣❡♥❞❡r ❝♦♠♣♦s✐t✐♦♥✱
✜❡❧❞ ♦❢ st✉❞② ♦r ♦t❤❡r s♦❝✐♦✲❞❡♠♦❣r❛♣❤✐❝ ❝❤❛r❛❝t❡r✐st✐❝s✳

✹ ❘❡s✉❧ts

❆s ♦✉r ❢♦❝✉s ✐s ♦♥ ✇❤❡t❤❡r t❤❡ ♠♦r❡ ♦r ❧❡ss s✉❜t❧❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ ❣❛♠❡s ❛r❡ ♥❡❣❧❡❝t❡❞✱
❚❛❜❧❡ ■ ❞❡♣✐❝ts t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ X✲❞❡♠❛♥❞s ✐♥ ❯●✱ ❨◆ ❛♥❞ ■● ✇✐t❤ t❤❡ s❛♠❡ ❞❡♠❛♥❞ x
❛s ✐♥ ❙●✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡ s❛♠❡ ❜❡❧✐❡❢ ♦♥ ✇❤❛t ♣❛rt✐❝✐♣❛♥ts ✐♥ t❤❡ r♦❧❡ ♦❢ Y ✇♦✉❧❞ ❡①♣❡❝t
❢r♦♠ ♣❛rt✐❝✐♣❛♥ts ✐♥ t❤❡ r♦❧❡ ♦❢ X✱ x̂✱ t❤❡ s❛♠❡ r❡❝♦♠♠❡♥❞❡❞ ❞❡♠❛♥❞ t♦ ♣❛rt✐❝✐♣❛♥ts t❤❛t
❞♦ ♥♦t ❦♥♦✇ ✇❤❡t❤❡r t❤❡② ✇✐❧❧ ❜❡ ❛❝t✐♥❣ ✐♥ r♦❧❡ X ♦r Y ✱ x+✱ ❛♥❞ t❤❡ s❛♠❡ ❡①♣❡❝t❡❞ ♠♦st
❢r❡q✉❡♥t ❝❤♦✐❝❡ ❢r♦♠ ♣❛rt✐❝✐♣❛♥ts ✐♥ t❤❡ r♦❧❡ ♦❢ X✱ x⊘✳ ■t ❛❧s♦ ❧✐sts t❤❡ s❤❛r❡s ♦❢ ♣❛rt✐❝✐♣❛♥ts
✇✐t❤ ❤✐❣❤❡r✱ r❡s♣❡❝t✐✈❡❧② ❧♦✇❡r ❧❡✈❡❧s t❤❛♥ ✐♥ ❙●✳

▼♦r❡ t❤❛♥ ✼✵ ♣❡r❝❡♥t ♦❢ ♣❛rt✐❝✐♣❛♥ts ✐♥ t❤❡ r♦❧❡ ♦❢ X ❝❤♦♦s❡ t❤❡ s❛♠❡ ❞❡♠❛♥❞ ♦r st❛t❡
t❤❡ s❛♠❡ ❜❡❧✐❡❢s ✐♥ ❯● ❛♥❞ ❙●✳ ❚❤❡ s✐♠✐❧❛r✐t② ✐♥ ❛❝t✉❛❧ ❞❡♠❛♥❞s x✱ ♦❜s❡r✈❡❞ ✐♥ ❡❛r❧✐❡r
❯●✲❡①♣❡r✐♠❡♥ts✱ ♠♦st❧② ❜❛s❡❞ ♦♥ cx = 0 = cy ✐♥❞✉❝❡❞ t❤❡ ❝❧❛✐♠ ❜② P✉❧❧ ✭✶✾✾✾✱ ✷✵✵✸✮ ❛♥❞
❙❡❧t❡♥ ✭✷✵✵✵✮ t❤❛t ♠♦st ♣r♦♣♦s❡r ♣❛rt✐❝✐♣❛♥ts ♥❡❣❧❡❝t t❤❡ s✉❜t❧❡✱ ❤♦✇❡✈❡r ❢♦r t❤❡ ❜❡♥❝❤♠❛r❦
♣r❡❞✐❝t✐♦♥ ❝r✉❝✐❛❧ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❙● ❛♥❞ ❯●✳ ❲❤❛t ❚❛❜❧❡ ■ ❛❞❞✐t✐♦♥❛❧❧② s❤♦✇s ✐s t❤❛t
t❤✐s s✉r✈✐✈❡s ♥♦♥✲tr✐✈✐❛❧ ♦✉ts✐❞❡ ♦♣t✐♦♥s ❛♥❞ ❛❧s♦ ❛♣♣❧✐❡s t♦ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ❜❡❧✐❡❢s✳ ■♥ ♦✉r
✈✐❡✇✱ t❤✐s ❝♦♥✈✐♥❝✐♥❣❧② ❝♦rr♦❜♦r❛t❡s t❤❡ ❝❧❛✐♠s ♦❢ P✉❧❧ ❛♥❞ ❙❡❧t❡♥✳

✻❚♦ ❛✈♦✐❞ ❛s❦✐♥❣ ❢♦r ❝♦✉♥t❡r❢❛❝t✉❛❧ ❝❤♦✐❝❡s✱ ♦♣t✐♥❣ ♦✉t ❛✈♦✐❞s ❜❡✐♥❣ ❛s❦❡❞ ❢♦r ❛ str❛t❡❣② ✈❡❝t♦r ✐♥ t❤❡ ❣✐✈❡♥
❣❛♠❡ ✇❤❡r❡❛s✱ ✇❤❡♥ ♦♣t✐♥❣ ✐♥✱ ♦♥❡ ❤❛s t♦ st❛t❡ ❛ str❛t❡❣② ✈❡❝t♦r ❛s ✐t ✐s ♦♥❧② ❞❡❝✐❞❡❞ ❛❢t❡r t❤❡ ❡①♣❡r✐♠❡♥t
✇❤❡t❤❡r ♦♥❡✬s ♣❛rt♥❡r ❤❛s ♦♣t❡❞ ✐♥ ♦r ♦✉t✳



❘❡s✉❧t ✶✿ ❆❝❝♦r❞✐♥❣ t♦ t❤❡✐r ❝❤♦✐❝❡ ❛♥❞ ❜❡❧✐❡❢ ❞❛t❛✱ ♠♦st X✲♣❛rt✐❝✐♣❛♥ts s❡❡♠ t♦ ❝♦♥s✐❞❡r
❙● ❛♥❞ ❯● ❛s ❜❡✐♥❣ s✐♠✐❧❛r✱ r❡s♣❡❝t✐✈❡❧② ♥❡❣❧❡❝t t❤❡✐r str❛t❡❣✐❝ ❞✐✛❡r❡♥❝❡s✳

❚❤❡ ❡✈✐❞❡♥❝❡ ♦❢ ❚❛❜❧❡ ■ r❡❧✐❡s ♦♥ ❛✈❡r❛❣❡ t❡♥❞❡♥❝✐❡s✳ ❆❝t✉❛❧❧② t❤❡ s❤❛r❡ ♦❢ X✲❞❛t❛ ❢♦r
✇❤✐❝❤ ❛❧❧ ❝♦♠♣♦♥❡♥ts✱ x✱ x̂✱ x+✱ x⊘✱ ❢♦r ❙● ❛♥❞ ❯● ❝♦♥✐❝✐❞❡ ✐s ♦♥❧② ✷✷✳✸✪✳ ❋♦r ❨◆ ❛♥❞ ■●✱
t❤❡ s❤❛r❡s ♦❢ t❤❡ s❛♠❡ ❝❤♦✐❝❡s ❛s ✐♥ ❙● r❛♥❣❡ ❢r♦♠ ❛ ❧✐tt❧❡ ♠♦r❡ t❤❛♥ ✷✵ ♣❡r❝❡♥t ✭x⊘ ✐♥ ■●✮
t♦ ♠♦r❡ t❤❛♥ ✺✵ ♣❡r❝❡♥t ♦❢ ❳✲♣❛rt✐❝✐♣❛♥ts ✭x+ ✐♥ ❨◆✮✱ ✐✳❡✳ ❛s ♣r❡❞✐❝t❡❞✱ ❢♦r ❛ ♥♦♥✲♥❡❣❧✐❣✐❜❧❡
♣r♦♣♦rt✐♦♥ ♦❢ t❤❡ ❞❛t❛✳

❘❡s✉❧t ✷✿ ❈♦♠♣❛r❡❞ t♦ t❤❡ ❙● ❛♥❞ ❯● s✐♠✐❧❛r✐t② ✐♥ ❜❡❤❛✈✐♦r✱ t❤❡ s✐♠✐❧❛r✐t② ♦❢ ❙● ❛♥❞ ❨◆✱
r❡s♣❡❝t✐✈❡❧② ■● ✐s ♠✉❝❤ ✇❡❛❦❡r✱ ❡s♣❡❝✐❛❧❧② ❢♦r x✱ x̂✱ ❛♥❞ x⊘✳ ❚❤❡ ❢❛❝t t❤❛t ❛t ❜❡st ✺✵✪ ♦❢ x+✲
❞❛t❛ r❡❧② ♦♥ t❤❡ s❛♠❡ ✈❛❧✉❡s ❢♦r ❛❧❧ ❢♦✉r s❤❛r✐♥❣ ❣❛♠❡s s✉❣❣❡sts t❤❛t ♠♦st ♣❛rt✐❝✐♣❛♥ts ✈✐❡✇
❛❧❧ ❣❛♠❡ t②♣❡s ❛s ❞❡♠❛♥❞✐♥❣ ❢❛✐r s❤❛r✐♥❣✱ ❤♦✇❡✈❡r✱ ♦❢t❡♥ ✇✐t❤♦✉t ♥❡❣❧❡❝t✐♥❣ t❤❡ ❡①♣❧♦✐t❛t✐♦♥
✐♥❝❡♥t✐✈❡s ❞✉❡ t♦ ♣r♦♣♦s❡r ♣♦✇❡r ✐♥ ❯●✱ ❨◆ ❛♥❞ ■●✳

❈❧❛ss✐❢②✐♥❣ X✲♣❛rt✐❝✐♣❛♥ts ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ❞❡♠❛♥❞s ❛❝r♦ss ❛❧❧ ❣❛♠❡ t②♣❡s✱ t❤❡ ❞❛t❛
r❡✈❡❛❧s ❛s t❤❡ ♠♦st ❢r❡q✉❡♥t ✐♥❞✐✈✐❞✉❛❧ t②♣❡ ✭✷✷✱✸✪✮ t❤❡ ♦♥❡s ✇❤♦s❡ ❞❡♠❛♥❞s ✐♥ ❙● ❛♥❞ ❯●
❛r❡ ✐❞❡♥t✐❝❛❧✱ ❜✉t s♠❛❧❧❡r ❛❧❜❡✐t ❡q✉❛❧ ✐♥ ❨◆ ❛♥❞ ■●✳ ❚❤❡ s❡❝♦♥❞ ❧❛r❣❡st ❣r♦✉♣ ♦❢ ♣❛rt✐❝✐♣❛♥ts
✭✶✻✱✶✪✮ ❞❡♠❛♥❞s t❤❡ s❛♠❡ ❛❝r♦ss ❛❧❧ ❣❛♠❡ t②♣❡s✳ ❋✉rt❤❡r✱ ✽✱✹✪ ♦❢ ❳✲♣❛rt✐❝✐♣❛♥ts ❝❤♦♦s❡
t❤❡ s❛♠❡ ❞❡♠❛♥❞ ✐♥ ❙● ❛♥❞ ❯●✱ ❛ ❧❛r❣❡r ♦♥❡ ✐♥ ❨● ❛♥❞ st✐❧❧ ❛ ❧❛r❣❡r ♦♥❡ ✐♥ ■●✱ ✇❤❡r❡❛s
✻✱✻✪ st❛t❡ t❤❡ s❛♠❡ ❞❡♠❛♥❞ ✐♥ ❙●✱ ❯● ❛♥❞ ❨● ❛♥❞ ❛ ❧❛r❣❡r ♦♥❡ ✐♥ ■●✳

❙❛♠❡ ▼♦r❡ t❤❛♥ ▲❡ss t❤❛♥
❛s ✐♥ ❙● ✐♥ ❙● ✐♥ ❙●

x
❯● ✼✸✳✶ ✶✽✳✷ ✽✳✼
❨◆ ✸✹✳✷ ✻✸✳✾ ✶✳✾
■● ✷✷✳✶ ✼✻✳✹ ✶✳✹

x̂
❯● ✼✵✳✸ ✷✶✳✺ ✽✳✷
❨◆ ✸✶✳✶ ✻✸✳✾ ✺✳✵
■● ✷✷✳✻ ✼✹✳✷ ✸✳✷

x+

❯● ✼✼✳✹ ✶✶✳✾ ✶✵✳✻
❨◆ ✺✷✳✾ ✹✶✳✻ ✺✳✺
■● ✹✾✳✹ ✹✼✳✹ ✸✳✷

x⊘

❯● ✼✹✳✼ ✶✽✳✶ ✼✳✸
❨◆ ✸✶✳✶ ✻✸✳✾ ✺✳✵
■● ✷✵✳✸ ✼✼✳✸ ✷✳✹

❚❛❜❧❡ ■✿ P❡r❝❡♥t❛❣❡ ♦❢ ❞❡♠❛♥❞s ♦❢ X✲♣❛rt✐❝✐♣❛♥ts ❛❝r♦ss ❣❛♠❡s

❚♦ ❢✉rt❤❡r ❡①♣❧♦r❡ ✐♥ ❤♦✇ ❢❛r ❙● s❡r✈❡s ❛s ❛ ♠❡♥t❛❧ ♠♦❞❡❧ ❛❧s♦ ❢♦r ♦t❤❡r s❤❛r✐♥❣ ❣❛♠❡s✱
✇❡ r❡❣r❡ss❡❞ t❤❡ ✈❛❧✉❡s ♦❢ x✱ x̂✱ x+ ❛♥❞ x⊘ ♦♥ ❣❛♠❡ t②♣❡ ✇✐t❤ ❙● ❛s t❤❡ r❡❢❡r❡♥❝❡ ❝❛t❡❣♦r②
❝♦♥tr♦❧❧✐♥❣ ❢♦r ♦✉ts✐❞❡ ♦♣t✐♦♥ ♣❛②♦✛s ❛♥❞ ✐♥t❡r❛❝t✐♦♥ ❡✛❡❝ts ✇✐t❤ t❤❡ ❞✐✛❡r❡♥t ❣❛♠❡ t②♣❡s ✭s❡❡
❚❛❜❧❡ ■■✮✳ ❘❡❣r❡ss✐♦♥s ✭✶✮ ❛♥❞ ✭✷✮ r❡❢❡r t♦ x✱ r❡❣r❡ss✐♦♥s ✭✸✮ ❛♥❞ ✭✹✮ t♦ x̂✱ r❡❣r❡ss✐♦♥s ✭✺✮ ❛♥❞
✭✻✮ t♦ x+ ❛♥❞ r❡❣r❡ss✐♦♥s ✭✼✮ ❛♥❞ ✭✽✮ t♦ x⊘✳ ❚♦ ❝♦♠♣❛r❡ ❞❡♠❛♥❞s ❛❝r♦ss ✈❛r②✐♥❣ ♣✐❡ s✐③❡s✱ ✇❡
✉s❡ r❡❧❛t✐✈❡ ❞❡♠❛♥❞s ❛s t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✱ t❤❛t ✐s ❢♦r t❤❡ ❝❤♦✐❝❡ ❞❛t❛ ✇❡ ✉s❡ dx = x

p
❛♥❞

❢♦r t❤❡ ❜❡❧✐❡❢ ❞❛t❛ ✇❡ ✉s❡ dx̂ = x̂
p
✱ dx+ = x+

p
❛♥❞ dx⊘ = x⊘

p
✳ ◆♦t❡ t❤❛t ❡q✉❛❧ s✉r♣❧✉s s❤❛r✐♥❣✱

❛s s✉❣❣❡st❡❞ ❜② t❤❡ ◆❛s❤ ✭✶✾✺✵✱ ✶✾✺✸✮✲❜❛r❣❛✐♥✐♥❣ s♦❧✉t✐♦♥✱ ❛♣♣❧✐❡❞ t♦ s✉r♣❧✉s p − cx − cy
r❛t❤❡r t❤❛♥ ♣✐❡ p✲s❤❛r✐♥❣✱ ♣r❡❞✐❝ts x = (p − cx − cy)/2 ♦r dx = 1/2 − (cx − cy)/(2p)✱ ✐✳❡✳
❞❡♠❛♥❞s x s❤♦✉❧❞ ✐♥❝r❡❛s❡ ✐♥ cx ❛♥❞ ❞❡❝r❡❛s❡ ✐♥ cy✳

❲✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝❤♦✐❝❡ ❞❛t❛ ✭dx✮✱ ♦✉ts✐❞❡ ♦♣t✐♦♥s cy r❡❞✉❝❡ ❞❡♠❛♥❞s✳ ❍♦✇❡✈❡r✱ t❤❡
r❡❣r❡ss✐♦♥ r❡s✉❧ts ✐♥ ❚❛❜❧❡ ■■ r❡✈❡❛❧ t❤❛t t❤✐s ❡✛❡❝t ❞✐s❛♣♣❡❛rs ✇❤❡♥ ✐♥❝❧✉❞✐♥❣ ✐♥t❡r❛❝t✐♦♥



❡✛❡❝ts ❜❡t✇❡❡♥ ❣❛♠❡ t②♣❡ ❛♥❞ ♦✉ts✐❞❡ ♦♣t✐♦♥ ♣❛②♦✛s✳ ❆❧❧♦✇✐♥❣ ❢♦r ✐♥t❡r❛❝t✐♦♥ ❡✛❡❝ts ❜❡t✲
✇❡❡♥ ❣❛♠❡ t②♣❡ ❛♥❞ ♦✉ts✐❞❡ ♦♣t✐♦♥ ♣❛②♦✛s✱ r❡♥❞❡rs t❤❡ ❯● ❞✉♠♠② ✐♥s✐❣♥✐✜❝❛♥t ✇❤❡r❡❛s
t❤❡ ❨◆✲ ❛♥❞ ■●✲❞✉♠♠✐❡s r❡♠❛✐♥ s✐❣♥✐✜❝❛♥t ✭❚❛❜❧❡ ■■✮ ✳

❘❡s✉❧t ✸✿ ❚❤❡ ✐♥✈❛r✐❛♥❝❡ ❝❧❛✐♠ ♦❢ t❤❡ ❜❡♥❝❤♠❛r❦ s♦❧✉t✐♦♥ ❜❛s❡❞ ♦♥ ♠♦♥❡t❛r② ♦♣♣♦rt✉♥✐s♠✱
t❤❛t ❜❡❤❛✈✐♦r ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ ❢♦r❡❣♦♥❡ ♦✉ts✐❞❡ ♦♣t✐♦♥ ♣❛②♦✛s ✐s ❝♦♥✜r♠❡❞ ♦♥❧② ❢♦r cx
✇❤✐❝❤ ❞♦❡s ♥♦t ❞✐r❡❝t❧② ❛✛❡❝t x✱ x̂✱ x+ ✭s❡❡ ❝♦❧✉♠♥s ✭✶✮✱ ✭✷✮✱ ✭✸✮✱ ✭✹✮✱ ✭✻✮✱ ✭✼✮✱ ✭✽✮ ♦❢ ❚❛❜❧❡
■■✿ t❤❡ ♠❛r❣✐♥❛❧❧② s✐❣♥✐✜❝❛♥t ❡✛❡❝t ♦❢ cx ✐♥ ❝♦❧✉♠♥ ✭✺✮ ❤❛s t❤❡ ♦♣♣♦s✐t❡ s✐❣♥ t❤❛♥ ♣r❡❞✐❝t❡❞
❜② ❡q✉❛❧ s✉r♣❧✉s s❤❛r✐♥❣✮✳ ❈♦♠♣❛r❡❞ t♦ t❤✐s✱ cy ❞✐r❡❝t❧② ❛♥❞ r♦❜✉st❧② ❛✛❡❝ts x✱ x̂ ❛♥❞ x+

❜✉t ♥♦t x⊘✳ ❍♦✇❡✈❡r✱ ✐♥t❡r❛❝t✐♦♥ ❡✛❡❝ts ♦❢ ❣❛♠❡ t②♣❡ ✇✐t❤ cy ✭❛s ✐♥ ❝♦❧✉♠♥s ✭✷✮✱ ✭✹✮✱ ✭✻✮
❛♥❞ ✭✽✮ ✐♥ ❚❛❜❧❡ ■■✮ r❡♥❞❡r t❤❡ ❞✐r❡❝t ❡✛❡❝t ♦❢ cy ✐♥s✐❣♥✐✜❝❛♥t✳

❈♦♥❝❡r♥✐♥❣ ❜❡❧✐❡❢ ❞❛t❛ ✭x̂✱ x+✱ x⊘✮ t❤❡r❡ ❛r❡ s✐♠✐❧❛r✐t✐❡s ❛s ✇❡❧❧ ❛s ❞✐✛❡r❡♥❝❡s✱ ❝♦♠♣❛r❡❞
t♦ ❛❝t✉❛❧ ❞❡♠❛♥❞s x✳ ❖♥❡ s✐♠✐❧❛r✐t② ✐s t❤❛t ❜❡❧✐❡❢s ✐♥ ❨◆ ❛♥❞ ■● ❞✐✛❡r ❢r♦♠ t❤♦s❡ ✐♥ ❙●✱ ❡✈❡♥
✇❤❡♥ ✐♥❝❧✉❞✐♥❣ ✐♥t❡r❛❝t✐♦♥ t❡r♠s ✇✐t❤ ♦✉ts✐❞❡ ♦♣t✐♦♥ ♣❛②♦✛s✳ ❇❡❧✐❡❢s ✐♥ ❯● ❞♦ ♥♦t ❞✐✛❡r
❢r♦♠ t❤♦s❡ ✐♥ ❙● ✕ ❛t ❧❡❛st ✇❤❡♥ ✐♥t❡r❛❝t✐♦♥ t❡r♠s ❛r❡ ✐♥❝❧✉❞❡❞✳ ■♥ ❝♦♥tr❛st t♦ ❞❡♠❛♥❞s
x✱ ❢♦r ❜❡❧✐❡❢ ❞❛t❛ ♥♦♥❡ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ t❡r♠s ✐s s✐❣♥✐✜❝❛♥t✿ ❳✲♣❛rt✐❝✐♣❛♥ts ❞♦ ♥♦t r❡❛❝t
❞✐✛❡r❡♥t❧② t♦ ♦✉ts✐❞❡ ♦♣t✐♦♥ ♣❛②♦✛s ✐♥ ❜❡❧✐❡❢ ❣❡♥❡r❛t✐♦♥ ❢♦r t❤❡ ❞✐✛❡r❡♥t ❣❛♠❡ t②♣❡s✳

✭✶✮ ✭✷✮ ✭✸✮ ✭✹✮ ✭✺✮ ✭✻✮ ✭✼✮ ✭✽✮

❱❛r✐❛❜❧❡ ① ① x̂ x̂ x+ x+ x⊘ x⊘

❯● ✵✳✵✷✶✯✯ ✵✳✵✷✽ ✵✳✵✸✸✯✯✯ ✵✳✵✹✹ ✵✳✵✵✺ ✵✳✵✵✻ ✵✳✵✷✺✯✯ ✵✳✵✹✶
✭✵✳✵✵✼✮ ✭✵✳✵✷✵✮ ✭✵✳✵✵✽✮ ✭✵✳✵✷✾✮ ✭✵✳✵✵✽✮ ✭✵✳✵✷✼✮ ✭✵✳✵✵✽✮ ✭✵✳✵✷✽✮

❨◆ ✵✳✷✵✻✯✯✯ ✵✳✷✺✾✯✯✯ ✵✳✷✵✺✯✯✯ ✵✳✷✵✺✯✯✯ ✵✳✶✶✶✯✯✯ ✵✳✶✸✶✯✯✯ ✵✳✷✶✻✯✯✯ ✵✳✷✸✾✯✯✯
✭✵✳✵✵✽✮ ✭✵✳✵✷✼✮ ✭✵✳✵✵✽✮ ✭✵✳✵✷✾✮ ✭✵✳✵✵✽✮ ✭✵✳✵✷✼✮ ✭✵✳✵✵✽✮ ✭✵✳✵✷✽✮

■● ✵✳✷✻✼✯✯✯ ✵✳✸✷✶✯✯✯ ✵✳✷✼✶✯✯✯ ✵✳✷✽✷✯✯✯ ✵✳✶✺✵✯✯✯ ✵✳✶✹✻✯✯✯ ✵✳✷✾✺✯✯✯ ✵✳✷✾✹✯✯✯
✭✵✳✵✵✽✮ ✭✵✳✵✷✽✮ ✭✵✳✵✵✽✮ ✭✵✳✵✷✾✮ ✭✵✳✵✵✽✮ ✭✵✳✵✷✼✮ ✭✵✳✵✵✽✮ ✭✵✳✵✷✽✮

cx ✲✵✳✵✷✼ ✲✵✳✵✷✸ ✲✵✳✵✷✾ ✲✵✳✵✷✻ ✲✵✳✵✼✶✯ ✲✵✳✵✹✼ ✲✵✳✵✸✸ ✲✵✳✵✶✺
✭✵✳✵✸✵✮ ✭✵✳✵✺✸✮ ✭✵✳✵✸✵✮ ✭✵✳✵✻✵✮ ✭✵✳✵✷✽✮ ✭✵✳✵✺✻✮ ✭✵✳✵✸✵✮ ✭✵✳✵✺✾✮

cy ✲✵✳✶✾✷✯✯✯ ✲✵✳✵✹✽ ✲✵✳✵✻✶✯ ✲✵✳✵✸✺ ✲✵✳✵✻✸✯ ✲✵✳✵✻✹ ✲✵✳✵✺✽✯ ✲✵✳✵✷✻
✭✵✳✵✸✵✮ ✭✵✳✵✵✶✮ ✭✵✳✵✵✶✮ ✭✵✳✵✻✵✮ ✭✵✳✵✷✽✮ ✭✵✳✵✺✻✮ ✭✵✳✵✵✶✮ ✭✵✳✵✺✾✮

❯●✯cx ✲✵✳✷✷✺ ✲✵✳✵✷✾ ✲✵✳✵✶✾ ✲✵✳✵✹✹
✭✵✳✵✼✺✮ ✭✵✳✵✽✹✮ ✭✵✳✵✼✽✮ ✭✵✳✵✽✸✮

❨◆✯cx ✵✳✵✺✶ ✵✳✵✼✵ ✲✵✳✵✺✾ ✲✵✳✵✷✽
✭✵✳✵✽✸✮ ✭✵✳✵✽✹✮ ✭✵✳✵✼✽✮ ✭✵✳✵✽✸✮

■●✯cx ✲✵✳✵✸✻ ✲✵✳✵✺✸ ✲✵✳✵✶✼ ✲✵✳✵✵✵
✭✵✳✵✽✼✮ ✭✵✳✵✽✹✮ ✭✵✳✵✼✽✮ ✭✵✳✵✽✸✮

❯●✯cy ✲✵✳✵✶✷ ✲✵✳✵✷✽ ✵✳✵✶✸ ✲✵✳✵✸✽
✭✵✳✵✼✺✮ ✭✵✳✵✽✹✮ ✭✵✳✵✼✽✮ ✭✵✳✵✽✸✮

❨◆✯cy ✲✵✳✸✼✶✯✯✯ ✲✵✳✵✼✷ ✲✵✳✵✹✺ ✲✵✳✵✾✺
✭✵✳✵✽✵✮ ✭✵✳✵✽✹✮ ✭✵✳✵✼✽✮ ✭✵✳✵✽✸✮

■●✯cy ✲✵✳✷✾✶✯✯✯ ✲✵✳✵✵✸ ✵✳✵✸✽ ✲✵✳✵✵✹
✭✵✳✵✽✺✮ ✭✵✳✵✽✹✮ ✭✵✳✵✼✽✮ ✭✵✳✵✽✸✮

P❡r✐♦❞ ✵✳✵✵✵ ✵✳✵✵✵ ✵✳✵✵✵ ✵✳✵✵✵ ✵✳✵✵✶✯ ✵✳✵✵✶✯ ✵✳✵✵✵ ✵✳✵✵✵
✭✵✳✵✵✵✮ ✭✵✳✵✵✵✮ ✭✵✳✵✵✶✮ ✭✵✳✵✵✵✮ ✭✵✳✵✵✵✮ ✭✵✳✵✵✵✮ ✭✵✳✵✵✵✮ ✭✵✳✵✵✵✮

❝♦♥st ✵✳✺✶✼✯✯✯ ✵✳✹✾✶✯✯✯ ✵✳✺✵✼✯✯✯ ✵✳✺✵✶✯✯✯ ✵✳✹✽✶✯✯✯ ✵✳✹✼✼✯✯✯ ✵✳✹✾✾✯✯✯ ✵✳✹✽✾✯✯✯
✭✵✳✵✶✺✮ ✭✵✳✵✷✺✮ ✭✵✳✵✶✻✮ ✭✵✳✵✷✸✮ ✭✵✳✵✶✻✮ ✭✵✳✵✷✷✮ ✭✵✳✵✶✻✮ ✭✵✳✵✷✸✮

◆ ✶✽✺✵ ✶✽✺✵ ✷✹✽✵ ✷✹✽✵ ✷✹✽✵ ✷✹✽✵ ✷✹✽✵ ✷✹✽✵
❧♦❣▲✐❦ ✶✶✺✵ ✶✶✻✹ ✶✶✷✵ ✶✶✶✷ ✶✷✾✷ ✶✷✽✷ ✶✶✺✽ ✶✶✹✾

❚❛❜❧❡ ■■✿ ❚❤❡ ✐♠♣❛❝t ♦❢ ❣❛♠❡ t②♣❡ ❛♥❞ ♦✉ts✐❞❡ ♦♣t✐♦♥ ♣❛②♦✛s ♦♥ X✲❞❛t❛ ✭❝❤♦✐❝❡ ❛♥❞ ❜❡❧✐❡❢s✮✳
❘❛♥❞♦♠ ❡✛❡❝ts ●▲❙ ♠♦❞❡❧ ✇✐t❤ ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ❡✛❡❝ts ❢♦r ❡❛❝❤ ♣❛rt✐❝✐♣❛♥t✳ ❙t❛♥❞❛r❞
❞❡✈✐❛t✐♦♥ ✐♥ ♣❛r❡♥t❤❡s❡s✳ ❙✐❣♥✐✜❝❛♥❝❡ ❧❡✈❡❧s✿ ✵✳✵✵✶ ✬✯✯✯✬ ✵✳✵✶ ✬✯✯✬ ✵✳✵✺ ✬✯✬✳

❆♥♦t❤❡r s❡r✐❡s ♦❢ r❡❣r❡ss✐♦♥s ✭❚❛❜❧❡ ■■■✮ r❡❣r❡ss❡s max{x − x̂, 0}✱ max{x − x+, 0} ❛♥❞
max{x−x⊘, 0} ♦♥ ❣❛♠❡ t②♣❡ ❛♥❞ ♦✉ts✐❞❡ ♦♣t✐♦♥ ♣❛②♦✛s✿ max{x− x̂, 0} ♠❡❛s✉r❡s ❤♦✇ ♠✉❝❤
X ✐s ❧❡tt✐♥❣ ❞♦✇♥ Y ✱ ✐✳❡✳ ❤♦✇ ♠✉❝❤ ♠♦r❡ X ❝❧❛✐♠s t❤❛♥ ✇❤❛t X ❜❡❧✐❡✈❡s Y t♦ ❡①♣❡❝t ❢r♦♠
❤❡r✳ ❘❡❣r❡ss✐♦♥ ✭✶✮ ✐♥ ❚❛❜❧❡ ■■■ ❡①♣❧♦r❡s ❤♦✇ ❧❡t ❞♦✇♥ ❛✈❡rs✐♦♥ ❞❡♣❡♥❞s ♦♥ Y ✬s ♦✉ts✐❞❡



♦♣t✐♦♥ ♣❛②♦✛s ❛♥❞ ❣❛♠❡ t②♣❡ ❛♥❞ ✜♥❞s t❤❛t ❧❡t ❞♦✇♥ ❛✈❡rs✐♦♥ ♦❢ ♣r♦♣♦s❡rs ✈❛r✐❡s ❜❡t✇❡❡♥
❙● ♦♥ t❤❡ ♦♥❡ ❤❛♥❞ ❛♥❞ ❨◆ ❛♥❞ ■● ♦♥ t❤❡ ♦t❤❡r ✇❤❡r❡❛s ♦✉ts✐❞❡ ♦♣t✐♦♥ ♣❛②♦✛s ❞♦ ♥♦t
s❡❡♠ t♦ ♠❛tt❡r ♠✉❝❤✳

❙✐♠✐❧❛r❧②✱ r❡❣r❡ss✐♥❣ max{x− x+, 0} ❛♥❞ max{x− x⊘, 0} ❛❧❧♦✇s t♦ t❡st ❤♦✇ ❡t❤✐❝❛❧ ❝♦♥✲
❝❡r♥s ✭x+ ✐s r❡❝♦♠♠❡♥❞❡❞ ❢♦r ♣❛rt✐❝✐♣❛♥ts ❜❡❤✐♥❞ t❤❡ ✈❡✐❧ ♦❢ r♦❧❡ ✉♥❝❡rt❛✐♥t②✱ r❡❣r❡ss✐♦♥ ✭✷✮
✐♥ ❚❛❜❧❡ ■■■✮ ❛♥❞ s♦❝✐❛❧ ✐♥✢✉❡♥❝❡ ✐♥ t❤❡ s❡♥s❡ ♦❢ ✧❢♦❧❧♦✇✐♥❣ ✇❤❛t ♦♥❡ ❡①♣❡❝ts ♦t❤❡rs t♦ ❞♦✧
✭r❡❣r❡ss✐♦♥ ✭✸✮ ✐♥ ❚❛❜❧❡ ■■■✮ ❛✛❡❝t ♣r♦♣♦s❡r ❞❡♠❛♥❞s✳ ❆❣❛✐♥✱ t❤❡r❡ ❛r❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥
❣❛♠❡ t②♣❡s ✭❢♦r x+ ❛❧s♦ ❜❡t✇❡❡♥ ❯● ❛♥❞ ❙●✮ ❛s ✇❡❧❧ ❛s s♦♠❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ ♦✇♥ ♦✉ts✐❞❡
♦♣t✐♦♥ ♣❛②♦✛s cx ❜✉t ♥♦t ♦♥ Y ✬s ♦✉ts✐❞❡ ♦♣t✐♦♥ ♣❛②♦✛ cy✳

✭✶✮ ✭✷✮ ✭✸✮

❱❛r✐❛❜❧❡ max{x− x̂, 0} max{x− x+, 0} max{x− x⊘, 0}

❯● ✵✳✵✵✺ ✵✳✵✶✾✯✯ ✵✳✵✵✽
✭✵✳✵✵✺✮ ✭✵✳✵✵✼✮ ✭✵✳✵✵✺✮

❨◆ ✵✳✵✺✷✯✯✯ ✵✳✶✶✻✯✯✯ ✵✳✵✹✺✯✯✯
✭✵✳✵✵✻✮ ✭✵✳✵✵✽✮ ✭✵✳✵✵✺✮

■● ✵✳✵✻✸✯✯✯ ✵✳✶✺✸✯✯✯ ✵✳✵✺✶✯✯✯
✭✵✳✵✵✻✮ ✭✵✳✵✵✽✮ ✭✵✳✵✵✻✮

cx ✵✳✵✵✵ ✵✳✵✵✷✯ ✵✳✵✵✶✯
✭✵✳✵✵✶✮ ✭✵✳✵✵✶✮ ✭✵✳✵✵✶✮

cy ✲✵✳✵✵✵ ✲✵✳✵✵✶ ✲✵✳✵✵✵
✭✵✳✵✵✶✮ ✭✵✳✵✵✶✮ ✭✵✳✵✵✶✮

P❡r✐♦❞ ✲✵✳✵✵✶ ✲✵✳✵✵✵ ✵✳✵✵✵
✭✵✳✵✵✵✮ ✭✵✳✵✵✵✮ ✭✵✳✵✵✵✮

❝♦♥st ✲✵✳✵✶✶ ✵✳✵✷✷ ✲✵✳✵✵✶
✭✵✳✵✵✽✮ ✭✵✳✵✶✸✮ ✭✵✳✵✵✾✮

◆ ✶✽✺✵ ✶✼✺✶ ✶✺✷✽
❧♦❣▲✐❦ ✶✼✽✸ ✶✵✺✾ ✶✹✶✺

❚❛❜❧❡ ■■■✿ ❚❤❡ ✐♠♣❛❝t ♦❢ ❣❛♠❡ t②♣❡ ❛♥❞ ♦✉ts✐❞❡ ♦♣t✐♦♥ ♣❛②♦✛s ♦♥ ❤♦✇ ❞❡♠❛♥❞ ❞❛t❛ x ❞✐✛❡r
❢r♦♠ ❜❡❧✐❡❢s x̂✱ x+✱ x⊘✳ ❘❛♥❞♦♠ ❡✛❡❝ts ●▲❙ ♠♦❞❡❧ ✇✐t❤ ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ❡✛❡❝ts ❢♦r ❡❛❝❤
♣❛rt✐❝✐♣❛♥t✳ ❙t❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ✐♥ ♣❛r❡♥t❤❡s❡s✳ ❙✐❣♥✐✜❝❛♥❝❡ ❧❡✈❡❧s✿ ✵✳✵✵✶ ✬✯✯✯✬ ✵✳✵✶ ✬✯✯✬ ✵✳✵✺
✬✯✬✳

❚❤❡ ❣❛♠❡ t❤❡♦r❡t✐❝❛❧❧② s✉❜st❛♥t✐❛❧ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ ❢♦✉r ❣❛♠❡ t②♣❡s ❛r❡ ❤❛r❞❧②
r❡✢❡❝t❡❞ ✐♥ ❝❤♦✐❝❡s ❛♥❞ ❜❡❧✐❡❢s✿ ♠❛♥② ♣❛rt✐❝✐♣❛♥ts ❡✐t❤❡r ❞♦ ♥♦t ♣❡r❝❡✐✈❡ t❤❡ ❞✐✛❡r❡♥❝❡s ✐♥
Y ✬s ✈❡t♦ ♣♦✇❡r ❛❝r♦ss s♦♠❡ ❣❛♠❡ t②♣❡s ❛s ❝r✉❝✐❛❧ ♦r ♣r❡❢❡r t♦ ♥❡❣❧❡❝t t❤❡♠ ✭P✉❧❧✱ ✶✾✾✾✱ ✷✵✵✸✱
❙❡❧t❡♥✱ ✷✵✵✵✮✳ ❊s♣❡❝✐❛❧❧②✱ ❙● s❡❡♠s t♦ ❜❡ ❛ ❞♦♠✐♥❛♥t ♠❡♥t❛❧ ♠♦❞❡❧ ❛❧s♦ ✇❤❡♥ ❡♥❝♦✉♥t❡r✐♥❣
❯●✳ ❙tr❛t❡❣✐❝ ❛s♣❡❝ts✱ ❛❧t❤♦✉❣❤ ❣❛♠❡ t❤❡♦r❡t✐❝❛❧❧② ❝r✉❝✐❛❧✱ ❛r❡ ❛t ❧❡❛st ✐♥ s❤❛r✐♥❣ ❣❛♠❡s
♦❢t❡♥ ♥❡❣❧❡❝t❡❞✱ ✐✳❡✳ ❡✐t❤❡r ♦✈❡r❧♦♦❦❡❞ ♦r ❝♦♥s❝✐♦✉s❧② ❞✐sr❡❣❛r❞❡❞✳

❖♥❡ ♦✈❡r❛❧❧ ❝♦♥❝❧✉s✐♦♥ ✐s t❤❛t t❤❡ ❣❛♠❡ t❤❡♦r❡t✐❝ ✐♥✈❛r✐❛♥❝❡ ❝❧❛✐♠ t❤❛t ❢♦r❡❣♦♥❡ ♦✉ts✐❞❡
♦♣t✐♦♥ ♣❛②♦✛s ❞♦ ♥♦t ♠❛tt❡r ✇❤❡♥ ❤❛✈✐♥❣ ❛❣r❡❡❞ t♦ ♣❧❛② t❤❡ ❣❛♠❡ ✐s ♥♦t ❣❡♥❡r❛❧❧② ❝♦♥✜r♠❡❞✿
❤♦✇❡✈❡r✱ ♦♥❧② cy s✐❣♥✐✜❝❛♥t❧② ♠♦❞❡r❛t❡s ❜❡❤❛✈✐♦r ✐♥ t❤❡ r♦❧❡ ♦❢ X✳ ❚❤✐s s✉❣❣❡sts t❤❛t
♣❛rt✐❝✐♣❛♥ts ✈✐❡✇ Y ✬s ❝❤♦✐❝❡ ♦❢ IY = 1 ❛s Y ✬s ♣r❡✲tr✉st ✐♥ ♣r♦♣♦s❡r ❢❛✐r♥❡ss✱ ❛t ❧❡❛st ✐♥
(p, cx, cy)✲❝♦♥st❡❧❧❛t✐♦♥s ❆✱ ❇✱ ❈ ❛♥❞ ❊ ❢♦r ✇❤✐❝❤ cy ✐s ♣♦s✐t✐✈❡✳ ❙✉❝❤ ♣r❡✲tr✉st ✐s ✐♥ ❧✐♥❡ ✇✐t❤
❡①♣❡r✐♠❡♥t❛❧ ❡✈✐❞❡♥❝❡ ♦❢ tr✉st ✭❣❛♠❡✮ ❡①♣❡r✐♠❡♥ts ✭❡✳❣✳ ❇❡r❣ ❡t ❛❧✳✱ ✶✾✾✺✮ ❛♥❞ ❛❧s♦ ♦❢ ❣✐❢t
❡①❝❤❛♥❣❡ ❡①♣❡r✐♠❡♥ts ✭❋❡❤r ❡t ❛❧✳✱ ✶✾✾✽✮ ❜✉t q✉❡st✐♦♥s ❜❛❝❦✇❛r❞ ✐♥❞✉❝t✐♦♥ ❛♥❞ s❡q✉❡♥t✐❛❧
r❛t✐♦♥❛❧✐t②✳

▼♦r❡ ❣❡♥❡r❛❧❧②✱ ♦✉r ❡✈✐❞❡♥❝❡ t❤❛t ♣❛rt✐❝✐♣❛♥ts ♥❡❣❧❡❝t ❣❛♠❡ t❤❡♦r❡t✐❝❛❧❧② ❝r✉❝✐❛❧ ❞✐✛❡r❡♥✲
❝❡s ❜❡t✇❡❡♥ ❣❛♠❡ t②♣❡s ✐s ♦♥❧② ♦♥❡ ❛s♣❡❝t ♦♥ ❤♦✇ ❜❡♥❝❤♠❛r❦ ❜❡❤❛✈✐♦r ❛♥❞ ❣❛♠❡ t❤❡♦r❡t✐❝
r❡❛s♦♥✐♥❣ ❞✐✛❡r✳ ❆s ❡❛r❧② s❤♦✇♥ ❜② Pr✉✐tt ✭✶✾✻✼✮ ❛♥❞ ❧❛t❡r ♦♥ ♠♦r❡ ❣❡♥❡r❛❧❧② ♣r♦♣❛❣❛t❡❞ ❜②



❚✈❡rs❦② ❛♥❞ ❑❛❤♥❡♠❛♥ ✭✶✾✽✶✮ ♣❛rt✐❝✐♣❛♥ts ♦❢t❡♥ ♣❡r❝❡✐✈❡ ❡✈❡♥ t❤❡ s❛♠❡ ❣❛♠❡ t②♣❡ ❞✐✛❡✲
r❡♥t❧② ✇❤❡♥ ♣r❡s❡♥t✐♥❣ ♦r ❢r❛♠✐♥❣ ✐t ❞✐✛❡r❡♥t❧② ♦r ✇❤❡♥ ❡❧✐❝✐t✐♥❣ ❝❤♦✐❝❡ ❜❡❤❛✈✐♦r ❞✐✛❡r❡♥t❧②
✭s❡❡ t❤❡ ❞❡❜❛t❡ ❜❡t✇❡❡♥ ✧❤♦t✧ ♣❧❛② ❞❛t❛ ❛♥❞ ✧❝♦❧❞✧ str❛t❡❣② ✈❡❝t♦r ❞❛t❛ ❛s ✐♥ t❤❡ st✉❞② ❛t
❤❛♥❞✱ ❢♦r ✐♥st❛♥❝❡✱ ❩✐③③♦ ✷✵✶✵✮✳ ❲❤❛t t❤✐s ❞❡♠♦♥str❛t❡s ✐s t❤❛t ❣❛♠❡ t❤❡♦r❡t✐❝ ❝❤♦✐❝❡ ❡①♣❧❛✲
♥❛t✐♦♥s ❛r❡ ♦❢t❡♥ ✈❡r② ✐♥❢♦r♠❛t✐✈❡ ❜✉t ❤❛✈❡ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ✇✐t❤ ❣r❡❛t ❝❛r❡ ✇❤❡♥ ❛♣♣❧②✐♥❣
t❤❡♠ t♦ ❛t ❜❡st ❜♦✉♥❞❡❞❧② r❛t✐♦♥❛❧ ❞❡❝✐s✐♦♥ ♠❛❦❡rs✳

✺ ❈♦♥❝❧✉s✐♦♥s

❲❡ ❤❛✈❡ r♦❜✉st❧② ❝♦♠♣❛r❡❞ ❢♦✉r s❤❛r✐♥❣ ❣❛♠❡ t②♣❡s✱ s②♠♠❡tr✐❝ ❞❡♠❛♥❞✱ ✉❧t✐♠❛t✉♠✱ ❨❡s✲
◆♦✱ ❛♥❞ ✐♠♣✉♥✐t② ❣❛♠❡s✱ ❜② s②st❡♠❛t✐❝❛❧❧② ✈❛r②✐♥❣ t❤❡✐r ♣❛②♦✛ ♣❛r❛♠❡t❡rs✳ P❛rt✐❝✐♣❛♥ts
❝♦✉❧❞✱ ❢✉rt❤❡r♠♦r❡✱ ♦♣t ♦✉t r❛t❤❡r t❤❛♥ ♣❧❛② t❤❡ ❣❛♠❡ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥✳ ❲❡ ❡s♣❡❝✐❛❧❧②
✇❛♥t❡❞ t♦ t❡st ✇❤❡t❤❡r ♣❛rt✐❝✐♣❛♥ts r❡❧② ♦♥ t❤❡ s②♠♠❡tr✐❝ ❞❡♠❛♥❞ ❣❛♠❡ ❛s t❤❡✐r ♠❡♥t❛❧
♠♦❞❡❧ ❛❧s♦ ✇❤❡♥ ❝♦♥❢r♦♥t✐♥❣ ❛♥❞ ♣❧❛②✐♥❣ ♦t❤❡r✱ ♠♦r❡ ♦r ❧❡ss ❝❧♦s❡❧② r❡❧❛t❡❞ ❣❛♠❡ t②♣❡s✳

❆❝❝♦r❞✐♥❣ t♦ ♦✉r ❞❛t❛✱ ❛✈❡r❛❣❡ ❞❡♠❛♥❞s ♦❢ ♣r♦♣♦s❡rs ✭❝❤♦✐❝❡ ❛♥❞ ❜❡❧✐❡❢ ❞❛t❛✮ ❛r❡ s✐❣✲
♥✐✜❝❛♥t❧② ❧♦✇❡r ✐♥ s②♠♠❡tr✐❝ ❞❡♠❛♥❞ t❤❛♥ ✐♥ ❨❡s✲◆♦ ❛♥❞ ✐♠♣✉♥✐t② ❣❛♠❡s✳ ❊s♣❡❝✐❛❧❧② ❛s
♣r♦♣♦s❡r ✐♥ ❨❡s✲◆♦ ❛♥❞ ✐♠♣✉♥✐t② ❣❛♠❡s ♦♥❡ r❡❛❝ts ❞✐✛❡r❡♥t❧② t❤❛♥ ✐♥ s②♠♠❡tr✐❝ ❞❡♠❛♥❞
❣❛♠❡s t♦ Y ✬s ♦✉ts✐❞❡ ♦♣t✐♦♥ ♣❛②♦✛✳ ❍♦✇❡✈❡r✱ ❜❡❧✐❡❢s ✐♥ ❨❡s✲◆♦ ❛♥❞ ✐♠♣✉♥✐t② ❣❛♠❡s ❛r❡
♥♦t ❞✐✛❡r❡♥t❧② ❛✛❡❝t❡❞ ❜② Y ✬s ♦✉ts✐❞❡ ♦♣t✐♦♥ ♣❛②♦✛ t❤❛♥ ✐♥ s②♠♠❡tr✐❝ ❞❡♠❛♥❞ ❣❛♠❡s✳ ❙♦
s②♠♠❡tr✐❝ ❞❡♠❛♥❞ ❣❛♠❡s ❝❛♥ ❜❡ ❝♦♥✜r♠❡❞ ❛s ♠❡♥t❛❧ ❛♥❝❤♦rs ♦♥❧② ❢♦r ✉❧t✐♠❛t✉♠ ❣❛♠❡s✿
♥❡✐t❤❡r ❞♦ ❞❡♠❛♥❞s s✐❣♥✐✜❝❛♥t❧② ✈❛r② ❜❡t✇❡❡♥ s②♠♠❡tr✐❝ ❞❡♠❛♥❞ ❛♥❞ ✉❧t✐♠❛t✉♠ ❣❛♠❡s✱
♥♦r ❞♦ ♦✉ts✐❞❡ ♦♣t✐♦♥ ♣❛②♦✛s ♠❛tt❡r ❞✐✛❡r❡♥t❧② ✇❤❡♥ ♣♦t❡♥t✐❛❧ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ❣❛♠❡
t②♣❡ ❛♥❞ ♦✉ts✐❞❡ ♦♣t✐♦♥ ♣❛②♦✛s ✐s ❝♦♥tr♦❧❧❡❞ ❢♦r✳ ❆♥❞ t❤✐s ❤♦❧❞s ❢♦r ❝❤♦✐❝❡ ❛s ✇❡❧❧ ❛s ❢♦r
❜❡❧✐❡❢ ❞❛t❛✳

❆❧t♦❣❡t❤❡r t❤✐s s✉❣❣❡sts t❤❛t s✉❜t❧❡ str❛t❡❣✐❝ ❛s♣❡❝ts ❛r❡ ♦❢t❡♥ ♥❡❣❧❡❝t❡❞✱ ✐✳❡✳ ❜❡❤❛✈✐♦r
❛♥❞ ❜❡❤❛✈✐♦r❛❧ ❡①♣❡❝t❛t✐♦♥s ♦❢t❡♥ ❛r❡ ❧❡ss s❡♥s✐t✐✈❡ t♦ ❛s♣❡❝ts ✇❤✐❝❤ ❛r❡ ❝r✉❝✐❛❧ ✐♥ ✈✐❡✇ ♦❢
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