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Abstract

We characterize binary decision rules which are independent and strongly paretian,or independent and almost strongly
paretian when the individual preferences and the collective preference are weak orders.
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1 Introduction

Arrow’s Theorem (Arrow (1951)) states that, when the domain and the codomain of
a binary decision rule (BDR) are the set of weak orders, and when the BDR is paretian
and satisfies the Independence of Irrelevant Alternatives (ITA) property, there exists a
player ig such that, whenever i strictly prefers an option x to another option y, then the
collectivity also strictly prefers x to y. No information is given to the collective preference
when x and y are equivalent for ¢y who is called the dictator. The aim of this note is to
characterize, as a consequence of the Arrow’s theorem, two subfamilies of arrovian BDRs
by strengthening the Pareto condition. The result obtained on strong paretian BDR is
also obtained by many other authors in different frameworks [see Fishburn (1974), Craven
(1992), Hild (2001), Xu (2003)].

2 Notations and definitions

Let N be a the finite set of n voters and A a finite set of m alternatives with n > 2
and m > 3. We will denote by B the set of binary relations on A; W (resp. W)
the set of weak orders (transitive and complete binary relations ) on A (resp. the set
of profiles of weak orders on A). Given a binary relation R on A and a subset {z,y}
of A, we write R|(,,; = xy if v is strictly preferred to y and Rl = (xy) if the
indifference holds between x and y. Moreover, given a subset {z,y} of A and two profiles
RY and QY, m(x,y, RY) is the set of all voters who strictly prefer x to y; the notation
RN 2y = QN iz stands for w(z,y, RY) = n(z,y,Q") and n(y,z, RY) = n(y,z,QY);
and (RS QN _S) is the profile where preferences of voters in S are given by R° and

preferences of voters in N — S by QY. As usual, 2V is the set of all non empty subsets
of N.

Definition 1 Let F' be a BDR, that is a mapping F' from WY to B.
(i) F satisfies Independence of Irrelevant Alternatives (IIA) if
VRNa QN € WN; V{l‘,y} CA: RNl{m,y} = QN’{x,y} - F(RN)’{w,y} = F(RN)‘{IJJ}‘
(ii) F is paretian if
VRN e WN V{z,y} C A:7n(z,y, RYN) = N = F(RN)|{w7y} = xy.
(iii) F is almost paretian if
VRN e WN V{z,y} C A: n(z,y, RN) = N = F(RN)|{x7y} € {zy, (zy)}.
(iv) F is strongly paretian if VRY € WN V{z,y} C A:
(iv-a) [7T(33, y, RN) # 0 and 7(y,z, RN) = @} — F(RY)|(zyy = 2y;
(iv-b) m(y,z, RY) = ) = F(RN)|{x7y} € {zy, (zy)}.

(v) F is almost strongly paretian if
VRN € WYV {a,y} C A nly,a, BY) = 0 = F(RY)|y € {oy, (29)}



Definition 2 Let F be a BDR.
(i) F is complete if VRN € WY, F(RN) is complete.
(ii) F is transitive if VRN € WY F(RN) is transitive.
(iii) F' is dictatorial if
Jip € N/ VRY e WV V{z,y} C A: Ry = 2y = F(RY)|ayy = 7y

(iv) F is strongly dictatorial if Jio € N/ VRY € WY, F(RY) = R™.
(v) F is a lexicographic dictatorship of order q if there exists q distinct voters
01,12, ..., 0 such that VRN € WN V{z,y} C A, Vk € {1,2,...q}:

a) [R* |z = 2y and Vt < k, R|(, 0 = (zy)] = F(R")|(ay) = zy;

b) R¥| 4y = (xy), Yk < ¢ = F(RY)|{zyy = B{uy)-

Fork € {1,2,..,q}, i, will then be called the dictator of order k for F' and the decisive

dictator for F' given S € 2V is the dictator for F' in S with the smallest order.
(vi) F' is a lexicographic dictatorship if F is a lexicographic dictatorship of order n.

(vii) F is null if VRN € WN V{z,y} C A: F(RY)|q, = (2y).
When F' is null, F' will be called a lexicographic dictatorship of order ¢ = 0.

3 The main result
Let us recall the well-known Arrow’s Theorem :

Theorem 1 (Arrow 1951) If F is paretian, IIA, transitive and complete then F' is
dictatorial.

We use theorem 1 to establish the following :

Theorem 2 F is strongly paretian, IIA, transitive and complete if and only if F is a
lexicographic dictatorship.

Proof. (a) Sufficiency. Let F' be a lexicographic dictatorship.

(al) Completeness. Let RN € LY and {z,y} C A. Suppose that m(z,y, RY) U
m(y,x,RN) = 0. Then R|(,, = (zy) for all ¢ € N. By definition of a lexicographic
dictatorship, F (RN) |y = (zy). Now suppose that 7(z, y, RN )Ur(y, z, RV) # 0 and let
i, be the decisive dictator for F' given 7(z,y, RY) Un(y, z, RY). Then F|(, 3 = R[4z
Since R'» € W, F' is complete.

(a2) ITA. Let RN, QN € LV and {z,y} C A such that RN|(, 3 = QV|(zy}- Sup-
pose that m(z,y, RN) Un(y,z, RY) = 0. Then F (RY) |z, = (zy). Since RN, =
QN (wyys (2, y, QV) Un(y, 2, QY) = 0. Hence F (QN) x5y = (zy). Now suppose that
m(x,y, RN)Un(y,z, RN) # () and let i, be the decisive dictator for F' given 7(z,y, RY)U
W(y,x,RN). Then F (RN) ’{%y} = RZ‘I”{%y}. Since RN’{m’y} = QN‘{QW}, W(Z‘,y,QN) U
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m(y,x, Q) # 0 and 4, is also the decisive dictator for F' given 7(z,y, Q) U n(y,z, QN).
Hence F (QN> |{z,y} = szl{w,y}' Therefore F' (RN) |{x,y} =F (QN) |{m7y}.

(a3) Transitivity. Let RY € LY and {z,y, 2} C A.

(a3-1) Suppose that F (RY) |z, = (zy) and F (RY) (.3 = (yz). Then by the
definition of a lexicographic dictatorship, R'|(,3 = (zy) and R'|g,.4 = (yz) for all
i € N. By transitivity of individual preferences, R'|(, .} = (xz) for all ¢ € N. Hence
F (RN) |{m7z} = (.1'2’)

(a3-2) Suppose that F (RY) |,y = (zy) and F (RY) |y = yz. Since F is a
lexicographic dictatorship, R|(,,; = (zy) for all i € N and w(y, 2z, RV) # 0. By transi-
tivity, m(y, 2z, RY) = m(z, z, RV) and 7(2,y, RY) = 7(z, 2, RV). Since F (RN) l{y.2} = Y2,
the decisive dictator for F' given 7(y, z, RY) U 7(z,y, RY) belongs to 7 (y, z, R"). Hence
the decisive dictator for F' given 7(x,z, RY) U 7(z, 2, RY) belongs to n(z, 2, RY). Thus
F (RN) |{$7z} =Tz.

(a3-3) Suppose that F (RY) |z, = zy and F (RY) |3 = (yz). Since F is a lexi-
cographic dictatorship, R'|¢, .y = (yz) for all i € N and 7(z,y, RY) # 0. By transitivity,
m(z,z, RN) = 7(x,y, RY) and 7(z,2, RY) = 7(y,z,RY). Since F (RY) {2,y = zy, the
decisive dictator for F' given w(z,y, RY) U m(y,x, RY) belongs to 7(z,y, RY). Hence
the decisive dictator for F' given 7(x, 2, RY) U w(z, 2, RY) belongs to 7(z, 2z, RY). Thus
F (RN) (..} = T2

(a3-4) Suppose that F (RY) |,y = zy and F (RY)|q.; = yz. Let i, and i,
be respectively the decisive dictator for F' given 7 (x,y, RY) U 7(y,x, RY) and given
7(y,z, RN) Un(z,y, RY). Then i, € 7(x,y, RY) and i, € 7(y, z, RY). Consider i a dic-
tator for F' the order of which is k. Suppose that k£ < p and k < ¢. Then R*|(, ,» = (zy)
and R'|g, .y = (yz). By transitivity R, .; = (xz). Now suppose that p < ¢. Then
Rr|gy . = yz for p = q or R™|, .3 = (yz) for p < q. Hence R™|(, .3 = xz and i), is the
dictator for F given m(z, z, RN)Un(z, 2, RY). Similarly if p > ¢ then R|y, ., = yz and i,
is the decisive dictator given m(z, z, RN) Un(z,z, RY). In both cases, F (RY) |(,.} = z2.

Clearly, F (RN ) is transitive.

(a4) Strongly Paretian. Consider a profile RN and {z,y} C A.

(a4-1) Suppose that there exists S € 2V such that 7 (z,y, RY) = S and 7(y, z, RY) =
(). Then the decisive dictator for F' given 7(x,y, RN)Um(y, z, RY) belongs to m(z,y, RY).
Therefore F (RY) [1y..3 = 2y.

(a4-2) Suppose that F' (R") |(,,3 = zy. By the definition of F' the decisive dictator
for ' given 7(x,y, RN) Un(y,z, RY) belongs to 7(z,y, RY). Therefore m(z,y, RY) # 0.

(b) Necessity. Conversely let F' be a strongly paretian, ITA, transitive and complete BDR.

(b1) Since F is strongly paretian, F' is paretian and thus F' is paretian, ITA, transitive
and complete. By Theorem 1, F' is dictatorial. Hereafter the dictator of F' is denoted
by i. Let Ny = N — {i;} and define the BDR F; on W™* by Fy (R™) = F (It} RM).
There is no difficulty to observe that F} is strongly paretian, ITA, transitive and complete.



[y is therefore paretian, ITA, transitive and complete. By Theorem 1, F; is dictatorial
and the dictator for F5 is denoted i,.

(b2) Suppose that there exists ¢ voters iy, ia, ..., iy with ¢ < n such that i, is
the dictator for F' and for all k € {2,...,q}, i) is the dictator for Fj_; where for all
k€{1,2,..,q}, Fy is the BDR defined on W™t by F, (RM:) = F (I1iize-it} RNE) with
Ny = N — {iy,1s,...,1;}. Since F is strongly paretian, ITA, transitive and complete on
WHN it is easy to observe that F is strongly paretian, IIA, transitive and complete on
W™Na. By Theorem 1, F is dictatorial and the dictator for F, is denoted by i, .

(b3) After n iterations described at (b1l) and (b2), F' is a lexicographic dictatorship.

Theorem 3 (Arrow bis) If F' is almost paretian, IIA, transitive and complete then F
1s either dictatorial or null.

Proof. Let F' be an almost paretian, ITA, transitive and complete BDR.
Case 1 : Suppose that F' is paretian. Then by theorem 1 F' is dictatorial.

Case 2 : Suppose that F' is not paretian. Then there exists RN € LY and {z,y} C A
such that m (z,y, RY) = N and F (R") |, # xy. Since F is complete and al-
most paretian, F (RN) lzyy = (zy). Now given QV and z € A\ {z}, let prove that
F(QY) ltay = (a2).

(a) Let prove that for all profile @V and z € A\ {z} such that 7 (z,z, RY) = N,
F(Q") |{zyy = (zy) holds. Suppose that z = y. Then RV| 1 = QY| and by
A, F (QV) |z = (wy). Now suppose that z € A\ {z,y}. Consider a profile R} at
which for all voters, x is the most preferred alternative, z is the second best and y is
the third best. Then by transitivity of individual preferences, x is strictly preferred to
y by all voters. Therefore RV |(, 1 = RY|(s,1 and by IIA, F (RY) |24y = (zy). Also
observe that F' is almost paretian, 7 (:c, z, RY ) =Nand 7w (z, y, RY) = N. Consequently
F(RY) a2y # 2z and F (RY) |25y # y2. By transitivity of F, F (RY) |1.,3 = (yz) and
F (RY) |{zy = (22). Since Q|(z,.} = RY|(z,-} and F is IIA, then F (Q") |(s.y = (22).

(b) Since at (a) above, 7 (2,4, RY) = N and F (RY) |z, = (y2), then by IIA, for
all profile @V and z € A\ {z,y} such that 7 (2,5, RY) = N, F (Q") |(.,4} = (2y) holds.

(c) Let prove that for all profile @V and z € A\ {z,y} such that 7 (y,z, RY) = N,
F (QN ) (241 = (zy) holds. Consider a profile R} at which for all voters,  is the most
preferred alternative and y is the second best alternative. Then R v = RY |y
and by A, F (RY) |(z4 = (zy). Also observe that RY|(,.; = RY|(s.;. Thus by IIA,
F (RY) {20y = (x2). Since F is transitive, F' (RY) |2,y = (y2). But Q|3 = RY [y}
Therefore by IIA, F (QV) |-y = (y2).

(d) Let prove that for all profile QV and z € A\ {z}, F (Q") |2} = (2) holds. Just
consider a profile R at which for all voter i : z and z are ranked according to Q° and are
strictly preferred to any other alternative in A\ {x, z}.
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(d-1) Suppose that z € A\ {z,y}. Then note that 7 (z,y, R}') = N and 7 (z,y, R)') =
N. Then by stages (a) and (b) above, F'(RY) |23 = (yz) and F (RY) |2y = (29).
Since F' is transitive, F (RY) |(z.y = (z2). But Q|3 = RY|(z.2}. Therefore by IIA,
F(QY) [z = (22).

(d-2) Suppose that z = y and consider ¢ € A\ {z,y}. Then observe that 7 (z,¢, RY') =
N and 7 (y,t, R)') = N. Then by stages (a) and (c) in the present proof, F (R}) |(1..} =
(tz) and F (RY) |1,y = (ty). Since F is transitive, F' (R}) |z} = (22). But QV|(s.) =
R§V|{Z,z}. Therefore by IIA, F (QN) (223 = (2).

To conclude, consider a profile Q¥ and {a, b} C A. First suppose that z € {a,b}. Then
by stage (d), F (QY) |(apy = (ab). Now suppose that z ¢ {a,b}. Then by stage (d),
F(QN) |{ay = (az) and F (Q") |y = (bz). By transitivity of F, F (QN) |} = (ba).

As conslusion in case 2, F'is null. =

Theorem 4 F is almost strongly paretian, IIA, transitive and complete if and only if F
1s either null or there exists ¢ < n such that F' is a lexicographic dictatorship of order q.

Proof. (i) Sufficiency. It is obvious that lexicographic dictatorships of any order ¢ are
almost strongly paretian, ITA, transitive and complete BDRs.

(ii) Necessity. Conversely let F' be an almost strongly paretian, ITA, transitive and
complete BDR.

(iil) Since F' is almost strongly paretian , F' is almost paretian and thus F' is almost
paretian, ITA, transitive and complete. By the Theorem 3, F' is either null or F' is
dictatorial.

If F' is null, the proof ends and F' is lexicographic dictatorship of order ¢ = 0. Oth-
erwise F' is dictatorial and its dictator is denoted by i;. Let Ny = N — {i;} and define
the BDR Fy on W™ by Fy (RM) = F (11"}, RM). It is easy to prove that F} is almost
strongly paretian, ITA, transitive and complete. F} is therefore almost paretian, ITA, tran-
sitive and complete. By Theorem 3, F} is either null or F} is dictatorial and its dictator
is denoted 5.

If £} is null, F' is lexicographic dictatorship of order 1 and the proof ends. Otherwise
I3 is dictatorial and its dictator is denoted by i».

(ii2) Suppose that there exists g voters i1, ia, ..., i; with ¢ < n such that ¢; is the
dictator of F' and for all k € {2,...,q}, iy is the dictator of Fy_; where for all k €
{1,2,...,q}, Fy is the BDR defined on W™t by F, (R™) = F (Itiz-id RNe) with
Ny = N —{iy,ig,...,i}. Since F' is almost strongly paretian, IIA, transitive and complete
on W it is easy to observe that F, is almost strongly paretian, ITA, transitive and
complete on W™, By Theorem 3, F), is either null or dictatorial.

If F, is null, F' is a lexicographic dictatorship of order ¢ and the proof ends. Otherwise
F, is dictatorial and its dictator is denoted by 7,41.



(ii3) By at most n iterations described at (iil) and (ii2), F is null or is a lexicographic
dictatorship of some order ¢ with 0 < ¢ <n.m
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