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Abstract
This study investigates the relationship between per capita output growth and population growth using the Solow

growth model when population growth is negative. When the Cobb-Douglas production function is used, the per capita

output growth rate can be positive even if the technological progress rate is zero. In contrast, when the CES

production function is used, the per capita output growth rate is zero if the technological progress rate is zero and the

elasticity of substitution between capital and labor is less than unity.
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1 Introduction

This study investigates the long-run growth rate of per capita output by using the Solow

growth model when population growth is negative and the production function takes the

constant-elasticity-substitution (CES) form. Almost all growth models assume that popu-

lation growth is non-negative, and do not consider negative population growth. However,

as long as there are countries with negative population growth such as Japan, we need to

investigate a case in which population growth is negative.

Japan’s first postwar experience of a fall in population occurred in 2005, with negative

population growth rates following in 2009 and 2011. Similarly, concern about population

decline has been increasing in Italy and Germany (World Bank, 2013). Therefore, popula-

tion decline is an urgent problem in developed economies.1

Few studies introduce negative population into economic growth models. One of the

few examples is Ritschl (1985). He introduces negative population growth in the Solow’s

(1956) model and shows that if the population growth rate is negative, the positive steady-

state value of capital stock per capita exists only when the saving rate is negative and that the

steady state is unstable, and hence, capital stock per capita either approaches zero or goes to

infinity.

Christiaans (2011) is also a preceding study that introduces negative population growth

into a growth model. He builds a semi-endogenous growth model with an increasing returns

to scale production function and shows that the long-run growth rate of per capita output

can be positive even if population growth is negative. He also shows that when the constant

returns to scale Cobb-Douglas production function is used and negative population growth

is assumed, the long-run growth rate of per capita output can be positive even if the ex-

ogenously given technological progress rate is zero. This result suggests that technological

progress may not be so important in economies with declining population. In contrast to

Ritschl (1985), he assumes that the saving rate is positive.

Analytical method of Christiaans (2011) is important. As above-mentioned Ritschl

(1985) shows, the steady-state does not exist when the saving rate is positive. Neverthe-

less, according to Christiaans (2011), we can obtain the long-run situation where the growth

rate of per capita output stably approaches a constant value even if the saving rate is positive.

Christiaans (2011) only investigates the case in which the Cobb-Douglas production

function is used. However, empirical studies with regard to the size of elasticity of substi-

1At first sight, few countries seem to have experienced negative population growth. However, we should

consider the effect of immigrants. If we consider the rate of natural increase (i.e., the crude birth rate minus the

crude death rate), several countries have experienced negative population growth. Indeed, according to United

Nations (2013), the rates of natural population increase of 17 OECD countries were negative between 2005

and 2010.



tution suggest that the elasticity of substitution is less than unity (Rowthorn, 1999; Antràs,

2004; Klump, McAdam, and Willman, 2007; and Chirinko, 2008). Based on these empiri-

cal results, we use the CES production function. Our result shows that when the elasticity

of substitution between capital and labor is less than unity, the long-run growth rate of per

capita output converges to the exogenously given technological progress rate when popula-

tion growth is negative. This result implies that the engine of long-run growth is technolog-

ical progress. Therefore, the result obtained from the Cobb-Douglas case is largely different

from the one obtained from the CES case.

Our model and Christiaans (2011) can be positioned as semi-endogenous growth (or

non-scale growth) models when the population growth rate is positive. Traditional semi-

endogenous growth models such as Jones (1995, 1999) explicitly assume increasing re-

turns to scale in the production function while implicitly assume positive population growth.

Christiaans (2011) shows that when the population growth rate takes a large negative value,

endogenous growth occurs even if the traditional condition for endogenous growth is not

satisfied, that is, the production function does not have the property of increasing returns to

scale.

We use a growth model with exogenous technical change because we want to stress

the difference between the case with the elasticity of substitution being less than unity and

the case with the elasticity of substitution being equal to unity. Almost all existing growth

models do not consider negative population growth, and accordingly, we decide to introduce

negative population growth into the most basic growth model, that is, the Solow growth

model with exogenous technical change. Sasaki and Hoshida (2017) introduce negative

population growth into a growth model with endogenous technical change and the Cobb-

Douglas production function. As long as the Cobb-Douglas production function is used,

results obtained in the endogenous technical change case are similar to results obtained in

the exogenous technical change case.2

The rest of the paper is organized as follows. Section 2 investigates the long-run growth

rate of per capita output when the production function takes the Cobb-Douglas form and

population growth is negative. Section 3 investigates the long-run growth rate of per capita

output when the production function takes the CES form according to whether population

growth is positive or negative. Section 4 concludes the paper.

2Introducing negative population growth into a growth model with endogenous technical change and the

CES production function will be left for future research.



2 Cobb-Douglas production function with negative

population growth

In this section, by using the Solow (1956) growth model, we investigate the long-run growth

rate of per capita output when population growth is negative.

Suppose that the production function takes the following Cobb-Douglas form:

Y = Kα(AL)1−α, 0 < α < 1, (1)

where Y denotes output; K, capital stock; L, labor input; and A, an index of technology. The

parameter α denotes the output elasticity with respect to capital.

Let capital stock per effective labor and output per effective labor be k = K/(AL) and

y = Y/(AL), respectively. Then, from equation (1), we obtain y = kα. Suppose that a constant

fraction s of total output Y is saved. We assume that the growth rate of population is constant

L̇/L = n, the growth rate of technological progress is constant Ȧ/A = γ > 0, and the rate of

capital depreciation is constant δ ∈ [0, 1]. Then, the dynamics of k is given by

k̇ = skα − (n + γ + δ)k. (2)

Following the procedure of Christiaans (2011), we investigate the case in which popula-

tion growth is negative.

Suppose that n < 0 but n + γ + δ > 0. Then, along the balanced growth path, we obtain

g∗
Y/L
= γ as in the case of n > 0, where gx denotes the growth rate of a variable x and “∗”

denotes the long-run value.

Suppose, on the other hand, that n < −(γ + δ) < 0, that is, the population growth rate

is negative and the absolute value of it is large. Then, from equation (2), we have k̇ > 0 as

long as k > 0. Hence, k continues to increase. The growth rate of k is given by

gk = skα−1 − (n + γ + δ) > 0. (3)

With α − 1 < 0, as k increases, we obtain

lim
k→+∞

gk = −(n + γ + δ) > 0. (4)

This suggests that the growth rate of k could be positive even if population growth is nega-

tive.



The growth rate of per capita output Y/L leads to

g∗Y/L = γ + g∗y = γ + αg∗k

= γ − α(n + γ + δ) > 0. (5)

When the technological progress rate is zero, that is, γ = 0, from equation (5), we obtain

g∗Y/L = −α(n + δ) > 0. (6)

Therefore, the long-run growth rate of per capita output could be positive even if the tech-

nological progress rate is zero as long as population growth is negative. In contrast, when

population growth is positive, g∗
Y/L

is given by g∗
Y/L
= γ. Accordingly, when the technolog-

ical progress rate is zero, we have g∗
Y/L
= 0. However, when population growth is negative,

per capita output can continue to increase even without technological progress, which is a

strong result.

Summarizing the above results, we obtain Figure 1 for the Cobb-Douglas production

function case. In Figure 1, the horizontal axis corresponds to the population growth rate

while the vertical axis corresponds to the long-run growth rate of per capita output.
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Figure 1: Long-run relationship between n and gY/L: Cobb-Douglas production function

The intuition behind the above result is as follows. When n + γ + δ < 0, that is, the

effective depreciation rate is sufficiently lower than zero, the effective depreciation rate will

never catch up with investment, and accordingly, capital stock and hence output will grow

forever in per effective labor units.



3 Solow model with a CES production function

3.1 Positive population growth

Suppose that the production function takes the following CES form.

Y = [αK
σ−1
σ + (1 − α)(AL)

σ−1
σ ]

σ
σ−1 , 0 < α < 1, σ > 0, (7)

where α denotes a constant parameter and σ, the elasticity of substitution between capital

and labor.

From equation (7), output per effective labor is given by

y = f (k) = [αk
σ−1
σ + (1 − α)]

σ
σ−1 . (8)

Using equation (8), we obtain the growth rate of per capita output as follows:

gY/L = γ + gy, (9)

gy = π(k)gk =
1

1 + 1−α
α

k
1−σ
σ

gk, (10)

where π(k) denotes the capital share of income.

The equation of motion of k is given by

k̇ = s[αk
σ−1
σ + (1 − α)]

σ
σ−1 − (n + γ + δ)k. (11)

When the production function takes the CES form, Inada conditions may not hold in

particular situations (Barro and Sala-i-Martin, 2003). Then, we may not have k > 0 such

that k̇ = 0.

The marginal productivity of capital is given by

f ′(k) = α[α + (1 − α)k
1−σ
σ ]

1
σ−1 . (12)

When 0 < σ < 1, with regard to the marginal productivity of capital, we obtain the

following relationships:

lim
k→0

f ′(k) = α
σ
σ−1 , (13)

lim
k→∞

f ′(k) = 0. (14)



From these, k converges to k = 0 if the following condition holds:

n + γ + δ > sα
σ
σ−1 . (15)

We obtain the long-run growth rate of per capita output as follows:

g∗Y/L = sα
σ
σ−1 − (n + δ), (16)

which can be positive or negative depending on the size of n.

On the other hand, k converges to k∗ > 0 if the following condition holds:

n + γ + δ < sα
σ
σ−1 . (17)

In this case, the economy converges to the balanced growth path. Then, the long-run growth

rate of per capita output leads to

g∗Y/L = γ > 0. (18)

When σ > 1, with regard to the marginal product of capital, we obtain the following

relationships.

lim
k→0

f ′(k) = ∞, (19)

lim
k→∞

f ′(k) = α
σ
σ−1 . (20)

From this, k converges to k∗ > 0 if the following condition holds:

n + γ + δ > sα
σ
σ−1 . (21)

In this case, the economy converges to the balanced growth path. Then, the long-run growth

rate of per capita output is given by

g∗Y/L = γ > 0. (22)

On the other hand, k̇ > 0 as long as k > 0 if the following condition holds.

n + γ + δ < sα
σ
σ−1 . (23)



Then, we obtain

lim
k→∞

gk = sα
σ
σ−1 − (n + γ + δ) > 0, (24)

which implies endogenous growth. From this, the long-run growth rate of per capita output

is given by

g∗Y/L = γ + g∗y

= sα
σ
σ−1 − (n + δ) > 0. (25)

3.2 Negative population growth

We consider a case in which n < −(γ + δ) < 0.

gk = s[α + (1 − α)k
1−σ
σ ]

σ
σ−1 − (n + γ + δ)

︸       ︷︷       ︸

−

> 0. (26)

Accordingly, k continues to increase.

When 0 < σ < 1, from equation (26), we obtain

lim
k→∞

gk = −(n + γ + δ) > 0. (27)

Then, from equation (10), we obtain limk→∞ gy = 0, and accordingly, from equation (9), the

long-run growth rate of per capita output is given by

g∗Y/L = γ > 0. (28)

Therefore, g∗
Y/L

is equal to the technological progress rate.

When the elasticity of substitution is less than unity, Y/L cannot grow indefinitely with-

out technological progress even if k grows indefinitely. This result is easy to understand

if we consider an extreme case in which the production function takes the Leontief form

y = min{k, 1}, that is, the elasticity of substitution is zero. In this case, y has an upper limit

y = 1 when k ≥ 1. Therefore, even if k continues to increase, y remains constant, and

Y/L also remains constant without technological progress. In traditional semi-endogenous

growth model such Jones (1995), y increases as long as k increases. When population growth

is negative, y may not increase even if k continues to increase.

When σ > 1, from equation (26), we obtain

lim
k→∞

gk = sα
σ
σ−1 − (n + γ + δ) > 0. (29)



Then, from equation (10), we have limk→∞ gy = gk, and from equation (9), the long-run

growth rate of per capita output is given by

g∗Y/L = sα
σ
σ−1 − (n + δ) > 0. (30)

Summarizing the above results, we obtain Figures 2 and 3. In these figures, n̄ = sα
σ
σ−1 −

γ − δ > 0.
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Figure 2: Long-run relationship between n and gY/L: CES production function and σ < 1
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Figure 3: Long-run relationship between n and gY/L: CES production function and σ > 1

4 Conclusion

Our analysis shows that when the elasticity of substitution is less than unity and population

growth is negative, the long-run growth rate of per capita output is given by the exogenous

rate of technological progress. Therefore, as long as the technological progress rate is zero,

the growth rate of per capita output is zero.

On the contrary, if the elasticity of substitution is unity, that is, the production function

takes the Cobb-Douglas form, then the long-run growth rate of per capita output can be

positive even without technological progress when population growth is negative.



We conclude that the result that the economy can attain sustainable growth even if popu-

lation growth is negative and technological progress is zero depends on the specificity of the

Cobb-Douglas production function. In a more realistic case where the elasticity of substitu-

tion between capital and labor is less than unity, technological progress plays an important

role in economic growth irrespective whether population growth is positive or negative.

Finally, it should be noted that the difference between the case with the elasticity of

substitution being less than unity and the case with the elasticity of substitution being equal

to unity does not occur unless the population growth rate is extremely negative.
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