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Abstract

We consider a two-period overlapping generation model with rational altruism a la Barro. The government finances
public spending with taxes on labor income, capital income and inheritance. We show that, in the long-run, inheritance
tax and capital income tax are generally different from zero, even if the optimal tax policy leads to the modified
Golden-rule.
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1 Introduction

The seminal works by Chamley (1986) and Judd (1985) state that the optimal long-run tax rate on
capital income is zero in neoclassical infinite-lived agent models. In the dynastic interpretation of
Chamley (1986)’s model, with successive generations (considered for instance in Piketty and Saez,
2013), inheritance tax and capital income tax are equivalent and then equal to zero at the second-
best optimum.! Indeed, assuming rational altruism & la Barro (1974) creates intergenerational
links that makes the overlapping generation model similar to the infinite-lived agent model. The
issue we address is whether optimal inheritance tax and capital income tax are still zero in a model
where individuals live for more than one period.

The purpose of this note is then to analyze the second-best linear tax policy in a two-period
overlapping generation model with rational altruism, that is, how to finance a given public spending
with capital income taxation, labor income taxation, and inheritance tax. Of course, the steady-
state second-best optimal path corresponds to the modified Golden-rule, implying zero distortion
on capital accumulation in the long-run. But, we show that this does not necessarily imply zero
inheritance taxation and zero capital income taxation. Indeed, a positive or negative inheritance tax
rate means that consumptions of the young and the old are taxed at different rates. In a second-best
world, it may be optimal to set capital income and inheritance tax rates with opposite signs in order
to achieve the two following goals: (1) reaching the modified Golden-rule; (i1) taxing consumptions
in each period at rates driven by standard Ramsey taxation formulas. Interestingly, both results are
very closed to the one obtained in the standard Diamond model with egoistic agents by Pestieau
(1974) and Atkinson and Sandmo (1980).

Section 2 describes the intertemporal equilibrium with altruistic and egoistic agents in order
to be able to compare the second-best optima in both situations. The second-best optimum with
altruistic agents is analyzed in Section 3. In Section 4, we discuss the main results of the altruistic
case and compare them to the one obtained in the standard Diamond model with egoistic agents
by Pestieau (1974) and Atkinson and Sandmo (1980).

2 Equilibrium

Time is discrete. Population is constant and consists of a unique representative dynasty, where
each parent has only one child. Members of the representative dynasty leave for two periods,
work in the first and retire in the second. They are also altruistic towards their offsprings. When
born in ¢, a household is taxed at rate 7,” on labor income, at rate 7;° on inherited bequest, and,
when old, at rate 7%, on capital income. Consequently, when young, the household born in
period ¢ receives an after-tax bequest (1 — 77%) 4, chooses labor supply ¢;, paid at the net wage
(1 — 7") wy, and allocates these resources between consumption ¢; and saving s;. When old, net
capital income (1 — 7’3_1) R, is divided into consumption d;; and bequests x;,; to the next

generation. Requiring that bequests are nonnegative, the above description results in the following

'See e.g. Boadway et al. (2010), Cremer and Pestieau (2011), Kopczuk (2013).



constraints
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Rational altruism implies that utility of the representative household in period ¢, V;, depends on
consumptions in both periods, labor supply and utility of its offsprings Vi, 1: V; = U (¢, €y, dy1) +
BVi11, where (3 represents the degree of altruism (0 < § < 1). If § = 0, households behave
egoistically as in the Diamond (1965)’s model. If 8 > 0, the problem of the dynasty at time zero
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subject to (1) for ¢ > 0, (2) and (3) fort > —1,givens_ | =5 1,c1 =c_jand {_| = ¢_. From
Michel et al. (2006), household optimum satisfies the first-order conditions, for ¢ > 0,
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Conditions (5)-(7) associated with budget constraints (1) for ¢ > 0, and (2) for ¢ > —1, bring a
complete characterization of the household optimum (c;, €4, dy, T4, S¢) -

In the case of egoistic agents (3 = 0), bequests are zero in all periods and the household
optimum (c¢, ¢, dy, 5¢),~, satisfies conditions (5) and budget constraints (1) for ¢ > 0 and (2) for
t > —1, with x; = xt+1_: 0.

A representative firm that behaves competitively, produces output in period ¢ with capital K}
and labor L;. The production function F' (K, L) is linear homogenous and concave, and includes
capital depreciation. Marginal products are strictly positive and decreasing. Profit maximization
leads to the standard equality between factor prices and marginal products

Wy = Fi (KtaLt> , Ry = F}’( (Kt, Lt) (8)

where F] and F'j stand for the partial derivatives of F' with respect to labor and capital.

The government finances an exogenous sequence of public spendings with taxes on capital
income, labor income and inheritance and has the possibility to issue bonds. Denoting by g, the
constant level of public spendings, the law of motion of the public debt d, is

O1 + T wily + TtRRtSt—l + 7100 = Ry + g 9)

2Uéw Ulft and U(’it stand respectively for U/ (¢;, €y, dit1), Uy (ct, by, des1) and U) (co—1, bp—1, dy).



The initial public debt &, is given: &, = &. Saving splits between public debt and capital stock.
Denoting by k;, the capital stock in period ¢, one gets

S¢ = kip1 + 0441 (10)

fort > 0and ky = ko = 5_1 — 0p. We define the competitive equilibrium for a given sequence of
tax rates (7;°,7/%, 77) . o:

Definition 1. Consider c_1 = ¢_1, {_y = {_1 and ko = ko. A competitive equilibrium with tax
instruments (Ttw, TtR, T ) 1> IS an allocation (cy, Uy, dy, ki11),q a Sequence of bequests and savings

(24, 8¢),5 and a sequence of prices (wy, Ry),~ such that:

e for the prices (wy,R;)~, and the tax instruments (Ttw,TtR,Tf) >0 » the path

(cty y, dy, 4, 3t>t20 satisfies the budget constraints (equation (1) for t > 0 and equation (2)
fort > —1), the optimality condition (5) for t > 0, and, if 5 > 0, the optimality condition
(6) for t > 0 and the transversality condition (7);

o (K, gt)tzo satisfies FOCs (8) of the firms for the prices (wy, Rt)tzo with K, = k, and L, = V;;
e the market clearing conditions for good are satisfied, that is, for t > 0,

e+ di+ g+ kv = F (ki 4y) (11)

Equation (10) allows to determine the sequence of public debt that is consistent with such an
intertemporal equilibrium. We do not mention the government budget constraint (9) since, from
the Walras’ law, equilibrium on all markets makes it redundant. The definition of the competitive
equilibrium encompasses both altruistic and egoistic cases.

3 Second-best optimum with altruistic agents

To solve the government program in an economy with altruistic households (8 > 0), we leave
aside the non-negativity constraint on bequests. This means that the path (z;),., that will result
from the optimality conditions will be the sequence of desired bequests. Then the allocation
(ct, by, dy, kitq),~, that satisfies optimality conditions of the government program is implementable
if the associated desired bequests are positive in all periods.

In the following proposition, we introduce a characterization of the set of available competitive
equilibria using the implementability constraint. So doing, we follow the primal approach
introduced by Lucas and Stokey (1983) and used by Atkeson et al. (1999) for analyzing the optimal
capital income taxation.

Proposition 1. Consider c_.1 = ¢_1, {_1 = (1 and ko = ko. Let us assume that households are
altruistic (3 > 0).

e Consider the allocation (c;,ly,dy, kiv1),9 0of a competitive equilibrium with operative
bequests. Then, it satisfies the resource constraint (11) for t > 0, and the implementability



constraint
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e Conversely, consider an allocation (ci,ly,dy, ki11),~, that satisfies (11) and (12). Then
there exist prices (wy, Ry),~, desired bequests and savings (xi,s;),, and instruments
(7‘,}“, rid Ttx)tzo such that (¢, g, dy, k:t+1)t20 is the allocation of a competitive equilibrium

with tax instruments (Ttw TR, Tf) 0"

Proof. First, consider the allocation (ct, ¢4, d¢, ki41),~, of a competitive equilibrium. It satisfies
the resource constraint (11). To show that it also satisfies the implementability constraint (12), we
deduce the intertemporal budget constraint of the household born in ¢ from the budget constraints
(1) and (2):

diy1
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and use the marginal conditions of the household problem (5)-(6) to get
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For T' — 400, the transversality condition (7) allows to get the implementability constraint (12).

For the converse direction, we need to show that, for any allocation (¢, ¢;, d;, kt+1)t>0 that
satisfies (11) and (12), there exist tax instruments (Ttw T, Tt‘”) 1~¢» desired bequests and savings
(24, 8t),5, and prices (wy, R;),~, for which all equilibrium equations in Definition 1 are satisfied.
Indeed, _7'5% is obtained from the implementability constraint (12). Moreover, factor prices
(wy, Ry),»o are deduced from the sequence with the FOCs (8) of the firms. Then, marginal
conditions of the consumer (5)-(6) allow to compute (Tf T Tﬁ_l) 150" Finally, the sequence
(4, 8¢),>¢ is obtained from the budget constraints of the households (1)-(2).H

The government is looking for the allocation (ct,&,dt,k:tﬂ)»o that maximizes welfare
(4) among the paths that satisfy the resource constraints (11) in all periods ¢ > 0 and the
implementability constraint (12). Let us define

W (Ct7€t7 dt+1) = Ut -+ A [Uézct + Uétét + UC,ltJrldt"‘l}

where A is the multiplier of the implementability constraint; the arguments of Uy, U/, ,

! /
Uy, and Uy, |



are (cq, Uy, dyyq) for t > 0, and (é_l, 0_y, do) for t = —1. The capital income tax in period 0 is a

lump-sum tax since it applies to a basis that the household cannot modify. We consider it as given:

& = 7. The government then maximizes

1 . <=
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t=0

with respect to (¢, £y, dy, k1) £>0 subject to the resource constraint in each period.
Proposition 2. If the second-best optimum allocation converges towards a steady state, the
corresponding capital-labor ratio reaches the modified Golden-rule level (F}. (k,() = 1) and

optimal tax rates satisfy:
(1= a-r)=1 (14)
and
™>0 & <0 & H¢> H?
™>0 & H°>H' (15)
> s HY> HY
where H? corresponds to the sum of elasticities of the marginal utility U, with respect to each of

the quantities c, { and d
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Proof. We consider the infinite Lagrangian

+o00
SW_y + Zﬁt% [F (k;hﬁt) —c—dy — g — ktﬂ] (16)

t=0

where [%q; is the multiplier of the resource constraint in period ¢. The first-order conditions with
respect to ¢, {4, dyq and ky 1, for t > 0, write

Wclt =4, Wélt-u + Qt+1Fét+1 = 0’ WdIH—l = 6Qt+1, 4t = qt+1ﬁF’2t+l (17)

where I} = Fy (k;, ;) and F; = F} (k;,{;). Since we focus on the steady-state optimal tax
rates, we leave aside the first-order conditions with respect to dy and ¢, for which some additional
terms from the first-old utility should be added. In steady state, ¢; is constant and the capital-labor
ratio then satisfies the modified Golden-rule: SF] = 1. Additionally, from (5)-(6), we deduce that
at a steady-state equilibrium with operative bequest: 3 (1 —77) (1 — 7%) F;, = 1. Then optimal
tax rates satisfy equation (14), which implies that their signs are opposite.
Moreover, optimality conditions (17) in steady state imply
_Wél / Wcll

=1 Wi _F
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In equilibrium, we have

U
U.
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Then, straightforward calculations lead to the equivalences given in the statement, using that, at
the optimum, H~* < % + 1. Indeed, with the definition of H?, we have

W! =U/[1+X—\H?], forz = c,{,d.

Since ¢; is the marginal social cost of an increase in public spendings in period ¢, it is necessarily
positive at the optimum. Then, (17) implies that the terms 1/ have the same sign as U., which
implies the desired property.ll

4 Discussion

In steady state, the second-best optimum leads to a capital-labor ratio that corresponds to the
modified Golden-rule level. On this matter, the two-period overlapping generation model with
altruistic agents leads to the same result as infinite-lived agent models considered by Chamley
(1986) and Judd (1985), OLG models with egoistic agents (see e.g. Pestieau, 1974, Atkinson and
Sandmo, 1980), and successive-generation models with altruistic agents (see e.g. Boadway et al.,
2010, Cremer and Pestieau, 2011, Kopczuk, 2013).

Nevertheless, by contrast to successive-generation models, Proposition 2 shows that reaching
the modified Golden-rule does not necessarily imply that the inheritance tax rate and the capital
income tax rate should be zero in steady state. The reason is that, with two-period lifetime,
second-best optima can lead the social planner to tax differently consumption when young and
consumption when old. Precisely, the inheritance tax rate, if positive, acts as a subsidy toward old-
age consumption. From the point of view of the parent, one additional unit given to the offspring
will have a higher cost in term of current consumption. Inheritance tax affects the allocation of
resources between generations that live in the same period. By contrast, the capital income tax
modifies the allocation of the representative household between consumptions along the life-cycle.
Taxing capital income increases the price of old-age consumption into the intertemporal budget
constraint of the households.

Equation (14) in Proposition 2 implies that, in steady state with altruistic agents and operative
bequests, the inheritance tax rate and the capital income tax rate should have opposite signs in
order to reach the optimal capital-labor ratio. A positive inheritance tax should be associated with
a negative capital income tax, both leading to a decrease in the relative price of second-period
consumption to first-period consumption.

The condition we get for positive inheritance taxation can be related to the one obtained by
Pestieau (1974) and Atkinson and Sandmo (1980) for negative capital income tax rate in the OLG
model with egoistic agents. Results by Pestieau (1974) and Atkinson and Sandmo (1980) are
derived using the dual approach, that is, taking prices rather than quantities as control. To highlight
the link between conditions (15) and the conditions derived with egoistic agents, it is convenient

6



to also write the second-best problem in the latter case using the primal approach. With 5 = 0, the
intertemporal budget constraint is the same as (13) except that bequests in ¢ and ¢ + 1 are zero. For
generation-t household, using marginal conditions (5), the implementability constraint writes

UétCt + Uétgt -+ U(,iH_ldtJrl =0 (19)

The social planner would maximize the discounted sum of utilities under the resource constraint
(11) and the implementability constraint for generation ¢ (19). The infinite Lagrangian is the same
as in equation (16) where the function IV is replaced by

Wi (e, by, diyr) = Uy + [Uétct + Uétft + Uét+1dt+1}

denoting by ['u;, the multiplier of the implementability constraint (19). Therefore, optimality
conditions in steady state are the same as (18) recalling that the steady-state value of the multiplier
1 replaces A into the derivatives of 1. Since in steady-state equilibrium with egoistic agents, we
have , U

c R e
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it is then straightforward to see that equivalences (15) become
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If the terms H~* have the same values with altruistic agents and egoistic agents, then conditions
for the signs of 77 and 7% are exactly the same. Of course, such a sameness can be obtained
in very particular cases that combine additive separability and isoelasticity (e.g. U(c, ¢, d) =
c?0 + 7 0P + 7,dP?). More generally, apart from these particular cases, H* depends on the steady-
state quantities (c, ¢, d, k) characterized by the set of four equations that includes two optimality
conditions among (18), the resource constraint (11) in steady state and the characterization of the
capital-labor ratio SF}, = 1. All these equations are exactly the same if the degree of altruism and
the social discount rate are equal. Consequently, conditions that characterize the sign of the tax
rates 7% and 7% under assumptions of egoistic or altruistic agents become identical if generations
are discounted in the same way.

Nevertheless, the way the social planner implements the modified Golden-rule in the long-run
is not the same. With altruistic agents and operative bequests, positive inheritance tax and negative
capital income tax can compensate one another to put the capital-labor ratio at the modified
Golden-rule level. But equilibrium saving and equilibrium labor supply (obtained with the optimal
tax instruments) do not necessarily lead to the optimal capital-labor ratio. The social planner can
use public debt to fill the gap between saving and capital stock (see equation (10)). By contrast,
with egoistic agents, the negative capital income tax rate cannot be compensated by a positive
inheritance tax rate to reach the optimum steady-state capital-labor ratio. But, here again, the
optimal level of capital stock can be achieved using public debt.
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