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Abstract

The strategic choice of spatial price policy under duopoly crucially depends on the rules of
price competition. We show that under simultaneous price competition and under
leader—follower price competition (with the discriminatory firm being the leader), the pricing
policy game is not, as stated by Thisse and Vives (1988), a Prisoner's Dilemma.
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1. Introduction

Thisse and Vives (1988) (TV) andyze the Strategic choice of spatid price policy in a duopoly
market with homogeneous product and indlastic demand. They assume that if both firms choose the
same price palicy, firms compete in prices Smultaneoudy. But given that if firms choose different
price policies there is no pure drategy equilibrium in the pricing game under sSmultaneous
competition, they assume that the mill-pricing firm becomes a price leader and the discriminatory
firm is a follower. * As price discrimination is a dominant strategy but firms would increase profits
under f.0.b. pricing the problem is like a Prisoner’ s Dilemma.

In this paper, we extend the anadlyss of TV by considering other types of competition when
firms choose different price policies: leader-follower price competition (with the discriminatory firm
being the leader) and smultaneous price competition (allowing mixed dtrategies). We conclude that
the tendency for firms to price discriminate found by TV does not in generd hold and that
equilibrium price policies crucialy depend on the rules of price competition. In the leader-follower
game equilibrium price policies depend on the consumer’ s reservation vaue and in the most relevant
case there are two asymmetric equilibria in which one firm price discriminates and the other firm
prices uniformly. Under smultaneous price competition, we find a mixed strategies equilibrium when
firms choose different price policies and show that the price policy game has two equilibriac both
firms choose price discrimination or f.0.b. pricing.

2. The model

Two firms, 1 and 2, produce a homogeneous good in a spatiad market [0,1] and are located at
the left and at the right endpoints of the market repectively. The (constant) margina cost is identicdl
for both firms and normalized to zero. Consumers are didributed uniformly aong the intervd [0,1].
Each consumer has a reservetion value, R, for the good, and buys one unit from the firm with the
lowest ddivered price. When both firms have the same ddivered price a a location the consumer
chooses the supplier with the lowest transportation cost.? The transportation cost is #(d) = td, where
d is the distance from the location of the consumer to the producer. We will assumetha R > ¢.° The
ddlivered price a alocation x must cover the transport cost.* The timing of the game is as follows.
Stage 1. Firms choose the price policy smultaneoudy. Stage 2: Firms decide the price leved
smultaneoudy if both firms choose the same policy. When firms choose different price policies, we
congder two kinds of competition: smultaneous and leader-follower competition where the
discriminatory firm isthe leader.

3. The choice of price policy

We solve the game by backward induction © obtain the subgame perfect equilibria In the
second stage, there are severa cases depending on the outcome of the previous stage:

3.1. Both firms price according to f.0.b.
Frmswill sdect mill prices smultaneoudy. The demand for each firm is given by:

! Other works that also consider this assumption are De Fraja and Norman (1993) and Eber (1997).

? See Lederer and Hurter (1986) for ajustification of this assumption.

® This assumption guarantees that the whole market will be served regardless of the firms' pricing policies.
* See Lederer and Hurter (1986) and Thisse and Vives (1988).
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The profit functionsare P, (p;, p; ) = p;D; (pi, pj), i, j =1, 2, j* i. These profit functions are
quasi-concave, ensuring the existence of a price equilibrium. The equilibrium mill prices are given by
p1Y = p,oV = ¢. The equilibrium profitsare P VU = P ,UU = ¢/2,

3.2. Both firms use delivered pricing
Denote as p4(x) and p,(x) the delivered prices of firm 1 and firm 2 a alocation x, 0£ x £ 1. At a

given location x, competition is a la Bertrand: with cost asymmetriesif x ¢ 1/2 and with the same
cos if x = 2/2. Thus, in equilibrium the ddlivered price & x will equa the transportation cost of the
firm located further from x: p; (x) = p,(x) = max{zx, ¢(1 - x)} fordl x T [0,1].° Firms profits are

pp _ 2 _ DD _ b
Py = Q f(1- x)- txpdx =4 and P~ = dlztx- t(d- x)}dx =tl4.

3.3. One firm is committed to f.0.b. and the other uses delivered pricing

As noticed by TV there is no eguilibrium in pure srategies when firms choose different pricing
policy, under smultaneous price competition. They assume tha the mill-pricing firm becomes a
price leader and the discriminatory firm is a follower. They conclude thet price discrimingtion is a
dominant srategy and that the pricing policy game is like a Prisoner’ s Dilemma. We next show that
their result crucidly depends on the rules of price competition.

4. The discriminatory firm is the price-leader

Note that the fob pricing firm's optimal response to the ddlivered price policy po(x) is a mill
price p;* such that pl =argmaxp1c‘ylz where Z={x1[0,1]: p +tx <py(x)} isthe firm I's
< z
market area. The following Lemma characterizes the equilibrium prices.

Lemma 1. The backward induction solution is given by apricing palicy : p,” (x) :[5* (R)/ x] + tx,

for the discriminatory firm and amill pricep;” = py, (P (R)) =[R ++/R? - 4P " (R)]/ 2, for the
fob-pricing firm, where P’ isthefirm 1's profit.

Fgure 1 illustrates the equilibrium pricing policies. The dscriminatory firm's policy maintains
firm 1 incifferent between prices p; 1 [ p., pu] with aprofit of P for firm 1.° 7 Given firm 2's
pricing palicy, p»(x), and firm 1'smill price, p4, the market boundary x (p4) isdetermined by p; + ¢
$(py) = po( 3 (py)), Which yidds5 (py) = [ po( 5 (p1) - pal/t. To maintain firm 1 indifferent between

® See L ederer and Hurter (1986) for aformal proof.

® See Prescott and Visscher (1977) for asimilar ideain amodel of sequential choice of location. _

! The pricep, isthe highest price that allows firm 1 to capture all the market and to obtain aprofit P (note that p,
=P ) and p; isthe highest price that allowsfirm 1 to obtain P given therival’s price policy and R.
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p11 [ po pr) it must be satisfied that P (p,) = P . Therefore the optima pricing policy for the
discriminatory firm is p,(x) = (P /x) + £x . Note that given the price policy, po(x) = (P /x) +1x,
the mill-pricing firm is indifferent between prices [p;, py), ad the discriminatory firm maximizes
profits when the mill-pricing firm charges the highest price p.,.2 The price py, which depends on the
consumer reservation vaue, isgiven by py (P) =[R+R?- 4P]/2 and firm 1's market share

isx;(P)=[R- VR?- 4P ]/2t.

m=pu(P)

f(1 - x)

pi(P)

0 XH 1

Figure 1. Equilibrium pricing policies when the mill-pricing firm
isthefollower.

Thus, the discriminatory firm's profit, maintaining firm 1 with a profit P,is

P,(P)= QlR - (P /x)+tx- t(L- x)}dx = - Plnxy (P ) +tx(P)[1- xy(P)]
The first order condition of the profit maximization problem is given by:

P,%P) =-Inx,,(P)- PLx, P )x, (P)] +ux, %P)[1- 2x,(P) =0 (1)
fG=R- W , condition (1) can be rewritten as.

- In[Gl 2] - [2P" NGV R? - 4P ) +[t/NR?- 4P ][(t - G/ =0 )

8 The optimal price policy for the discriminatory firm holds the mill pricing firm indifferent between prices [p,,
pu)- Inorder for firm 1 to choose p, its profits at prices[p,, p;) must be e-below P . We have to change slightly
the discriminatory pricing policy: po(x) ={ (P /x)+ tx-dforx;<x £ 1, Rforx £ x;}, withd>0,d® 0,
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Therefore, the backward induction solution is given by p,*(x) =[P (R)/x] + tx and p;* =
P (P (R) =[R++R? - 4P "(R)]/ 2, and the equilibrium profitsare P ;* = P ,UP =P (R) and

N\

1 —x
Pz* = PZUD :Qa_ m]/ZI{ [P (R)/X]+ tx- t(l- x)}dx. Given tha it is not

possible to obtain an explicit expresson for P from condition (2), we congder a numerica
approximation. The equations of linear regresson are P’ =-0.15064¢ + 0.36548R (r?= 0.9998,
where r ? is the determination coefficient) and P ,* = 0.098288¢ + 0.36777R (r*@1). When firm 2
isthe mill pricing and firm 1 the discriminatory firm we obtain the symmetric results, P ;U0 = P ,PU
and P ,PU=P,UD, Table 1 summarizes the possible outcomes of the second stage. The following
proposition states the main result of this subsection.

Frm?2
U D
r 1t UD ~ UD
Y|z | PP
Frm1
D| pPU pDU t 1
L2 4’4

Table 1. Summary of firms' profits.

Proposition 1. If the discriminatory firm is the leader when firms choose different pricing
policies then (i) if t <R £ R the pricing policy game has two Nash equilibria in pure
strategies. either both firms price uniformly or both firms price discriminate. (ii) If R <R<
R spatial price discrimination is _a dominant strategy and the pricing policy game is a
Prisoner’s Dilemma. (iii) If R > R, the pricing policy game has two Nash asymmetric
equilibria in which one firm prices according to f.0.b. and the other price discriminates. This
case is the most relevant given that R =1.0923t and R = 1.0962.

Proof. Given Table 1, we have three possihilities:

() Whent < R £ R the equilibrium profits are such thet P VU 3 P DU > p DD > p UD gnd
P,UUS pPLUD> P DD > P DU Therefore, there are two Nash equilibria (U, U) and (D, D).

(i) When R <R <R the equilibrium profits are such thet P PV > P ,UU > P DD > P, UD gnd
PLUD >Pp,UU > P PD>Pp DU Therefore, (D, D)* isthe dominant strategy Nash equilibrium.

() WhenR > R, the equilibrium profits are such that P PV > P ,UU P ,UD > P ;DD gnd P ,UD >
P LUV, P,PU> P ,PD Thus, there are two Nash equilibriac (U, D) and (D, U). If R = R then (D,
D) would be dso aNash equilibrium. Q.E.D.

5. Simultaneous price competition

The andys's aove provides us with an intution as to the equilibrium outcome when mixed
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drategies are dlowed in the smultaneous pricing game. We have obtained that the equilibrium price
policy of the discriminatory firm is such that the mill-pricing firm is indifferent between prices in the
interva [p.(P ), pu(P)]. In order to find an equilibrium in the smultaneous game, we would only
need to prove that there exists a distribution function for the mill pricing firm with support in an
interval [p(P ), pi(P )] such that the best response of the discriminatory firm to that mixed strategy
ispo(x, P) = (P/x) +¢x. Lemma 2, 3 and 4 give us some properties tha the equilibrium must
sidy.

Lemma 2. In the market area of the mill-pricing firm the full price of the mill-pricing firm, is lower
than or equal to the transportation cost from the discriminatory firm.®

Proof. If this condition is not satisfied the discriminatory firm might undercut the full price of the mill-
pricing firm in order to capture a grester market area. Q.E.D.

Lemma 3. Thevaueof P is#/8.

Proof. P cannot be less than #/8 since firm 1 can aways enaure this profit by charging p, = /2
given that the discriminatory firm must cover trangportation costs. Thus P 3 /8. On the other hand,
Lemma 2 implies thet p,(x, |5) = (|5 Ix) + tx cannot be aways above ¢(1- x) (however, the
mtersectlon between p; +tx and p,(x) Would be over ¢(1- x) which contradicts Lemma 2). The
valuesof P that satidfy this condition are pE t/8, which completes the proof. Q.E.D.

Lemma 4. The support of the mixed strategy for the mill-pricing firm istheintervd [¢/8, ¢/2].
Proof. The lower extreme of the support must satisfy p,® /8 given that p; = /8 is the highest

price that alows firm 1 to capture the whole market and obtain a profit of P = 8. Lemma 2
implies that the intersection between p; +x and p,(x) cannot be over #(1- x). This condition is
sidiedif p, £ ¢/2. Findly if we do not consder the complete interva the discriminatory firm could

change its strategy to obtain more profits. Q.E.D.

Lemma 5. (i) The distribution function for the mill firmz (p) =1- k[ "¢ 2] /(- 2pp,) where
k = 31 4)t ™ P with support [1/8,1/2] and

t(l X) for x 1[0,1/ 4)U
A(t/8x) +ix forx1[1/4,1]

condtitute a mixed Nash equilibrium with an associated profit P = ¢/8for the mill pricing firm.
Proof. See Appendix.

(i) the pricing policy pz(x) gfor the discriminatory firm.

As noticed by Gabszewicz and Thisse (1992) “price discrimination operates, in some sense,
with respect to mill pricing as mixed Strategies operate with respect to pure strategies by enlarging
the space of drategies’. Therefore, it results naturd that in equilibrium the mill-pricing firm follows a
mixed strategy while the discriminatory firm uses a pure strategy.

The following propogtion states the main result of this section.

® That is,p,,(l5 Y+ix £ 1(1-x)forx1 [0, x;], wherex, denotesthe marginal consumer at p;,.



Proposition 2. Under simultaneous price competition the price policy game has two Nash
equilibria in pure strategies: both firms price uniformly (fob) or both firms price discriminate.

Proof. Given Lanmq 5, the expected profit of the discriminatory firm is given by
e 21 3 U o
PSP =P ¥(¢/8) =0, 10 L(t/80) +x- 1(1- x)]dx%dli (p1). Assume that the mill-pricing firm
81 ¥8p;

follows apure strategy p; = #/2 (and the discriminatory firm the pricing policy Py (X) = (t/8x) +
12
tx) then the secure profit for firm 2 would be P, :flj/(glax) +ix- t(1- x)|dx =

[(3+2In4)/16]z. Thus, P5° =P 5(¢/8)<[(3+2In4)/16]t < ¢/2=P 5" and from Table 1 we
conclude that the pricing policy game has two Nash equilibria in pure drategies: both firms price
uniformly or both firms price discriminate. Q.E.D.

6. Concluding remarks

We have shown that the generd tendency for firms to price discriminate found by TV crucidly
depends on the rules of price competition. In particular, spatia price discrimination is a dominant
drategy only when the mill-pricing firm is the leader and the discriminatory firm the follower. When
the leader-follower roles are reversed, equilibrium price policies depend on the consumer’s
reservation vaue and in the most relevant case there are two asymmetric equilibriain which one firm
price discriminates and the other firm price uniformly. Under smultaneous price competition in dl
subgames, we find a mixed drategies equilibrium when firms choose different pricing policies and
we demondrate that the pricing policy game has two perfect Nash equilibria: price discrimination
and f.ob. pricing. Note that the fob-fob equilibrium Pareto dominates the discriminatory
equilibrium.

Appendix

Proof of Lemma 5

We shdl obtain a digtribution function for the mill-pricing firm with support [¢/8,£/2] such that the
best response of the discriminatory firm to that mixed drategy is p; (x). We solve the profit
maximization problem of the discriminatory firm at a generic point of the market. The discriminatory
firm sdlls the product to the consumer located at x if its delivered price, po(x), is lower than or
equa to the full price of the mill pricing firm, p; +¢x. Thus the probability of this event
ISP(pr +1x° pa(x)) = P ° pa(x)- 1x)=1- F(pa(x)- tx), where FA(p(x)- w)is the
digribution function of the mill pricing firm evduated & p,(x) - zx. So the expected profit of the
discriminatory firmat x isP 5(x) =[p2(x) - 1(1- x)][1- A(p(x)- tx)]. The first order condition
of the maximization problem is

P5(x) o (x) =[1- H(py(x)- 2)] - [pp(x) - t(L- x)]f1(po(x)- £x)=0 (A1)
where f1(p2(x) - tx) isthe dengty function. (A1) can be rewritten as
[1- F(p2(x) - x)] =[pa(x) - (1~ x)] Ai(p2(x) - tx) (A2)

We want to obtain the dengity function f;(.) such tha p; (x)= (¢/8x) +tx is asolution for this
maximization problem. By subdgtituting this vauein (A2) we get
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[1- F(¢/8x)] =[(t/8x)+2tx- t] f(¢/8x) (A3)
(A3) can be expressed as

[1- AE) ={[° +(*149)- 2]/ 346) (A%)
where (¢/8x) =z. Giventhat f1(z) = F{&z), then (A4) is a varidble coefficient first order linear
differentid equation. It is sraightforward to check from the solution of this differentid equation that
the equilibrium digtribution function for the mill firmis given by

E (p) =1- ke "2 - 2p)) where k = (3/4)te™® . QED.
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