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Abstract
Recent literature proposes estimators that utilize the heteroscedasticity in the error terms to identify the coefficient of

the endogenous regressor in a standard linear model, while these estimators do not require extra exogenous variables as

the excluded instruments. The assumed forms of heteroscedasticity differ across estimators, but it is often not

straightforward how to justify the validity of such assumption a-priori. This simulation study investigates the

robustness of the two most popular estimators under different forms of heteroscedasticity. The results show that both

estimators can be substantially biased under wrong assumptions on the form of heteroscedasticity. Moreover, the

overidentification test proposed for one estimator can have low power against the wrong form of heteroscedasticity.

This study also explores the use of the maximum likelihood framework and the use of Akaike Information Criteria

(AIC) to distinguish these two models. The simulation results show that it has good performance
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the error terms to identify the coefficient of the endogenous regressor and

do not require excluded instruments. The assumed forms of

heteroscedasticity differ across estimators, while it is often not

straightforward how to justify the validity of such assumption a-priori.

This simulation study investigates the robustness of the two most popular

estimators under different forms of heteroscedasticity. The results show

that both estimators can be substantially biased under the wrong form of

heteroscedasticity. Moreover, the overidentification test proposed for one
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likelihood framework and the use of Akaike Information Criteria (AIC) to
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❖♥❡ ❝♦♠♠♦♥ ❞✐✣❝✉❧t② ❢♦r ❡♠♣✐r✐❝❛❧ r❡s❡❛r❝❤❡rs t♦ ❝♦♥s✐st❡♥t❧② ❡st✐♠❛t❡ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢
❛ ♣♦t❡♥t✐❛❧❧② ❡♥❞♦❣❡♥♦✉s r❡❣r❡ss♦r ♦❢ ✐♥t❡r❡st ✐♥ ❛ st❛♥❞❛r❞ ❧✐♥❡❛r ♠♦❞❡❧ ✐s t❤❛t ❡①♦❣❡♥♦✉s
✐♥str✉♠❡♥ts ❛r❡ ♥♦t ❛❧✇❛②s ❛✈❛✐❧❛❜❧❡✳ ❑❧❡✐♥ ❛♥❞ ❱❡❧❧❛ ✭✷✵✶✵✮ ❛♥❞ ▲❡✇❜❡❧ ✭✷✵✶✷✮ r❡s♣❡❝t✐✈❡❧②
✐♥tr♦❞✉❝❡ ♠❡t❤♦❞s t♦ ✐❞❡♥t✐❢② s✉❝❤ ❝♦❡✣❝✐❡♥ts ❜② ✉t✐❧✐③✐♥❣ t❤❡ ❤❡t❡r♦s❝❡❞❛st✐❝✐t② ♦❢ t❤❡ ❡r✲
r♦r t❡r♠s✱ ✇❤❡r❡ ❡①❝❧✉❞❡❞ ✐♥str✉♠❡♥ts ❢r♦♠ ✈❛r✐❛❜❧❡s ♦✉ts✐❞❡ t❤❡ ❡q✉❛t✐♦♥ ❛r❡ ♥♦t r❡q✉✐r❡❞✳
❑❧❡✐♥ ❛♥❞ ❱❡❧❧❛ ✭✷✵✶✵✮ ❛ss✉♠❡ t❤❛t ❤❡t❡r♦s❝❡❞❛st✐❝✐t② ✐s ♠✉❧t✐♣❧✐❝❛t✐✈❡ t♦ t❤❡ ✇❤♦❧❡ str✉❝✲
t✉r❛❧ ❛♥❞ ✜rst✲st❛❣❡ ❡rr♦r t❡r♠s r❡s♣❡❝t✐✈❡❧② ✇✐t❤ ❛ ❝♦♥st❛♥t ❝♦rr❡❧❛t✐♦♥ ❝♦❡✣❝✐❡♥t✳ ▲❡✇❜❡❧
✭✷✵✶✷✮ ❛ss✉♠❡s t❤❛t t❤❡ ❝♦✈❛r✐❛♥❝❡✱ ✐♥st❡❛❞ ♦❢ ❝♦rr❡❧❛t✐♦♥✱ ♦❢ t❤❡ str✉❝t✉r❛❧ ❛♥❞ ✜rst✲st❛❣❡
❡rr♦r t❡r♠s ✐s ❛ ❝♦♥st❛♥t✱ ✇❤✐❝❤ ❡ss❡♥t✐❛❧❧② r❡q✉✐r❡s t❤❛t ❤❡t❡r♦s❝❡❞❛st✐❝✐t② ♦♥❧② ❡①✐sts ✐♥
t❤❡ ✉♥❝♦rr❡❧❛t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡s❡ ❡rr♦r t❡r♠s✳✶ ◆❡✈❡rt❤❡❧❡ss✱ ❢♦r ❡♠♣✐r✐❝❛❧ r❡s❡❛r❝❤❡rs✱
✐t ✐s ♥♦t ♦❢t❡♥ str❛✐❣❤t❢♦r✇❛r❞ ❤♦✇ t♦ ❥✉st✐❢② ❛✲♣r✐♦r✐ ✇❤✐❝❤ ❢♦r♠ ♦❢ ❤❡t❡r♦s❝❡❞❛st✐❝✐t② ✐s
tr✉❡✳ ❚❤✐s st✉❞② ✐♥✈❡st✐❣❛t❡s ✇❤❡t❤❡r t❤❡s❡ ❡st✐♠❛t♦rs ❛r❡ r♦❜✉st t♦ ♠✐ss♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❤❡t✲
❡r♦s❝❡❞❛st✐❝✐t② ❛♥❞ ✇❤❡t❤❡r t❤❡ ❡①✐st✐♥❣ ❞✐❛❣♥♦st✐❝ t❡sts ❛r❡ ♣♦✇❡r❢✉❧ ❡♥♦✉❣❤ t♦ ❞✐st✐♥❣✉✐s❤
t❤❡♠✳ ■❢ ♥♦t✱ ❥✉st✐✜❝❛t✐♦♥ ♦❢ t❤❡ r✐❣❤t ❢♦r♠ ♦❢ ❤❡t❡r♦s❝❡❞❛st✐❝✐t②✱ ❛❧♦♥❣s✐❞❡ ✇✐t❤ t❤❡ ❡①✐st❡♥❝❡
♦❢ ❤❡t❡r♦s❝❡❞❛st✐❝✐t②✱ ❛r❡ ♥❡❡❞❡❞ ❢♦r ❛♣♣❧②✐♥❣ t❤❡s❡ ❡st✐♠❛t♦rs ❢♦r ❝♦♥s✐st❡♥❝②✳ ■ ❛❧s♦ ♣r♦♣♦s❡
♣✉tt✐♥❣ t❤❡s❡ t✇♦ ❡st✐♠❛t♦rs ✉♥❞❡r t❤❡ s❛♠❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❢r❛♠❡✇♦r❦ ❢♦r ❡st✐♠❛t✐♦♥✱
❛♥❞ ✉s✐♥❣ t❤❡ ❆❦❛✐❦❡ ■♥❢♦r♠❛t✐♦♥ ❈r✐t❡r✐❛ ✭❆■❈✮ t♦ ♦❜t❛✐♥ ♦♥❡ ♠♦r❡ ♣✐❡❝❡ ♦❢ ❡✈✐❞❡♥❝❡ t♦
❝❤♦♦s❡ ❜❡t✇❡❡♥ ♠♦❞❡❧s✳

❚❤❡ t✇♦ ❡st✐♠❛t♦rs✱ ❡s♣❡❝✐❛❧❧② t❤❡ ▲❡✇❜❡❧ ❡st✐♠❛t♦r✱ ❛r❡ ❜❡❝♦♠✐♥❣ ♠♦r❡ ♣♦♣✉❧❛r ❜❡❝❛✉s❡
t❤❡② ❛r❡ ❡❛s② t♦ ✐♠♣❧❡♠❡♥t✷ ❛♥❞ ❤❡t❡r♦s❝❡❞❛st✐❝✐t② ✐s ❝♦♠♠♦♥ ✐♥ ❡♠♣✐r✐❝❛❧ ❞❛t❛✳ ▼♦st ♦❢
t❤❡s❡ st✉❞✐❡s ✉s❡ t❤❡ ❡st✐♠❛t♦rs ❢♦r r♦❜✉st♥❡ss ❝❤❡❝❦ ❛❣❛✐♥st ♦t❤❡r ♣r♦♣♦s❡❞ ♠❡t❤♦❞s ♦❢
✐❞❡♥t✐✜❝❛t✐♦♥✳ ◆♦t ❛❧❧ ♦❢ t❤❡♠ ❤❛✈❡ ❛✲♣r✐♦r✐ ❥✉st✐✜❝❛t✐♦♥ ❢♦r t❤❡ ❢♦r♠ ♦❢ ❤❡t❡r♦s❝❡❞❛st✐❝✲
✐t② ❛ss✉♠❡❞✸✱ t❤✉s t❤❡✐r ❡st✐♠❛t♦rs ♠❛② ❜❡ ✐♥❝♦♥s✐st❡♥t ✐❢ t❤❡② ❛ss✉♠❡ t❤❡ ✇r♦♥❣ ❢♦r♠ ♦❢
❤❡t❡r♦s❝❡❞❛st✐❝✐t② ✇✐t❤♦✉t ♥♦t✐❝✐♥❣✳

❚❤✐s st✉❞② s✐♠✉❧❛t❡s ❞❛t❛ ❢r♦♠ ❛ st❛♥❞❛r❞ ❧✐♥❡❛r ♠♦❞❡❧ ✇✐t❤ ♦♥❡ ❡♥❞♦❣❡♥♦✉s r❡❣r❡ss♦r
❢r♦♠ t❤❡ ❢♦r♠s ♦❢ ❤❡t❡r♦s❝❡❞❛st✐❝✐t② ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❑❧❡✐♥ ❛♥❞ ❱❡❧❧❛ ✭✷✵✶✵✮ ❛♥❞ ▲❡✇✲
❜❡❧ ✭✷✵✶✷✮ s♣❡❝✐✜❝❛t✐♦♥s r❡s♣❡❝t✐✈❡❧②✱ ❡st✐♠❛t❡s t❤❡ ♣❛r❛♠❡t❡rs ✉s✐♥❣ ✈❛r✐♦✉s ♠❡t❤♦❞s✱ ❛♥❞
✐♥✈❡st✐❣❛t❡s t❤❡ s❛♠♣❧✐♥❣ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❡st✐♠❛t♦rs ❛♥❞ t❤❡ ❞✐❛❣♥♦st✐❝ st❛t✐st✐❝s✳ ❚❤❡
s✐♠✉❧❛t✐♦♥ r❡s✉❧ts s❤♦✇ t❤❛t t❤❡ t✇♦ ❡st✐♠❛t♦rs ❛r❡ s✉❜st❛♥t✐❛❧❧② ❜✐❛s❡❞ ✇❤❡♥ t❤❡ ❛ss✉♠❡❞
❛♥❞ ❛❝t✉❛❧ ❢♦r♠s ♦❢ ❤❡t❡r♦s❝❡❞❛st✐❝✐t② ❞♦ ♥♦t ♠❛t❝❤✳ ❚❤❡ ♣♦✇❡r ♦❢ t❤❡ ♦✈❡r✲✐❞❡♥t✐✜❝❛t✐♦♥
t❡st ❢♦r t❤❡ ▲❡✇❜❡❧ ❡st✐♠❛t♦r ❝❛♥ ❜❡ ❧♦✇ ✉♥❞❡r ♠✐ss♣❡❝✐✜❝❛t✐♦♥✱ ✇❤✐❧❡ ❆■❈ ✉s✉❛❧❧② ❤❛s ❛
r❡❛s♦♥❛❜❧② ❤✐❣❤ ♣r♦❜❛❜✐❧✐t② ✐♥ ❝❤♦♦s✐♥❣ t❤❡ r✐❣❤t ♠♦❞❡❧✳

■♥ ❙❡❝t✐♦♥ ✷✱ t❤❡ t✇♦ ♠❡t❤♦❞s ❛♥❞ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss✉♠♣t✐♦♥s ❛r❡ ❞✐s❝✉ss❡❞✳ ❙❡❝t✐♦♥ ✸
❞❡s❝r✐❜❡s t❤❡ s✐♠✉❧❛t✐♦♥ s❡tt✐♥❣ ❛♥❞ ♣r❡s❡♥ts t❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts✳ ❙❡❝t✐♦♥ ✹ ❞✐s❝✉ss❡s t❤❡
❝❛s❡ ♦❢ ✐♥❝❧✉❞✐♥❣ ❡①♦❣❡♥♦✉s ✐♥str✉♠❡♥t✳ ❙❡❝t✐♦♥ ✺ ❝♦♥❝❧✉❞❡s✳

✷ ▼♦❞❡❧ ❛♥❞ ❊st✐♠❛t♦rs

❚❤✐s st✉❞② ❝♦♥s✐❞❡rs t❤❡ ❧✐♥❡❛r r❡❣r❡ss✐♦♥ ♠♦❞❡❧ ✇✐t❤ ♦♥❡ ❡♥❞♦❣❡♥♦✉s r❡❣r❡ss♦r y2✳ ❚❤❡
str✉❝t✉r❛❧ ✭♦✉t❝♦♠❡✮ ❡q✉❛t✐♦♥ ✐s s♣❡❝✐✜❡❞ ❛s✿

y1 = y2β1 +Xβ2 + ε ✭✶✮

✇❤❡r❡ X ❝♦♥t❛✐♥s ❡①♦❣❡♥♦✉s r❡❣r❡ss♦rs ❛♥❞ ❛ ❝♦♥st❛♥t✳ ❚❤❡ ✜rst✲st❛❣❡ ❡q✉❛t✐♦♥ ✐s ❣✐✈❡ ❜②

y2 = Zγ1 +Xγ2 + u ✭✷✮

✇❤❡r❡ Z ❝♦♥t❛✐♥s ❡①❝❧✉❞❡❞ ❡①♦❣❡♥♦✉s ✐♥str✉♠❡♥ts✱ ✇❤✐❝❤ ✐s ♥♦t ♥❡❝❡ss❛r② ❢♦r t❤❡ ♠❡t❤♦❞s
✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤✐s ♣❛♣❡r✳

✷✳✶ ❚❤❡ ▲❡✇❜❡❧ ❊st✐♠❛t♦r

❋♦r t❤❡ ▲❡✇❜❡❧ ✭✷✵✶✷✮ ❡st✐♠❛t♦r✱ t❤❡ ❦❡② ✐❞❡♥t✐❢②✐♥❣ ❛ss✉♠♣t✐♦♥s ❢♦r ❝♦❡✣❝✐❡♥ts✱ ❡s♣❡❝✐❛❧❧②
β1✱ ❛r❡ t❤❛t t❤❡r❡ ❡①✐sts s♦♠❡ ✈❛r✐❛❜❧❡s Z2✱ ✇❤✐❝❤ ♠❛② ❜❡ ✈❛r✐❛❜❧❡s ✐♥ X✱ s✉❝❤ t❤❛t

E(Wε) = 0

✶❚❤❡ r❡q✉✐r❡❞ ❝♦♥❞✐t✐♦♥ ✐s ♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ t❤✐s✱ ❜✉t ♦t❤❡r ♣♦ss✐❜✐❧✐t✐❡s ❛r❡ ❤❛r❞❡r t♦ ❥✉st✐❢② ✐♥ ♣r❛❝t✐❝❡✳
▼♦r❡ ❞✐s❝✉ss✐♦♥s ❛r❡ ✐♥ t❤❡ ❧❛t❡r s❡❝t✐♦♥s✳

✷▲❡✇❜❡❧✬s ❡st✐♠❛t♦r ❝❛♥ ♥♦✇ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ❜② ✉s❡r ✇r✐tt❡♥ ♣r♦❝❡❞✉r❡s ✐♥ ❙t❛t❛ ✭✐✈r❡❣✷❤✱ s❡❡ ❇❛✉♠ ❛♥❞
❙❝❤❛✛❡r✱ ✷✵✶✷✮ ❛♥❞ ❘ ✭✐✈❧❡✇❜❡❧✱ s❡❡ ❋❡r♥✐❤♦✉❣❤✱ ✷✵✶✹✮✳

✸❆♠♦♥❣ t❤❡s❡ st✉❞✐❡s✱ ♦♥❧② ❊♠r❛♥ ❛♥❞ ❙❤✐❧♣✐ ✭✷✵✶✷✮ ❛♥❞ ▼✐❧❧✐♠❡t ❛♥❞ ❘♦② ✭✷✵✶✻✮ ♣r♦✈✐❞❡ s♦♠❡ ❥✉st✐✜✲
❝❛t✐♦♥s✳



E(Wu) = 0

E((Z2 − µ2)uε) = 0 ✭✸✮

E(Z2 − µ2) = 0

E((Z2 − µ2)u
2) 6= 0

✇❤❡r❡ W = [X,Z] ❛r❡ t❤❡ ❛✈❛✐❧❛❜❧❡ ❡①♦❣❡♥♦✉s ✈❛r✐❛❜❧❡s ❛♥❞ Z2 ✐s ❛ s✉❜s❡t ♦❢ W ✳ ❚❤❡ ✜rst
t✇♦ ❛ss✉♠♣t✐♦♥s ❛r❡ ❡①♦❣❡♥❡✐t② ♦❢ W ✳ ❚❤❡ t❤✐r❞ ❝♦♥❞✐t✐♦♥ r❡q✉✐r❡s ③❡r♦ ❡①♣❡❝t❛t✐♦♥ ❢♦r t❤❡
♣r♦❞✉❝t ♦❢ ❡rr♦rs uε ❛♥❞ ❞❡♠❡❛♥❡❞ Z2✱ ✇❤❡r❡ t❤❡ ❢♦✉rt❤ ❝♦♥❞✐t✐♦♥ r❡q✉✐r❡s µ2 = E(Z2)✳ ❚❤❡
✜❢t❤ ❝♦♥❞✐t✐♦♥ r❡q✉✐r❡s t❤❛t t❤❡ ✜rst st❛❣❡ ❡rr♦r u ✐s ❤❡t❡r♦s❝❡❞❛st✐❝ ✐♥ ❞❡♠❡❛♥❡❞ Z2✳ ❚❤❡
❧❛st t❤r❡❡ ❝♦♥❞✐t✐♦♥s ✐♠♣❧② t❤❛t (Z2 − µ2)u ❝❛♥ ❜❡ ✉s❡❞ ❛s ❛♥ ✐♥str✉♠❡♥t ❢♦r y2✳

❆ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ t❤✐r❞ ❝♦♥❞✐t✐♦♥ ✐s t❤❛t t❤❡ ❝♦✈❛r✐❛♥❝❡ ❜❡t✇❡❡♥ u ❛♥❞ ε ❝♦♥✲
❞✐t✐♦♥❛❧ ♦♥ Z2 ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ Z2✱ s✐♥❝❡ E((Z2 − µ2)uε) = E((Z2 − µ2)cov(u, ε|Z2)) =
E((Z2 − µ2)σu,ε(z2)), ✇❤✐❝❤ ✐s ③❡r♦ ✇❤❡♥ σu,ε(z2) ✐s ❛ ❝♦♥st❛♥t✳ ❊q✉✐✈❛❧❡♥t❧②✱ ❛♥② ❤❡t✲
❡r♦s❝❡❞❛st✐❝✐t② r❡❧❛t❡❞ t♦ Z2 ❞♦❡s ♥♦t ❛♣♣❡❛r ✐♥ t❤❡ ❝♦rr❡❧❛t❡❞ ❝♦♠♣♦♥❡♥t ♦r ❝♦♠♠♦♥ ❢❛❝t♦r
♦❢ t❤❡ ❡rr♦r t❡r♠s✱ ♦t❤❡r✇✐s❡ t❤❡ ❝♦✈❛r✐❛♥❝❡ ✇♦✉❧❞ ❞❡♣❡♥❞ ♦♥ Z2✳ ❚❤✐s ✐s t❤❡ ♠❛❥♦r ❞✐st✐♥❝✲
t✐♦♥ ❢r♦♠ t❤❡ ❑❧❡✐♥✲❱❡❧❧❛ ✭✷✵✶✵✮ ♠❡t❤♦❞✳ ❆❧s♦ ♥♦t❡ t❤❛t ✐t ✐s ♥♦t t❤❡ ♦♥❧② ✇❛② t♦ s❛t✐s❢② t❤❡
❛❜♦✈❡ ❝♦♥❞✐t✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ σu,ε(z2) ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❡✈❡♥✲♦r❞❡r❡❞ t❡r♠s ♦❢ Z2 − µ2✱
t❤❡♥ t❤❡ ✇❤♦❧❡ t❡r♠ ✐♥s✐❞❡ ❡①♣❡❝t❛t✐♦♥ ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ ♦❞❞✲♦r❞❡r❡❞ t❡r♠s✱ ❛♥❞ ✐❢ Z2 −µ2

✐s s②♠♠❡tr✐❝ ❛❜♦✉t ③❡r♦✱ t❤❡♥ t❤✐s ❡①♣❡❝t❛t✐♦♥ ✐s ❛❧s♦ ③❡r♦✳ ❍♦✇❡✈❡r✱ ✐t ✐s ❤❛r❞ t♦ ❥✉st✐❢②
t❤❛t ❛♥ ❡♠♣✐r✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❝❛♥ s❛t✐s❢② t❤✐s s♣❡❝✐✜❝ r❡❧❛t✐♦♥s❤✐♣✳ ❚❤✉s✱ ■ ❢♦❝✉s ♦♥ t❤❡
✐♥t❡r♣r❡t❛t✐♦♥ t❤❛t t❤❡ ❤❡t❡r♦s❝❡❞❛st✐❝✐t② ❤❛s t♦ ❝♦♠❡ ❢r♦♠ t❤❡ ✉♥❝♦rr❡❧❛t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢
t❤❡ ❡rr♦r t❡r♠s✳

❚❤❡ ♠♦❞❡❧ ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❜② t❤❡ ●❡♥❡r❛❧✐③❡❞ ▼❡t❤♦❞ ♦❢ ▼♦♠❡♥ts ✭●▼▼✮ ✉s✐♥❣ t❤❡
✜rst t❤r❡❡ ❝♦♥❞✐t✐♦♥s ✐♥ ✭✸✮✳ ❚❤❡ ❏ st❛t✐st✐❝✱ ✇❤✐❝❤ ✐s t❤❡ ♥♦r♠❛❧✐③❡❞ ✈❛❧✉❡ ♦❢ t❤❡ ●▼▼
♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✇✐t❤ ♦♣t✐♠❛❧ ✇❡✐❣❤t ♠❛tr✐①✱ ❝❛♥ ❜❡ ✉s❡❞ ❛s ❛ t❡st ♦❢ ♦✈❡r✐❞❡♥t✐❢②✐♥❣
r❡str✐❝t✐♦♥s ✭❍❛♥s❡♥✱ ✶✾✽✷✮✳ ■❢ ✐t ✐s r❡❥❡❝t❡❞✱ s♦♠❡ ♦❢ t❤❡ ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥s ❛r❡ ❧✐❦❡❧② t♦ ❜❡
✐♥✈❛❧✐❞✳ ▲❡✇❜❡❧ ✭✷✵✶✷✮ ❛❧s♦ ♣r♦♣♦s❡s ✉s✐♥❣ t❤❡ ❇r❡✉s❝❤ ❛♥❞ P❛❣❛♥ ✭✶✾✼✾✮ t❡st ❢♦r t❡st✐♥❣
❡①✐st❡♥❝❡ ♦❢ ❤❡t❡r♦s❝❡❞❛st✐❝✐t② r❡q✉✐r❡❞ ✐♥ t❤❡ ✜rst✲st❛❣❡ ❡rr♦r t❡r♠ u✱ ❜✉t t❤✐s t❡st ♠❛②
❝❛♣t✉r❡ t❤❡ ✇r♦♥❣ ❢♦r♠ ♦❢ ❤❡t❡r♦s❝❡❞❛st✐❝✐t② ❢r♦♠ t❤❡ ❝♦rr❡❧❛t❡❞ ❝♦♠♣♦♥❡♥t✳

✷✳✷ ❚❤❡ ❑❧❡✐♥✲❱❡❧❧❛ ❊st✐♠❛t♦r

❑❧❡✐♥ ❛♥❞ ❱❡❧❧❛ ✭✷✵✶✵✮ ♣r♦♣♦s❡ ✉s✐♥❣ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❤❡t❡r♦s❝❡❞❛st✐❝✐t② ♦❢ t❤❡ t✇♦ ❡rr♦r t❡r♠s
✇✐t❤ ❝♦♥st❛♥t ❝♦rr❡❧❛t✐♦♥ ❝♦❡✣❝✐❡♥t ρ t♦ ✐❞❡♥t✐❢② t❤❡ ♠♦❞❡❧✳ ■♥ ♣❛rt✐❝✉❧❛r✱

ε = Sε(Z2)ε
∗

u = Su(Z2)u
∗

✭✹✮

✇❤❡r❡ Sε(Z2) ❛♥❞ Su(Z2) ❞❡s❝r✐❜❡ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s ♦❢ t❤❡ ❡rr♦r t❡r♠s ❛s
❛ ❢✉♥❝t✐♦♥ ♦❢ Z2✳ ε∗ ❛♥❞ u∗ ❛r❡ ❤♦♠♦s❝❡❞❛st✐❝ ✭❣❡♥❡r❛❧❧② ✇✐t❤ ✉♥✐t ✈❛r✐❛♥❝❡✮ ✇✐t❤ ❝♦♥st❛♥t
❝♦rr❡❧❛t✐♦♥✱

corr(ε∗, u∗) = corr(ε, u|Z2) = ρ. ✭✺✮

❙♦✱ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ε ❛♥❞ u ❝♦♥❞✐t✐♦♥❛❧ ♦♥ Z2 ✐s ❛❧s♦ ❛ ❝♦♥st❛♥t✳ ❚❤✐s ✐s ✐♥ ❝♦♥tr❛st
✇✐t❤ ▲❡✇❜❡❧ ✭✷✵✶✷✮ ✇❤♦ ❛ss✉♠❡s ❝♦♥st❛♥t ❝♦✈❛r✐❛♥❝❡✳

❆ ❝♦♥tr♦❧ ❢✉♥❝t✐♦♥ ❛♣♣r♦❛❝❤ ✇❛s ♣r♦♣♦s❡❞ ✐♥ ❑❧❡✐♥ ❛♥❞ ❱❡❧❧❛ ✭✷✵✶✵✮✱ ❛♥❞ t❤❡ ❖▲❙ ❡st✐✲
♠❛t♦r ❢♦r t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ✐s t❤❡♥ ❝♦♥s✐st❡♥t✿

y1 = y2β1 +Xβ2 + ρ0
Ŝε(Z2)

Ŝu(Z2)
û+ ε̃ ✭✻✮

■❞❡♥t✐✜❝❛t✐♦♥ ❛❧s♦ r❡q✉✐r❡s t❤❛t Sε(Z2)/Su(Z2) ❞❡♣❡♥❞s ♦♥ Z2 ❛♥❞ ✐s ♥♦t r❡❞✉❝❡❞ t♦ ❛ ❝♦♥✲
st❛♥t ♦r ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ ♦❢ Z2✳

■♥ t❤✐s ♣❛♣❡r✱ ■ ✜rst ❢♦❧❧♦✇ t❤❡ ♣❛r❛♠❡tr✐❝ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❋❛rr❡✱ ❑❧❡✐♥ ❛♥❞ ❱❡❧❧❛
✭✷✵✶✸✮ ❜② ❛ss✉♠✐♥❣ t❤❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ♦❢ ✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥s✹ ❛s

Sεi =
√

exp(Z ′

2iδε) ✭✼✮

Sui =
√

exp(Z ′

2iδu)

❛♥❞ t❤❡✐r ✷✲st❡♣ ♣r♦❝❡ss✱ ✇❤✐❝❤ ✐s ♦✉t❧✐♥❡❞ ✐♥ t❤❡ ♦♥❧✐♥❡ ❛♣♣❡♥❞✐①✳

✹❚❤✐s ❛❧s♦ ❛❧❧♦✇s ❢♦r ❛ ❧✐♥❡❛r ♠♦❞❡❧ ❢♦r δ ❢♦r ❡❛s✐❡r ❡st✐♠❛t✐♦♥✳



❑❧❡✐♥ ❛♥❞ ❱❡❧❧❛ ✭✷✵✵✾✱ ✷✵✶✵✮ ❞♦ ♥♦t ❡①♣❧✐❝✐t❧② ♣r♦♣♦s❡ s♣❡❝✐✜❝❛t✐♦♥ t❡sts ❢♦r t❤❡ ❡①✐st❡♥❝❡
♦❢ ❤❡t❡r♦s❝❡❞❛st✐❝✐t② ❢♦r ✐❞❡♥t✐✜❝❛t✐♦♥ ♦r t❡sts ❢♦r ✈❛❧✐❞✐t② ♦❢ ✐❞❡♥t✐❢②✐♥❣ r❡str✐❝t✐♦♥s✳ ❚❤❡
❇r❡✉s❝❤ ❛♥❞ P❛❣❛♥ ✭✶✾✼✾✮ t❡st ❝❛♥ ❜❡ ✉s❡❞ ❢♦r ❞❡t❡❝t✐♥❣ ❤❡t❡r♦s❝❡❞❛st✐❝✐t② ❢♦r t❤❡ ✜rst✲
st❛❣❡ ❡rr♦r✱ ❜✉t ✐t ❝❛♥♥♦t t❡st ❢♦r ♦t❤❡r ✐❞❡♥t✐✜❝❛t✐♦♥ r❡q✉✐r❡♠❡♥ts✳

✷✳✸ ❚❤❡ ▼❛①✐♠✉♠ ▲✐❦❡❧✐❤♦♦❞ ❊st✐♠❛t✐♦♥

❚❤✐s st✉❞② ✐♥tr♦❞✉❝❡s t❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❢r❛♠❡✇♦r❦✱ ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ ❡st✐♠❛t❡ t❤❡
t✇♦ ♠♦❞❡❧s ✐♥ ♦♥❡ s✐♥❣❧❡ ❢r❛♠❡✇♦r❦✱ ❛♥❞ ✉s❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❆❦❛✐❦❡ ■♥❢♦r♠❛t✐♦♥ ❈r✐t❡r✐❛
✭❆■❈✮ t♦ ❝❤♦♦s❡ ❛ ❜❡tt❡r✲✜t ♠♦❞❡❧✳

❆ss✉♠✐♥❣ t❤❡ str✉❝t✉r❛❧ ❡rr♦r ε ❛♥❞ t❤❡ ✜rst✲st❛❣❡ ❡rr♦r u ❛r❡ ❞✐str✐❜✉t❡❞ ✐♥ ❜✐✈❛r✐❛t❡
♥♦r♠❛❧✱ t❤❡ ❧♦❣ ❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥ ✐s

L(β, γ, δ, θ) =
n
∑

i=1

f(y1i, y2i|Wi) =
n
∑

i=1

[

−ln(2π)− ln(su,isε,i)−
1

2
ln(1− ρ2)−

(ũ2

i + ε̃2i − 2ρũiε̃i)

2(1− ρ2)

]

✭✽✮
✇❤❡r❡

ε̃i =
y1i − y2iβ1 −Xiβ2

sε,i
✭✾✮

ũi =
y2i − Ziγ1 −Xiγ2

su,i
✭✶✵✮

sε,i =
√

fε(Z ′

2iδε) ✭✶✶✮

su,i =
√

fu(Z ′

2iδu) ✭✶✷✮

❋♦r ❛ ✢❡①✐❜❧❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥s fε ❛♥❞ fu✱ ❛ ❢♦✉rt❤ ♦r❞❡r ♣♦❧②♥♦♠✐❛❧ ♦❢ ❛
♠♦♥♦t♦♥✐❝ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ s✐♥❣❧❡ ✐♥❞❡① ✐s ✉s❡❞✱ ✇✐t❤ ❝❡rt❛✐♥ r❡str✐❝t✐♦♥s t♦ ❛✈♦✐❞ s♣✉r✐♦✉s
s♦❧✉t✐♦♥s✳ ❉❡t❛✐❧s ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ♦♥❧✐♥❡ ❛♣♣❡♥❞✐①✳

❚❤❡ ❦❡② ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ♠♦❞❡❧s ✐s t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❝♦rr❡❧❛t✐♦♥✳ ❋♦r t❤❡
▲❡✇❜❡❧ ✭✷✵✶✷✮ ❡st✐♠❛t♦r✱ ❝♦♥st❛♥t ❝♦✈❛r✐❛♥❝❡ θLB ✐♠♣❧✐❡s

ρLB =
θLB

sε,isu,i
✭✶✸✮

✇❤❡r❡ sε,i ❛♥❞ su,i ❛r❡ s♣❡❝✐✜❡❞ ✐♥ ✭✶✶✮ ❛♥❞ ✭✶✷✮✳✺

❋♦r t❤❡ ❑❧❡✐♥ ❛♥❞ ❱❡❧❧❛ ✭✷✵✶✵✮ ❡st✐♠❛t♦r✱ ❝♦♥st❛♥t ❝♦rr❡❧❛t✐♦♥ θKV ✐♠♣❧✐❡s

ρKV = θKV ✭✶✹✮

❲❡ ❝❛♥ ✉s❡ t❤❡ ❆❦❛✐❦❡ ■♥❢♦r♠❛t✐♦♥ ❈r✐t❡r✐❛ ✭❆■❈✮ t♦ ❝❤♦♦s❡ t❤❡ ♠♦❞❡❧ t❤❛t ❣✐✈❡s ❛ ❧❛r❣❡r
✈❛❧✉❡✳✻

AIC = 2L(β, γ, δ, θ)− 2Kp ✭✶✺✮

✇❤❡r❡ Kp ✐s t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ ♠♦❞❡❧✳

✸ ❙✐♠✉❧❛t✐♦♥ ❙❝❤❡♠❡s ❛♥❞ ❘❡s✉❧ts

✸✳✶ ❙✐♠✉❧❛t✐♦♥ ❙❝❤❡♠❡

❚❤❡ s✐♠✉❧❛t✐♦♥ ✐♥ t❤✐s st✉❞② ❢♦❧❧♦✇s ✭✶✮ ❛♥❞ ✭✷✮ ❛s✿

y1i = β0 + β1y2i +X ′

iβ2 + εi ✭✶✻✮

y2i = γ0 +X ′

iγ2 + ui

✺❆❣❛✐♥✱ ✐t ✐s ♥♦t t❤❡ ♦♥❧② ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ▲❡✇❜❡❧✬s ❝♦♥❞✐t✐♦♥✱ ❜✉t ✐t ✐s t❤❡ ♠♦st ♣❧❛✉s✐❜❧❡ ♦♥❡ ❛♥❞ ■
❝❤♦♦s❡ t♦ ❢♦❝✉s ♦♥ t❤✐s ✐♥t❡r♣r❡t❛t✐♦♥✳

✻❖t❤❡r ❝r✐t❡r✐❛ s✉❝❤ ❛s ❇❛②❡s✐❛♥ ✐♥❢♦r♠❛t✐♦♥ ❝r✐t❡r✐♦♥ ✭❇■❈✮ ✴ ❙❝❤✇❛r③ ❝r✐t❡r✐♦♥ ✭❙❈✮ ♦r ❍❛♥♥❛♥✕◗✉✐♥♥
✐♥❢♦r♠❛t✐♦♥ ❝r✐t❡r✐♦♥ ✭❍◗❈✮ ❝❛♥ ❛❧s♦ ❜❡ ✉s❡❞✳ ❆♥❞ ❜❡s✐❞❡s ❝❤♦♦s✐♥❣ ❜❡t✇❡❡♥ ▲❡✇❜❡❧ ❛♥❞ ❑❧❡✐♥✲❱❡❧❧❛ s♣❡❝✲
✐✜❝❛t✐♦♥ ♦❢ ❤❡t❡r♦s❝❡❞❛st✐❝✐t②✱ ♦♥❡ ♠❛② ❛❧s♦ ✉s❡ t❤❡s❡ ❝r✐t❡r✐❛ t♦ ❝❤♦♦s❡ t❤❡ s✉✐t❛❜❧❡ ❧❡✈❡❧ ♦❢ ❝♦♠♣❧❡①✐t② ✐♥
t❤❡ ✢❡①✐❜❧❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥s✳ ■♥ t❤✐s ♣❛♣❡r✱ ■ ❝❤♦♦s❡ t♦ ❢♦❝✉s ♦♥ t❤❡ ❝❤♦✐❝❡ ♦♥ t❤❡
❢♦r♠ ♦❢ ❤❡t❡r♦s❝❡❞❛st✐❝✐t②✱ ❛♥❞ ■ ❤❛✈❡ ✜①❡❞ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥s s♦ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢
♣❛r❛♠❡t❡rs ❢♦r t❤❡ t✇♦ ♠♦❞❡❧s ❛r❡ t❤❡ s❛♠❡✳ ❚❤❡s❡ ❝r✐t❡r✐❛ ❡ss❡♥t✐❛❧❧② ❝❤♦♦s❡ t❤❡ ♠♦❞❡❧ ✇✐t❤ ❛ ❤✐❣❤❡r ✈❛❧✉❡
♦❢ ❧♦❣ ❧✐❦❡❧✐❤♦♦❞✳



✇✐t❤♦✉t ❡①❝❧✉❞❡❞ ✐♥str✉♠❡♥t Zi✳ ❚❤❡r❡ ❛r❡ K ❡①♦❣❡♥♦✉s r❡❣r❡ss♦rs xi✱ ✇❤✐❝❤ ❛r❡ ✐♥❞❡✲
♣❡♥❞❡♥t❧② ❞✐str✐❜✉t❡❞ ✐♥ st❛♥❞❛r❞ ♥♦r♠❛❧✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❝❛s❡s ❢♦r t❤❡
❤❡t❡r♦s❝❡❞❛st✐❝ ❡rr♦r t❡r♠s ✇✐t❤ ❛ ❝♦♠♠♦♥ ❢❛❝t♦r θi✳

❈❛s❡ ✶✿ ❑❧❡✐♥✲❱❡❧❧❛ ❚②♣❡

εi =
√

exp(X ′

iδε) (α1θi + v1i) ✭✶✼✮

ui =
√

exp(X ′

iδu) (α2θi + v2i)

✇❤❡r❡ t❤❡ ❤❡t❡r♦s❝❡❞❛st✐❝✐t② ❛✛❡❝ts t❤❡ ✇❤♦❧❡ ❡rr♦r t❡r♠✳
❈❛s❡ ✷✿ ▲❡✇❜❡❧ ❚②♣❡

εi = α1θi +
√

exp(X ′

iδε)v1i ✭✶✽✮

ui = α2θi +
√

exp(X ′

iδu)v2i

✇❤❡r❡ t❤❡ ❤❡t❡r♦s❝❡❞❛st✐❝✐t② ❛✛❡❝ts ♦♥❧② t❤❡ ✐❞✐♦s②♥❝r❛t✐❝ ❝♦♠♣♦♥❡♥t✳ θi, v1i ❛♥❞ v2i ❢♦❧❧♦✇
✐♥❞❡♣❡♥❞❡♥t st❛♥❞❛r❞ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥✳✼ ❚❤❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡
✜rst✲st❛❣❡ ❛♥❞ str✉❝t✉r❛❧ ❡rr♦r t❡r♠ ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❝♦♠♠♦♥ ❢❛❝t♦r θi✳

❙✐♠✉❧❛t❡❞ ❞❛t❛ ❢r♦♠ t❤❡ ❛❜♦✈❡ ♠♦❞❡❧s ❛r❡ ✉s❡❞ t♦ ❡st✐♠❛t❡ t❤❡ str✉❝t✉r❛❧ ♣❛r❛♠❡t❡rs β
✉s✐♥❣ t❤❡ ♠❡t❤♦❞s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✳✽ ❍❡r❡ ■ ✉s❡ ❛❧❧ ✈❛r✐❛❜❧❡s X ❛s Z2 ✈❛r✐❛❜❧❡s✳

✾ ❚❤❡ ❢♦❝✉s
✐s ♦♥ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ❡♥❞♦❣❡♥♦✉s r❡❣r❡ss♦r β1✳ ▼❡❞✐❛♥✱ 10th ❛♥❞ 90th ♣❡r❝❡♥t✐❧❡s ❢♦r t❤❡
♣♦✐♥t ❡st✐♠❛t♦rs ❛r❡ ♣r❡s❡♥t❡❞ t♦ ❛ss❡ss t❤❡ ❜✐❛s❡❞♥❡ss ❛♥❞ s❦❡✇♥❡ss ♦❢ t❤❡ ❡st✐♠❛t♦rs✳✶✵ ■
♣r❡s❡♥t t❤❡ r❡s✉❧ts ❢♦r t❤❡ ❏ st❛t✐st✐❝s t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ ♦✈❡r✐❞❡♥t✐❢②✐♥❣ t❡sts
t♦ ❞❡t❡❝t t❤❡ ✇r♦♥❣ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❤❡t❡r♦s❝❡❞❛st✐❝✐t②✳

■♥ t❤✐s st✉❞②✱ ■ ♠❛✐♥❧② t❛❦❡ β1 = 0✶✶✱ s♦ t❤❡ ✈❛❧✉❡s ♦❢ ♠❡❛♥ ❛♥❞ ♠❡❞✐❛♥ ♦❢ ❜♦♦tstr❛♣
s❛♠♣❧❡s r❡♣r❡s❡♥t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜✐❛s❡s✳ β0 = α0 = 0✱ β2k = γ2k = 1 ❢♦r ❛❧❧ k✳ α1

❛♥❞ α2 ❛r❡ s❡t t♦ ✶ ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ε ❛♥❞ u ✐s ❛❜♦✉t ✵✳✺✳ ❚❤❡
♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥s ❢♦r ❡❛❝❤ s❛♠♣❧❡ ❝♦♥s✐❞❡r❡❞ ✐s ✺✵✵ ❢♦r ♠♦st ❝❛s❡s ❛♥❞ s♦♠❡ ❛r❡ ✶✵✵✵
❢♦r ❝♦♠♣❛r✐s♦♥✳ ❚❤❡ ♥✉♠❜❡r ♦❢ r❡♣❧✐❝❛t✐♦♥s ✐s ❛t ❧❡❛st ✷✵✵✵ ❢♦r ❡❛❝❤ ❞❡s✐❣♥✳ ❚♦ ❛ss❡ss
r♦❜✉st♥❡ss✱ ■ ❛❧❧♦✇ ❞✐✛❡r❡♥t ❤❡t❡r♦s❝❡❞❛st✐❝ ♣❛r❛♠❡t❡rs δu1 ❛♥❞ δε1 ❢♦r t❤❡ ✜rst ✈❛r✐❛❜❧❡ ✐♥
X✱ ❛♥❞ δu2 ❛♥❞ δε2 ❢♦r ❛❧❧ r❡♠❛✐♥✐♥❣ X ✈❛r✐❛❜❧❡s✳ ❍❡r❡✱ δε2 ✐s ❛❧✇❛②s s❡t t♦ ③❡r♦✳

✸✳✷ ❙✐♠✉❧❛t✐♦♥ ❘❡s✉❧ts

❚❛❜❧❡ ✶ ❛♥❞ ✷ s❤♦✇ t❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ❢♦r t❤❡ t✇♦ ❢♦r♠s ♦❢ ❤❡t❡r♦s❝❡❞❛st✐❝✐t② r❡s♣❡❝t✐✈❡❧②✳
❘❡s✉❧ts ❣❡♥❡r❛❧❧② s❤♦✇ t❤❛t ✉♥❞❡r t❤❡ ✇r♦♥❣ ❢♦r♠ ♦❢ ❤❡t❡r♦s❝❡❞❛st✐❝✐t②✱ t❤❡ ❡st✐♠❛t♦rs ❛r❡
❣❡♥❡r❛❧❧② ❜✐❛s❡❞✳ ❚❛❜❧❡ ✶ s❤♦✇s t❤❡ r❡s✉❧ts ❢♦r ❞❛t❛ ❣❡♥❡r❛t❡❞ ❢r♦♠ t❤❡ ❑❧❡✐♥✲❱❡❧❧❛ ❢♦r♠ ♦❢
❤❡t❡r♦s❝❡❞❛st✐❝✐t②✳ ❚❤❡ ▲❡✇❜❡❧ ❡st✐♠❛t♦rs✱ ❜♦t❤ t❤❡ ♦r✐❣✐♥❛❧ ●▼▼ ❛♥❞ t❤❡ ▼▲✱ ❛r❡ ❜✐❛s❡❞
✉♣✇❛r❞ ✐♥ t❤❡ ❝❛s❡s ❝♦♥s✐❞❡r❡❞✶✷✱ ✇❤✐❧❡ t❤❡ ✷✲st❡♣ ❛♥❞ ▼▲ ❑❧❡✐♥✲❱❡❧❧❛ ❡st✐♠❛t♦rs ❤❛✈❡
♠❡❞✐❛♥s ❝❧♦s❡ t♦ t❤❡✐r tr✉❡ ✈❛❧✉❡✳ ■❢ ✇❡ ❝❤♦♦s❡ t❤❡ ❡st✐♠❛t♦r ❛❝❝♦r❞✐♥❣ t♦ ❆■❈✶✸✱ t❤❡ ❝♦rr❡❝t
r❛t❡s ❛r❡ ✉s✉❛❧❧② ❤✐❣❤❡r t❤❛♥ ✵✳✺✱ t❤♦✉❣❤ ♥♦t ❛❧✇❛②s ❝❧♦s❡ t♦ ✶ ✐♥ t❤❡ ❝❛s❡s ❝♦♥s✐❞❡r❡❞✳ ❚❤❡
r❡s✉❧t✐♥❣ ❡st✐♠❛t♦r ❤❛s ❛ ❧♦✇❡r ❜✐❛s t❤❛♥ t❤❡ ✇r♦♥❣ ♦♥❡s✳ ❚❤❡ ♦✈❡r✲✐❞❡♥t✐✜❝❛t✐♦♥ ❏ t❡st ❤❛s
❧♦✇ ♣♦✇❡r ✐♥ ❞❡t❡❝t✐♥❣ t❤❡ ♠✐ss♣❡❝✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠ ♦❢ ❤❡t❡r♦s❝❡❞❛st✐❝✐t②✱ ✇✐t❤ r❡❥❡❝t✐♦♥
r❛t❡s ❣❡♥❡r❛❧❧② ❜❡❧♦✇ ✹✵✪✳ ❚❤❡ ♣♦✇❡r ✐s ♣❛rt✐❝✉❧❛r❧② ✇❡❛❦ ✇❤❡♥ ♦♥❧② ♦♥❡ ♦❢ t❤❡ ✈❛r✐❛❜❧❡s
❣✐✈❡s r✐s❡ t♦ t❤❡ ❤❡t❡r♦s❝❡❞❛st✐❝✐t② ✐♥ t❤❡ ✜rst✲st❛❣❡ ❡rr♦r t❡r♠✳

❚❛❜❧❡ ✷ s❤♦✇s t❤❡ r❡s✉❧ts ❢♦r ❞❛t❛ ❣❡♥❡r❛t❡❞ ❢r♦♠ t❤❡ ▲❡✇❜❡❧ ❢♦r♠ ❤❡t❡r♦s❝❡❞❛st✐❝✐t②✳ ■♥
t❤✐s ❝❛s❡✱ t❤❡ t✇♦ ❑❧❡✐♥✲❱❡❧❧❛ ❡st✐♠❛t♦rs ❛r❡ ❜✐❛s❡❞ ❞♦✇♥✇❛r❞ ✐♥ t❤❡s❡ ❝❛s❡s✱ ✇❤✐❧❡ t❤❡ t✇♦
▲❡✇❜❡❧ ❡st✐♠❛t♦rs ❤❛✈❡ ♠❡❞✐❛♥ ❝❧♦s❡ t♦ t❤❡ tr✉❡ ✈❛❧✉❡✳ ■❢ ✇❡ ❝❤♦♦s❡ t❤❡ ❡st✐♠❛t♦r ❛❝❝♦r❞✐♥❣
t♦ ❆■❈✱ t❤❡ ❝♦rr❡❝t r❛t❡s ❛r❡ ❣❡♥❡r❛❧❧② ❤✐❣❤❡r t❤❛♥ ✵✳✺✱ ❛♥❞ t❤❡ r❡s✉❧t✐♥❣ ❡st✐♠❛t♦r ✐s ❝❧♦s❡r

✼❘❡s✉❧ts ❢♦r t❤❡ ❝❛s❡ ✇✐t❤ ♥♦r♠❛❧✐③❡❞ ❈❤✐✲sq✉❛r❡ ✭✺✮ ❡rr♦rs ❛♥❞ θ ❛r❡ s❤♦✇♥ ✐♥ t❤❡ ♦♥❧✐♥❡ ❛♣♣❡♥❞✐①✳
✽❚❤❡ ❡st✐♠❛t♦rs ❛r❡ ❝♦❞❡❞ ✐♥ ❘ ❜② t❤❡ ❛✉t❤♦r✳ ❙❡❡ ❖♥❧✐♥❡ ❆♣♣❡♥❞✐① ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳
✾❚❤❡ ❞❡❢❛✉❧t ♦❢ ✬✐✈r❡❣✷❤✬ ✐♥ ❙t❛t❛ ✉s❡s ❛❧❧ ❡①♦❣❡♥♦✉s r❡❣r❡ss♦rs ❢♦r Z2✳
✶✵▼❡❛♥ ❛♥❞ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ❛r❡ ♥♦t ✉s❡❞ ❤❡r❡ ❜❡❝❛✉s❡ t❤❡r❡ ✐s ❛ ❝♦♥❝❡r♥ t❤❛t s♦♠❡ ❡st✐♠❛t♦rs ♠❛②

♥♦t ❤❛✈❡ ♠♦♠❡♥ts ❧✐❦❡ ▲■▼▲✳
✶✶❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ ❉❛✈✐❞s♦♥ ❛♥❞ ▼❛❝❑✐♥♥♦♥ ✭✷✵✶✵✮ ✇❤❡r❡ t❤❡ ✈❛❧✉❡ ♦❢ β1 ✐s s❡t t♦ ③❡r♦ ✇✐t❤♦✉t ❧♦ss

♦❢ ❣❡♥❡r❛❧✐t②✱ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❛♠♣❧✐♥❣ ❞✐str✐❜✉t✐♦♥ s❤♦✉❧❞ ❥✉st tr❛♥s❧❛t❡ ❤♦r✐③♦♥t❛❧❧②✳ ■ ❤❛✈❡ ❛❧s♦
✐♥❝❧✉❞❡❞ t✇♦ ❝❛s❡s ✇✐t❤ β1 = 1✱ ❛♥❞ t❤❡ r❡s✉❧ts ❛❧s♦ s❤♦✇ ♦♥❧② ❛ ❤♦r✐③♦♥t❛❧ tr❛♥s❧❛t✐♦♥✳ ❚❤❡ ❞✐s❝r❡♣❛♥❝② ✐s
❧✐❦❡❧② ❞✉❡ t♦ s❛♠♣❧✐♥❣ ❡rr♦rs✳

✶✷▼♦r❡ ❞✐s❝✉ss✐♦♥s ❛❜♦✉t t❤❡ s✐❣♥ ♦❢ t❤❡ ❜✐❛s ❛r❡ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳ ❚❤❡ ❞✐r❡❝t✐♦♥ r❡❧❛t✐✈❡ t♦ t❤❡ ❖▲❙ ❜✐❛s
✐s ♥♦t ❛❧✇❛②s t❤❡ s❛♠❡✳

✶✸❆s t❤❡ ♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ t✇♦ ♠♦❞❡❧s ❛r❡ t❤❡ s❛♠❡✱ t❤✐s ❡ss❡♥t✐❛❧❧② ❝♦♠♣❛r❡s t❤❡ ❧♦❣ ❧✐❦❡❧✐❤♦♦❞
✈❛❧✉❡s✳



t♦ ❜❡ ♠❡❞✐❛♥ ✉♥❜✐❛s❡❞✳ ❚❤❡ r❡s✉❧ts ❢♦r ❏ t❡st ❛❣r❡❡s ✇✐t❤ t❤❡ ♥♦♠✐♥❛❧ ♣♦✇❡r ❛s t❤❡ ▲❡✇❜❡❧
✐s t❤❡ tr✉❡ ❞❛t❛ ❣❡♥❡r❛t✐♥❣ ♣r♦❝❡ss✶✹✳

❚❛❜❧❡ ✶✿ ❙✐♠✉❧❛t✐♦♥ ❘❡s✉❧ts ❢♦r ❉❛t❛ ❢r♦♠ t❤❡ ❑❧❡✐♥ ❛♥❞ ❱❡❧❧❛ ❋♦r♠ ♦❢ ❍❡t❡r♦s❝❡❞❛st✐❝✐t②✱
◆♦r♠❛❧ ❊rr♦rs
n K δu1 δu2 δε1 βOLS βLB,GMM J βKV,✷✲st❡♣ βLB,ML βKV,ML βAIC ❆■❈

♠❡❞✐❛♥ ♠❡❞✐❛♥ ♠❡❞✐❛♥ ♠❡❞✐❛♥ ♠❡❞✐❛♥ ♠❡❞✐❛♥ ♠❡❞✐❛♥ ❝♦rr❡❝t

✭q✶✵✱q✾✵✮ ✭q✶✵✱q✾✵✮ ✭✪ p < .05✮ ✭q✶✵✱q✾✵✮ ✭q✶✵✱q✾✵✮ ✭q✶✵✱q✾✵✮ ✭q✶✵✱q✾✵✮ r❛t❡

β1 = 0
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✺✵✵ ✸ ✵✳✼ ✵✳✼ ✵✳✸ ✵✳✸✶✶✷ ✵✳✶✼✽✷ ✷✳✻✻✽ ✵✳✵✶✵✽ ✵✳✷✷✵✺ ✲✵✳✵✶✶✽ ✲✵✳✵✵✵✶ ✵✳✽✺✸

✭✵✳✷✻✵✱✵✳✸✻✸✮✭✵✳✶✶✽✱✵✳✷✸✾✮ ✭✵✳✶✻✼✮ ✭✲✵✳✶✶✽✱✵✳✶✵✹✮✭✵✳✶✻✺✱✵✳✷✼✼✮✭✲✵✳✶✶✺✱✵✳✵✼✾✮✭✲✵✳✶✶✵✱✵✳✷✵✵✮

✺✵✵ ✸ ✵✳✼ ✵ ✵✳✸ ✵✳✹✹✹✸ ✵✳✸✷✵✾ ✶✳✹✽✷ ✵✳✵✸✽✺ ✵✳✸✹✷✸ ✵✳✵✶✾✽ ✵✳✷✹✻✺ ✵✳✹✽✻

✭✵✳✸✾✹✱✵✳✹✾✹✮✭✵✳✷✶✻✱✵✳✹✷✷✮ ✭✵✳✵✺✶✮ ✭✲✵✳✹✶✺✱✵✳✸✵✸✮✭✵✳✷✹✹✱✵✳✹✸✷✮✭✲✵✳✸✾✾✱✵✳✸✶✼✮✭✲✵✳✷✾✶✱✵✳✹✵✸✮

✺✵✵ ✸ ✵✳✼ ✵ ✵✳✺ ✵✳✹✻✽✷ ✵✳✹✵✸✹ ✶✳✺✵✻ ✵✳✶✺✽✹ ✵✳✹✷✽✹ ✵✳✵✾✺✼ ✵✳✸✸✻✶ ✵✳✻✶✼

✭✵✳✹✶✹✱✵✳✺✷✺✮✭✵✳✷✽✵✱✵✳✺✷✻✮ ✭✵✳✵✺✷✮ ✭✲✵✳✺✶✵✱✵✳✽✺✼✮✭✵✳✸✸✺✱✵✳✺✶✼✮✭✲✶✳✶✶✵✱✵✳✾✾✽✮✭✲✵✳✽✺✺✱✵✳✽✸✼✮

✺✵✵ ✶✵✵✳✷✺✵✳✷✺ ✵✳✸ ✵✳✹✶✵✵ ✵✳✷✷✾✵ ✶✵✳✾✽ ✵✳✵✺✵✽ ✵✳✷✺✵✹ ✵✳✵✶✹✶ ✵✳✶✷✵✾ ✵✳✺✽✼

✭✵✳✸✻✷✱✵✳✹✻✷✮✭✵✳✶✹✻✱✵✳✸✶✷✮ ✭✵✳✶✹✶✮ ✭✲✵✳✶✷✻✱✵✳✶✼✾✮✭✵✳✶✼✻✱✵✳✸✷✹✮✭✲✵✳✶✼✷✱✵✳✶✻✹✮✭✲✵✳✶✸✻✱✵✳✷✽✻✮

✺✵✵ ✶✵ ✵✳✼ ✵ ✵✳✸ ✵✳✹✹✹✻ ✵✳✸✷✼✺ ✾✳✶✼✶ ✵✳✶✶✵✺ ✵✳✸✶✸✺ ✵✳✶✶✷✼ ✵✳✷✻✽✶ ✵✳✸✾✸

✭✵✳✸✾✹✱✵✳✹✾✺✮✭✵✳✷✷✶✱✵✳✹✸✶✮ ✭✵✳✵✻✶✮ ✭✲✵✳✶✼✻✱✵✳✸✺✸✮✭✵✳✷✵✵✱✵✳✹✷✹✮✭✲✵✳✷✾✽✱✵✳✸✽✾✮✭✲✵✳✶✷✹✱✵✳✹✵✼✮

✺✵✵ ✶✵ ✵✳✼ ✵ ✵✳✺ ✵✳✹✻✾✸ ✵✳✹✵✽✼ ✾✳✶✷✻ ✵✳✷✵✹✾ ✵✳✹✷✹✾ ✵✳✷✻✻✵ ✵✳✸✺✺✸ ✵✳✺✸✺

✭✵✳✹✶✺✱✵✳✺✷✹✮✭✵✳✷✽✼✱✵✳✺✸✵✮ ✭✵✳✵✺✹✮ ✭✲✵✳✶✼✸✱✵✳✽✵✽✮✭✵✳✸✷✺✱✵✳✺✷✽✮✭✲✵✳✾✹✺✱✶✳✵✶✾✮✭✲✵✳✺✷✵✱✵✳✽✼✷✮

✶✵✵✵ ✸ ✵✳✹ ✵✳✹ ✵✳✸ ✵✳✹✸✸✾ ✵✳✷✻✶✵ ✹✳✺✻✷ ✵✳✵✶✺✻ ✵✳✷✾✷✹ ✵✳✵✵✹✹ ✵✳✵✷✵✼ ✵✳✽✺✹

✭✵✳✹✵✵✱✵✳✹✻✽✮✭✵✳✶✾✸✱✵✳✸✷✾✮ ✭✵✳✸✻✼✮ ✭✲✵✳✷✷✻✱✵✳✶✺✺✮✭✵✳✷✷✽✱✵✳✸✺✶✮✭✲✵✳✶✺✶✱✵✳✶✸✹✮✭✲✵✳✶✹✻✱✵✳✷✻✹✮

✶✵✵✵ ✸ ✵✳✼ ✵ ✵✳✸ ✵✳✹✹✶✾ ✵✳✸✶✽✹ ✶✳✹✺✹ ✵✳✵✷✵✷ ✵✳✸✹✻✸ ✵✳✵✵✵✷ ✵✳✶✷✼✸ ✵✳✺✾✷

✭✵✳✹✵✻✱✵✳✹✼✾✮✭✵✳✷✹✺✱✵✳✸✾✶✮ ✭✵✳✵✺✸✮ ✭✲✵✳✸✶✾✱✵✳✷✷✸✮✭✵✳✷✽✺✱✵✳✹✵✾✮✭✲✵✳✷✹✻✱✵✳✷✵✸✮✭✲✵✳✶✾✼✱✵✳✸✼✾✮

✶✵✵✵✶✵✵✳✷✺✵✳✷✺ ✵✳✸ ✵✳✹✵✽✸ ✵✳✷✷✷✻ ✶✷✳✽✸ ✵✳✵✷✾✵ ✵✳✷✹✽✼ ✵✳✵✵✹✺ ✵✳✵✷✺✷ ✵✳✽✵✵

✭✵✳✸✼✹✱✵✳✹✹✸✮✭✵✳✶✻✹✱✵✳✷✽✵✮ ✭✵✳✷✹✹✮ ✭✲✵✳✶✵✷✱✵✳✶✷✼✮✭✵✳✶✾✷✱✵✳✸✵✷✮✭✲✵✳✶✶✾✱✵✳✶✵✹✮✭✲✵✳✶✶✷✱✵✳✷✹✵✮

β1 = 1

✺✵✵ ✸ ✵✳✹ ✵✳✹ ✵✳✸ ✶✳✹✸✸✾ ✶✳✷✻✸✸ ✷✳✾✼✽ ✶✳✵✶✻✼ ✶✳✷✽✹✷ ✶✳✵✶✵✹ ✶✳✵✽✸✵ ✵✳✻✼✻

✭✶✳✸✽✸✱✶✳✹✽✼✮✭✶✳✶✻✽✱✶✳✸✺✽✮ ✭✵✳✷✵✺✮ ✭✵✳✼✵✸✱✶✳✷✵✾✮ ✭✶✳✶✽✻✱✶✳✸✼✻✮ ✭✵✳✼✻✷✱✶✳✷✵✸✮ ✭✵✳✼✾✶✱✶✳✸✵✾✮

✺✵✵ ✸ ✵✳✼ ✵ ✵✳✸ ✶✳✹✹✹✸ ✶✳✸✷✵✸ ✶✳✹✾✽ ✶✳✵✹✸✶ ✶✳✸✹✸✻ ✶✳✵✷✶✻ ✶✳✷✸✾✵ ✵✳✺✶✻

✭✶✳✸✾✶✱✶✳✹✾✽✮✭✶✳✷✶✻✱✶✳✹✷✷✮ ✭✵✳✵✺✸✮ ✭✵✳✺✼✾✱✶✳✸✵✽✮ ✭✶✳✷✸✾✱✶✳✹✸✾✮ ✭✵✳✺✾✶✱✶✳✸✶✸✮ ✭✵✳✼✵✽✱✶✳✹✵✽✮

❚❤❡ ♥✉♠❜❡r ♦❢ r❡♣❡t✐t✐♦♥ ✐s ❛t ❧❡❛st ✷✵✵✵✳ ❚❤❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ✜rst st❛❣❡ ❛♥❞ str✉❝t✉r❛❧

❡rr♦r ✐s s❡t ❛t ❛❜♦✉t ✵✳✺✳ δu1 ✐s t❤❡ ❝♦❡✣❝✐❡♥t ❢♦r t❤❡ ✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✜rst st❛❣❡ ❡rr♦r ❢♦r

t❤❡ ✜rst ✈❛r✐❛❜❧❡ ♦❢ X✱ ✇❤✐❧❡ δu2 ✐s t❤❡ ❝♦❡✣❝✐❡♥t ❢♦r ❛❧❧ r❡♠❛✐♥✐♥❣ X ✈❛r✐❛❜❧❡s✳ ❙✐♠✐❧❛r ❢♦r δε1 ❛♥❞

δε2 ❛♥❞ ■ s❡t δε2 = 0✳ ❚❤❡ J st❛t✐st✐❝ ✐s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ st❛t✐st✐❝ ✉♥❞❡r t❤❡ ▲❡✇❜❡❧ ●▼▼ ♠❡t❤♦❞✳

βAIC r❡♣♦rts t❤❡ ❡st✐♠❛t❡ ✇❤❡♥ t❤❡ ♦♥❡ ✇✐t❤ ❤✐❣❤❡r ❆■❈ ✐s ❝❤♦s❡♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ ▼▲ ❡st✐♠❛t♦rs✳

✶✹❙♦♠❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ✐ss✉❡s ❢♦r t❤❡ ❏ st❛t✐st✐❝ ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ❖♥❧✐♥❡ ❆♣♣❡♥❞✐①✳ ❆❧s♦ ♥♦t❡ t❤❛t✱ t❤❡
✜♥✐t❡ s❛♠♣❧❡ ❜✐❛s ❝❛♥ t❛❦❡ ❛ r❛t❤❡r ❧❛r❣❡ s❛♠♣❧❡ s✐③❡ t♦ r❡♠♦✈❡✱ ❛s ❛❧s♦ s❤♦✇♥ ✐♥ ❙t♦❝❦ ❛♥❞ ❲r✐❣❤t ✭✷✵✵✵✮✳



❚❛❜❧❡ ✷✿ ❙✐♠✉❧❛t✐♦♥ ❘❡s✉❧ts ❢♦r ❉❛t❛ ❢r♦♠ t❤❡ ▲❡✇❜❡❧ ❋♦r♠ ♦❢ ❍❡t❡r♦s❝❡❞❛st✐❝✐t②✱ ◆♦r♠❛❧
❊rr♦rs
n K δu1 δu2 δε1 βOLS βLB,GMM J βKV,✷✲st❡♣ βLB,ML βKV,ML βAIC ❆■❈

♠❡❞✐❛♥ ♠❡❞✐❛♥ ♠❡❞✐❛♥ ♠❡❞✐❛♥ ♠❡❞✐❛♥ ♠❡❞✐❛♥ ♠❡❞✐❛♥ ❝♦rr❡❝t

✭q✶✵✱q✾✵✮ ✭q✶✵✱q✾✵✮ ✭✪ p < .05✮ ✭q✶✵✱q✾✵✮ ✭q✶✵✱q✾✵✮ ✭q✶✵✱q✾✵✮ ✭q✶✵✱q✾✵✮ r❛t❡
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✺✵✵ ✸ ✵✳✽ ✵ ✵✳✺ ✵✳✹✷✷✷ ✵✳✵✶✶✸ ✶✳✹✽✸ ✲✵✳✺✻✶✸ ✲✵✳✵✵✹✾ ✷✳✵✽✶✷ ✵✳✵✷✽✹ ✵✳✼✺✷

✭✵✳✸✻✷✱✵✳✹✼✾✮✭✲✵✳✶✽✶✱✵✳✶✽✹✮ ✭✵✳✵✺✽✮ ✭✲✶✳✹✹✺✱✶✳✺✸✸✮ ✭✲✵✳✶✾✾✱✵✳✶✻✸✮ ✭✲✶✳✷✷✶✱✷✳✷✻✼✮ ✭✲✵✳✷✶✸✱✷✳✶✸✾✮

✺✵✵ ✶✵✵✳✸ ✵✳✸ ✵✳✸ ✵✳✸✾✵✺ ✵✳✵✸✸✼ ✾✳✹✻✼ ✲✵✳✷✺✶✷ ✵✳✵✷✷✵ ✲✵✳✸✼✶✵ ✲✵✳✵✵✺✹ ✵✳✼✾✺

✭✵✳✸✸✼✱✵✳✹✹✼✮✭✲✵✳✵✾✼✱✵✳✶✺✶✮ ✭✵✳✵✽✹✮ ✭✲✵✳✺✶✽✱✲✵✳✵✸✵✮✭✲✵✳✵✾✸✱✵✳✶✸✼✮✭✲✵✳✽✺✶✱✲✵✳✵✹✼✮✭✲✵✳✹✽✸✱✵✳✶✷✹✮

✺✵✵ ✶✵✵✳✽ ✵ ✵✳✸ ✵✳✹✷✷✾ ✵✳✵✺✻✹ ✾✳✹✾✺ ✲✵✳✷✹✼✹ ✵✳✵✶✹✻ ✲✵✳✸✷✶✺ ✵✳✵✵✺✶ ✵✳✽✷✶

✭✵✳✸✻✽✱✵✳✹✼✽✮✭✲✵✳✶✶✹✱✵✳✷✵✽✮ ✭✵✳✵✽✽✮ ✭✲✵✳✺✽✸✱✵✳✾✶✵✮ ✭✲✵✳✶✹✵✱✵✳✶✽✽✮ ✭✲✶✳✶✹✻✱✶✳✻✵✷✮ ✭✲✵✳✷✻✽✱✵✳✷✷✼✮

✺✵✵ ✶✵✵✳✽ ✵ ✵✳✺ ✵✳✹✷✶✵ ✵✳✵✺✽✹ ✾✳✺✺✶ ✲✵✳✶✾✷✵ ✵✳✵✶✼✻ ✶✳✶✷✵✶ ✵✳✵✹✹✹ ✵✳✼✽✻

✭✵✳✸✻✸✱✵✳✹✼✾✮✭✲✵✳✶✷✻✱✵✳✷✸✶✮ ✭✵✳✵✽✾✮ ✭✲✵✳✻✷✹✱✶✳✶✼✶✮ ✭✲✵✳✶✺✻✱✵✳✷✵✼✮ ✭✲✶✳✶✸✾✱✷✳✶✷✶✮ ✭✲✵✳✶✻✾✱✶✳✺✹✻✮

✶✵✵✵ ✸ ✵✳✺ ✵✳✺ ✵✳✸ ✵✳✹✵✽✼ ✵✳✵✵✺✷ ✶✳✹✸✾ ✲✵✳✻✼✽✹ ✲✵✳✵✵✽✸ ✲✵✳✾✾✽✶ ✲✵✳✵✶✻✺ ✵✳✾✹✽

✭✵✳✸✻✾✱✵✳✹✹✾✮✭✲✵✳✶✵✷✱✵✳✵✾✾✮ ✭✵✳✵✺✺✮ ✭✲✶✳✸✺✽✱✲✵✳✷✽✺✮✭✲✵✳✶✷✽✱✵✳✵✾✸✮✭✲✶✳✷✺✶✱✲✵✳✹✹✸✮✭✲✵✳✶✻✼✱✵✳✵✽✼✮

✶✵✵✵ ✸ ✵✳✽ ✵ ✵✳✸ ✵✳✹✷✶✻ ✵✳✵✵✹✵ ✶✳✹✷✷ ✲✵✳✽✵✻✾ ✲✵✳✵✶✺✶ ✲✶✳✶✽✾✹ ✲✵✳✵✷✽✵ ✵✳✾✷✷
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✭✵✳✸✺✷✱✵✳✹✸✵✮✭✲✵✳✵✼✺✱✵✳✵✾✾✮ ✭✵✳✵✻✽✮ ✭✲✵✳✻✵✾✱✲✵✳✶✺✹✮✭✲✵✳✵✾✷✱✵✳✵✼✾✮✭✲✵✳✾✹✽✱✲✵✳✷✸✼✮✭✲✵✳✶✹✺✱✵✳✵✼✹✮

β1 = 1

✺✵✵ ✸ ✵✳✺ ✵✳✺ ✵✳✸ ✶✳✹✵✼✶ ✶✳✵✵✾✸ ✶✳✹✼✸ ✵✳✹✼✹✷ ✵✳✾✾✶✽ ✵✳✷✺✶✵ ✵✳✾✻✷✾ ✵✳✽✺✶

✭✶✳✸✺✹✱✶✳✹✻✷✮ ✭✵✳✽✺✻✱✶✳✶✸✾✮ ✭✵✳✵✺✾✮ ✭✲✵✳✶✼✸✱✵✳✽✾✼✮ ✭✵✳✽✸✺✱✶✳✶✸✹✮ ✭✲✵✳✷✸✹✱✵✳✽✺✻✮ ✭✵✳✸✻✷✱✶✳✶✷✹✮

✺✵✵ ✸ ✵✳✽ ✵ ✵✳✸ ✶✳✹✷✷✻ ✶✳✵✶✶✺ ✶✳✺✶✽ ✵✳✹✶✸✶ ✵✳✾✼✽✹ ✲✵✳✵✾✽✷✼ ✵✳✾✹✷✺ ✵✳✽✶✽

✭✶✳✸✼✵✱✶✳✹✼✼✮ ✭✵✳✽✸✺✱✶✳✶✻✸✮ ✭✵✳✵✺✼✮ ✭✲✵✳✸✽✷✱✷✳✷✶✹✮ ✭✵✳✼✼✻✱✶✳✶✹✺✮ ✭✲✵✳✷✼✼✱✸✳✶✾✶✮ ✭✲✵✳✵✹✼✱✶✳✶✺✷✮

❘❡❢❡r t♦ t❤❡ ♥♦t❡s ❢♦r ❚❛❜❧❡ ✶✳

✹ ■ss✉❡s ♦❢ ■♥❝❧✉❞✐♥❣ ❊①♦❣❡♥♦✉s ❊①❝❧✉❞❡❞ ■♥str✉♠❡♥ts

❚❤❡ t✇♦ ❡st✐♠❛t♦rs ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ♣❛♣❡r ❝❛♥ ❜❡ ❛❞❥✉st❡❞ t♦ ✐♥❝❧✉❞❡ ❡①♦❣❡♥♦✉s ❡①❝❧✉❞❡❞
✐♥str✉♠❡♥ts Z✳ ▲❡✇❜❡❧ ✭✷✵✶✷✮ ❤❛s s❤♦✇♥ t❤✐s ✐♥ ❤✐s ●▼▼ ❢♦r♠✉❧❛t✐♦♥✳ ❋♦r t❤❡ t✇♦✲st❡♣
❑❧❡✐♥ ❛♥❞ ❱❡❧❧❛ ✭✷✵✶✵✮ ❡st✐♠❛t♦r ❛♥❞ t❤❡ ▼▲ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤✐s ♣❛♣❡r✱ ✐t ✐s ❛❧s♦ str❛✐❣❤t✲
❢♦r✇❛r❞ t♦ ✐♥❝❧✉❞❡ Z ✐♥ t❤❡ ✜rst✲st❛❣❡ ❡q✉❛t✐♦♥ ❛♥❞ t❤❡ ✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥s✳

❖♥❡ ♣✉r♣♦s❡ ♦❢ ✐♥❝❧✉❞✐♥❣ ❜♦t❤ t②♣❡s ♦❢ ✐♥str✉♠❡♥ts ✐s t♦ ✐♥❝r❡❛s❡ t❤❡ ♣r❡❝✐s✐♦♥ ♦❢ t❤❡
❡st✐♠❛t♦r ❜② ✉s✐♥❣ ❜♦t❤ s♦✉r❝❡s ♦❢ ✐❞❡♥t✐✜❝❛t✐♦♥✱ ❡s♣❡❝✐❛❧❧② ✇❤❡♥ t❤❡ ❡①❝❧✉❞❡❞ ✐♥str✉♠❡♥t ✐s
✇❡❛❦✳ ❆♥♦t❤❡r ♣✉r♣♦s❡ ✐s t♦ t❡st t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ❡①❝❧✉❞❡❞ ✐♥str✉♠❡♥t ❛t ❤❛♥❞✱ ❡s♣❡❝✐❛❧❧②
✉♥❞❡r t❤❡ ▲❡✇❜❡❧ ❡st✐♠❛t♦r t❤r♦✉❣❤ t❤❡ ♦✈❡r✲✐❞❡♥t✐✜❝❛t✐♦♥ ❏ t❡st✳ ■❢ ✇❡ ✇❛♥t t♦ t❡st t❤❡
✈❛❧✐❞✐t② ♦❢ ❡①❝❧✉❞❡❞ ✐♥str✉♠❡♥ts✱ ✇❡ ♥❡❡❞ t❤❡ ✐♥str✉♠❡♥ts ❢r♦♠ ❤❡t❡r♦s❝❡❞❛st✐❝✐t② t♦ ❜❡
✈❛❧✐❞✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ ✇❡ ❛r❡ ✉s✉❛❧❧② ♥♦t ❝❧❡❛r ❛❜♦✉t t❤❡ ❝♦rr❡❝t ❢♦r♠ ♦❢ ❤❡t❡r♦s❝❡❞❛st✐❝✐t②✱
t❤❡ r❡s✉❧ts ♦❢ t❤✐s st✉❞② s❤♦✇ t❤❛t t❤❡ ♣♦✇❡r ♦❢ r❡❥❡❝t✐♥❣ t❤❡ ♥✉❧❧ ✉♥❞❡r ❛ ✇r♦♥❣ ❢♦r♠
♦❢ ❤❡t❡r♦s❝❡❞❛st✐❝✐t② ✭❑❧❡✐♥✲❱❡❧❧❛ ❢♦r♠✮ ❝❛♥ ❜❡ ❧♦✇ ❡✈❡♥ ✇❤❡♥ t❤❡ ❡st✐♠❛t♦r ✐s s✉❜st❛♥t✐❛❧❧②
❜✐❛s❡❞✳ ❲❤❡♥ ✇❡ r❡❥❡❝t t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s ♦❢ ✈❛❧✐❞ ♦✈❡r✲✐❞❡♥t✐❢②✐♥❣ r❡str✐❝t✐♦♥s✱ ✐t ✐s ♥♦t ❝❧❡❛r
✇❤❡t❤❡r ✐t ✐s t❤❡ ♣r♦❜❧❡♠ ♦❢ t❤❡ ❢♦r♠ ♦❢ ❤❡t❡r♦s❝❡❞❛st✐❝✐t②✱ ♦r t❤❡ ❡♥❞♦❣❡♥❡✐t② ♦❢ t❤❡ ❡①❝❧✉❞❡❞
✐♥str✉♠❡♥t✳ ❙✐♠✐❧❛r❧②✱ ✐❢ ✇❡ ❝❛♥♥♦t r❡❥❡❝t t❤❡ ♥✉❧❧ ♦❢ ✈❛❧✐❞ ♦✈❡r✐❞❡♥t✐❢②✐♥❣ r❡str✐❝t✐♦♥s✱ ✐t ❝❛♥
❜❡ t❤❛t ❛❧❧ ✐♥str✉♠❡♥ts ❛r❡ ✈❛❧✐❞✱ ❜✉t ✐t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t❤❛t t❤❡ ❜✐❛s❡s ❤❛♣♣❡♥ t♦ ❜❡ s✐♠✐❧❛r
❢r♦♠ t❤❡ t✇♦ s♦✉r❝❡s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❏ t❡st ❛❧♦♥❡ ❝❛♥♥♦t r❡❛❧❧② ♣r♦✈✐❞❡ ✉s ❛ ❝❧❡❛r ❝♦♥❝❧✉s✐♦♥✳

❈♦♠❜✐♥✐♥❣ t❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❛♥❞ ♠♦❞❡❧ s❡❧❡❝t✐♦♥ ✇✐t❤ ❆■❈✱ t❤❡ ♠♦❞❡❧ ❝❤♦s❡♥ ❜②



❆■❈ s❤♦✉❧❞ ❤❛✈❡ ♠♦r❡ s✉♣♣♦rt ❢r♦♠ ❞❛t❛✱ ❛♥❞ ✇❡ ❛r❡ t❤❡♥ ♠♦r❡ ❝♦♥✜❞❡♥t ❛❜♦✉t t❤❡ tr✉❡
❢♦r♠ ♦❢ ❤❡t❡r♦s❝❡❞❛st✐❝✐t②✳ ❚❤❡♥✱ ✐❢ t❤❡ ▲❡✇❜❡❧ ♠♦❞❡❧ ✐s ❝❤♦s❡♥✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♦✈❡r✲
✐❞❡♥t✐✜❝❛t✐♦♥ t❡st ❝❛♥ ❜❡ ♠♦r❡ r❡❧✐❛❜❧❡✳ ❍♦✇❡✈❡r✱ ✐t s❤♦✉❧❞ ❛❧s♦ ❜❡ ♥♦t❡❞ t❤❛t t❤❡r❡ ✐s st✐❧❧
❛ s✉❜st❛♥t✐❛❧ ♣r♦❜❛❜✐❧✐t② t❤❛t ✇❡ ✇♦✉❧❞ ❝♦♥❝❧✉❞❡ ❛ ✇r♦♥❣ ❢♦r♠ ♦❢ ❤❡t❡r♦s❝❡❞❛st✐❝✐t② ❢r♦♠
❆■❈✱ ❛♥❞ s♦ t❤❡ ❝♦♥❝❧✉s✐♦♥ ✐s st✐❧❧ ♥♦t t♦t❛❧❧② r❡❧✐❛❜❧❡✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ❝❛♥ ❛❧s♦ ❜❡ ♦t❤❡r
♣♦ss✐❜❧❡ ❢♦r♠s ♦❢ ❤❡t❡r♦s❝❡❞❛st✐❝✐t②✳

✺ ❈♦♥❝❧✉s✐♦♥

❚❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ✐♥ t❤✐s st✉❞② s❤♦✇ t❤❛t t❤❡ ▲❡✇❜❡❧ ✭✷✵✶✷✮ ❛♥❞ t❤❡ ❑❧❡✐♥ ❛♥❞ ❱❡❧❧❛
✭✷✵✶✵✮ ❡st✐♠❛t♦rs ❛r❡ ♥♦t r♦❜✉st t♦ ♠✐ss♣❡❝✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠ ♦❢ ❤❡t❡r♦s❝❡❞❛st✐❝✐t②✳ ▼♦r❡✲
♦✈❡r✱ t❤❡ ♦✈❡r✲✐❞❡♥t✐✜❝❛t✐♦♥ t❡st ♣r♦♣♦s❡❞ ❜② ▲❡✇❜❡❧ ✭✷✵✶✷✮✱ t❤❡ ❍❛♥s❡♥✬s ✭✶✾✽✷✮ ❏ t❡st✱ ❤❛s
❧♦✇ ♣♦✇❡r t♦ r❡❥❡❝t t❤❡ ♥✉❧❧ ✉♥❞❡r t❤❡ ❑❧❡✐♥✲❱❡❧❧❛ ❢♦r♠ ♦❢ ❤❡t❡r♦s❝❡❞❛st✐❝✐t②✳ ❚❤❡ ✉s❡ ♦❢
❆■❈ ✉♥❞❡r ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ✐s ♠♦r❡ ❝❛♣❛❜❧❡ ♦❢ ❞✐st✐♥❣✉✐s❤✐♥❣ t❤❡s❡ t✇♦ ♠♦❞❡❧s✳ ❖♥❡
♣♦t❡♥t✐❛❧ ♣❛t❤ ❢♦r ❢✉rt❤❡r r❡s❡❛r❝❤ ✐s t♦ st✉❞② t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❝❛s❡s ✐♥
❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ♠♦❞❡❧s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ s❤♦✉❧❞ st✉❞② ✇❤❛t r❡str✐❝t✐♦♥s ♦♥ ✈❛r✐❛♥❝❡ ❛♥❞
❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥s ❛r❡ ♥❡❝❡ss❛r② ❢♦r ✐❞❡♥t✐✜❝❛t✐♦♥ ❛♥❞ ✇❤❛t ♣r♦❝❡❞✉r❡ ✇♦✉❧❞ ❡♥❛❜❧❡ ✉s t♦
s❡❛r❝❤ ❢♦r t❤❡ r✐❣❤t ❢♦r♠ ♦❢ ❤❡t❡r♦s❝❡❞❛st✐❝✐t② ❛♥❞ t❤❡ r✐❣❤t ✈❛r✐❛❜❧❡s t♦ ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ ❡❛❝❤
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s✉✣❝✐❡♥t t♦ ❥✉st✐❢② ♦♥❧② t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❤❡t❡r♦s❝❡❞❛st✐❝✐t② ✐♥ t❤❡ ❡rr♦r t❡r♠ t♦ ❛♣♣❧② t❤❡s❡
❡st✐♠❛t♦rs ❢♦r ❝♦♥s✐st❡♥❝②✳ ❲❡ s❤♦✉❧❞ ❛❧s♦ ❥✉st✐❢② ✇❤✐❝❤ ❢♦r♠ ♦❢ ❤❡t❡r♦s❝❡❞❛st✐❝✐t② ❛♣♣❡❛rs
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