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Abstract
In this study, we investigate optimal nonlinear labor and capital income taxation and subsidies for contribution goods in

a dynamic setting. We show that when individuals can contribute to a public good--even if additive and separable

preference between consumption and labor supply is assumed and individuals differ only in earning ability--marginal

capital income tax rate for low-income earners is not zero, indicating that the Atkinson-Stiglitz theorem does not hold.
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1. Introduction

Optimal tax theory plays an important role in designing income redistribution poli-
cies and implementing public projects. For several years, researchers have explored
aspects of the field: in particular, economists have been concerned with the question,
“Should capital income be taxed?”This question arises from the fact that the govern-
ment can reinforce redistributive policies by levying taxes on savings; however, this is
a form of double taxation. Although the literature has discussed whether taxation on
capital income is justified, it remains an ongoing research issue.

This study aims to investigate the desirability of capital income tax from the view-
point of economic behaviors, specifically when individuals can contribute to public
goods. The motivation stems from several empirical studies which find that a high tax
rate on capital gains generally leads to taxpayers choosing charitable giving as strate-
gies to avoid recognizing taxable gains. Indeed, Hood et al. (1977) find that Canada’s
1971 Tax Reform, which introduced a 50% capital gain tax, brought about a decrease
in individual charitable donations. More recently, Auten et al. (2002) estimate the price
elasticity of donations, where price is a weighted average of the price of giving cash and
appreciated properties. Their estimations show that the value of the price elasticity of
donation is negative. These findings imply that individuals account for capital income
tax when donating toward public goods. These suggest that individuals’ charitable giv-
ing cannot be discussed independently of capital income taxation. Therefore, our study
takes a step toward theoretically clarifying how capital income tax schemes should be
designed when individuals can contribute to a public good.

Our analysis comprises a dynamic setting in which individuals live for two periods.
We assume that in the first period, individuals can spend a part of their savings on
donations to a charity. Conceptually, we regard the private donation to the public
good as the charitable giving and utilize the framework of the optimal taxation in the
presence of a public good. This setup is in line with Andreoni (1988), Saez (2004), and
Diamond (2006). For simplicity, there are two types of individuals: high- and low-skilled
individuals. The government designs three types of tax schedules: nonlinear taxes on
labor and capital income and nonlinear subsidies for contributions to a public good.
We demonstrate that although a utility function is represented by the preference that
private goods are additively separable from leisure, the marginal tax on capital is zero
for the high skilled but not low skilled when private contributions are made to public
goods. The amount of donation to a public good differs between high- and low-skilled
individuals, which affects the marginal rate of substitution between consumption in the
first and second period. If a high-skilled individual’s valuation of future consumption
is higher than a low-skilled individual’s one, the distortion on savings behavior for
the latter relaxes the self-selection constraint for the former. Thus, the relationship
between private consumption and donation to a public good plays an important role in
characterizing the optimal tax rates for marginal capital income.



An important contribution to the literature on capital income taxation is Ordover
and Phelps (1979). They examine optimal nonlinear taxation on income and savings
in an overlapping generations model in the case of unobservable earnings ability. Their
main conclusion states that if preferences are weakly separable between private goods
and leisure, taxes on savings are redundant. This is consistent with the Atkinson
and Stiglitz (1976) theorem. On the other hand, Saez (2002) investigates conditions
necessary to obtain the Atkinson–Stiglitz theorem and shows that if individuals have
heterogeneous taste in private consumption, the results are violated, even if the utility
function is weakly separable between private goods and leisure.

The present study is closely related to the model explaining the desirability of cap-
ital income taxes on the basis of heterogeneous tastes for goods between high- and
low-income earners, which stems from Saez (2002). The extant literature treats dif-
ferentiation in taste based on initial endowments and discount rates as an assumption
(Boadway et al. (2000), Cremer et al. (2001), Diamond and Spinnewijn (2011)). In
contrast, we show that taste differentiation can also result from individuals’ behavior
without explicitly assuming additional characteristics. Thus, we present the desirability
of capital income taxes by establishing the theoretical foundation that taste differenti-
ation occurs. To the best of our knowledge, this study provides new evidence justifying
capital taxation since private donations have not been considered in the context of
individual behaviors in capital income taxation theory.

In our model, the government offers subsidies for contributions to public goods.
Prior studies have investigated optimal tax policy assuming the presence of charitable
giving (Andreoni (1988), Saez (2004)). The study most closely related in terms of
tax treatment of private donations is Diamond (2006), who shows that the welfare-
improving effect is achieved by introducing a subsidy on private donations toward a
public good through nonlinear income taxes on labor. However, Diamond (2006) adopts
a static model that does not allow the government to impose income taxes on capital
and attempts to derive an optimal tax treatment formula. We extend the Diamond
model as a two-period model to investigate the desirability of capital income taxes.

The remainder of this paper is organized as follows. Section 2 describes the frame-
work of the basic model. Section 3 characterizes optimal tax formulas. Section 4
provides additional analyses. Section 5 concludes the paper.

2. Model

2.1 Environment

We consider an economy in which individuals live for two periods and work only
in the first. There are two types of individuals: low-skilled individuals whose earning
wage rate is w1 and high-skilled ones with earning wage rate w2, where w2 > w1. Their
before-tax income is yi ≡ wili, where li denotes the labor supply of type i individuals.



We consider a finite number of individuals as in Diamond (2006). The number of type
i individuals is defined by πi, which is a natural number greater than two and for now,
is invariant.1 The utility function of type i individuals is

U i(ci, xi, G, li) = u(ci, xi, G)− v(li) (1)

where ci denotes consumption of a private good in the first period, xi is consumption
in the second period, and G is the amount of public good. Individuals can contribute
to a public good; then, the aggregate amount of public good is

G =
∑

i

πigi + gG (2)

where gi denotes type i’s private donations to the public good and gG the public do-
nation to the public good. Contributions by a particular economic agent improve the
service and then the amount of public good is an argument in the utility function of
individuals.2 The sub-utility function, u(·), is strictly increasing, concave, and twice
differentiable and satisfies the Inada condition and v(·) is strictly increasing, convex,
and twice differentiable.

Let si denote savings of type i individuals and r be the interest rate. The budget
constraints type i individuals face can be written as follows:

ci + si + gi − τ(gi) = yi − T (yi) (3)

si(1 + r)− Φ(sir) = xi (4)

where τ(gi) is a subsidy for private donations by type i individuals to a public good,
T (yi) is an income tax payment, and Φ(rsi) is the capital income tax payment, which
respectively, are nonlinear functions of gi, yi, and rsi. Individuals choose ci, xi, si, gi,
and li to maximize the utility function (equation (1)) subject to their budget constraints
(equations (3) and (4)). Combining this with the first-order conditions yields

−uc(c
i, xi, G) + {(1 + r)− rΦ′(rsi)}ux(c

i, xi, G) = 0 (5)

1Using a finite number of individuals, Piketty (1993) and Hamilton and Slutsky (2007) show that
the first-best allocation can be achieved if an individual’s tax schedule depends on the behavior of other
individuals. Following traditional optimal taxation literature, the present study restricts an individual’s
tax schedule to a function of the value of his/her labor income, capital income, and private donation
to a public good.

2We consider public goods financed by not only individuals but also the government such as health,
education, and social services. According to Charitable Giving Statistics by National Philanthropic
Trust, in the United States, individuals’ charitable giving accounts for 71% of total giving and majority
of donations are made to religious, educational, and healthcare organizations. A donation to religious
organizations is a suitable example for the outcomes of Lemma 1 because the US government cannot
contribute to them.



where uc(c
i, xi, G) ≡ ∂u

∂ci
denotes the marginal utility of consumption in the first period,

ux(c
i, xi, G) ≡ ∂u

∂xi is the marginal utility of consumption in the second period, and
Φ′(rsi) ≡ dΦ

drsi
is the marginal capital income tax rate function corresponding to returns

of savings rsi.
The production sector utilizes labor and capital. Production technology exhibits

constant return to scale. This means that each unit of effective labor wili is required to
produce one unit of private good and each unit of private good saved in the first period
produces (1 + r) units of a private good in the second period.3

2.2 Planning problem

The objective of the government is represented by the following utilitarian social
welfare function:

W =
∑

i

πiU i(ci, xi, G, li) (6)

The budget constraint for the government is

∑

i

πiT (yi) + (1 + r)−1
∑

i

πiΦ(rsi) = gG +
∑

i

πiτ(gi) (7)

Following Diamond (2006), we assume that there is no response of government budget
constraints to a deviation from individuals’ anticipated revealing strategies. Using the
budget constraints that individuals face, equation (7) can be equivalently written as

∑

i

yiπi −
∑

i

(ci +
xi

1 + r
+ gi)πi − gG ≥ 0 (8)

The informational assumptions are conventional: the government can observe individu-
als’ donation, labor income, and capital income, while their ability is never observable.
We focus on the case in which the government attempts to redistribute from type-2
to type-1 individuals. This means the following incentive compatibility constraint is
binding at the social optimum:

U2(c2, x2, G,
y2

w2
) ≥ U2(c1, x1, Ĝ,

y1

w2
) (9)

3Pirttilä and Tuomala (2001) show that capital income taxation is justified when wages are endoge-
nously determined and the relative wage rate is affected by the amount of savings. By contrast, we
assume no general-equilibrium effects of input prices. This is because we never obtain the novel effect
even if we endogenize input prices, that is, the optimal tax formula for capital income just involves the
endogenous wage term proposed by Pirttilä and Tuomala (2001). Thus, for simplicity, our model can
be seen as the two-period, partial equilibrium version of Pirttilä and Tuomala (2001) model. At the
optimum, where only the government contributes to a public good, our model’s outcome is consistent
with that of their model.



where Ĝ ≡ G − g2 + g1 denotes the aggregate level of a public good achieved when
type-2 individuals mimic.

The social planning problem is to maximize the social welfare function (equation
(6)), subject to the equations for a public good (equation (2)), resource constraints
(equations (8)), and incentive compatibility constraints (equation (9)). The Lagrangean
corresponding to this planning problem can be formulated as follows:

L = W + µ

[

∑

i

giπi + gG −G

]

+ γ

[

∑

i

yiπi −
∑

i

(ci +
xi

1 + r
+ gi)πi − gG

]

(10)

+λ

[

U2(c2, x2, G,
y2

w2
)− U2(c1, x1, Ĝ,

y1

w2
)

]

where µ, γ, and λ are the Lagrange multipliers.

3. Characterizing optimal capital taxation

Here, we present the key features of our model’s outcomes. The results imply that
the government should design taxes on capital income such that it supplements the tax
treatment of private donations to a public good.4 Let

MRSi
cx ≡

uc(c
i, xi, G)

ux(ci, xi, G)
and ˆMRScx ≡

uc(c
1, x1, Ĝ)

ux(c1, x1, Ĝ)

denote the marginal rate of substitution between private consumption in the first and
second period faced by type i individuals and the corresponding marginal rate of sub-
stitution that the mimicker faces. Combining the optimality condition regarding ci and
xi yields the optimal capital income tax rate for type i individuals:

Φ′(rs1)

1 + r
=

λux(c
1, x1, Ĝ)

rπ1γ

(

MRS1

cx −
ˆMRScx

)

(11)

Φ′(rs2) = 0 (12)

The derivation is presented in Appendix A. Equation (11) implies that the deviation
of the optimal tax rate on capital income from the Atkinson–Stiglitz theorem depends
on the term in the brackets on the right-hand side. These equations give the following
proposition:

Proposition 1.

4In the present paper, we omit to characterize the optimal tax treatment of private donations for
a public good. Morita and Obara (2016), which is the working paper version, derives the optimal tax
treatment formula.



• When a public good has a more complementary (substitutionary) relationship with
the consumption good in the first period than in the second period, even if indi-
vidual preferences can be separated between labor and consumption, the marginal
capital income tax rate is positive (negative) for type-1 individuals and zero for
the type-2 individuals.

• When a public good has no relationship with both the consumption good in the first
period and in the second period, the marginal capital income tax rate is zero for
both types of individuals.

The result of Proposition 1 is crucially related to the difference between G and
Ĝ. At the optimum, the level of a public good is higher when a type-2 individual
chooses a truth-telling strategy than a mimicking-one, that is, G > Ĝ. As shown in
the Appendix B, it is optimal that only type-2 individuals contribute to the public
good, g1 = 0, g2 > 0, and gG = 0.5 This suggests that inducing type-2 individuals
to contribute improves their level of social welfare from the allocation, where no one
makes a private donation to public goods. This is consistent with Diamond (2006).
At the optimum, the level of public good is higher when a type-2 individual chooses
a truth-telling strategy than a mimicking one, that is, G > Ĝ. Assuming that the
public good has a stronger complementary relationship with the private good in the
first period than in the second, the intertemporal marginal rate of substitution for the
mimicker is lower than the corresponding marginal rate of substitution for the mim-
icked, that is, MRS1

cx > ˆMRScx. In other words, the mimicker values the consumption
in the second period more than the mimicked (type-1 individuals). This implies that
distorting the capital income of type-1 individuals downward hurts the mimicker more
than the mimicked and thus relaxes the incentive compatibility constraint. Therefore,
the marginal capital income tax rate should be positive. Consequently, individuals’
behavior in terms of private donations to a public good creates an informational advan-
tage for the government. Note that this outcome depends on the assumption of finite
number of individuals. This is because when there is an infinite population, the level
of public good does not change even if a type-2 individual acts as a mimicker, that is,
G = Ĝ. This means that capital income taxation is redundant. On the other hand,
equation (12) shows that the government should not distort type-2 individuals’ saving
behavior, making zero marginal capital income tax rate desirable.

4. Robustness

So far, we have assumed that the amount of savings are observable. In this section,

5The intuition is as follows: type-1 individuals do not have their incentive compatibility constraint
tightened by private donation to a public good by type-2 individuals and thus inducing type-2 indi-
viduals to donate to a public good allows the government to reduce mimicker’s utility due to G > Ĝ,
that is, it relaxes the binding incentive constraint.



we explore the robustness of our results by assuming that the amount of savings is
unobservable, that is, the government is not allowed to employ nonlinear capital income
taxes, and show that our main conclusion is robust as long as private donations to a
public good are observable, otherwise it is ambiguous. We also analyze the model with
the endogenous input prices.

4.1 Linear capital income taxation and nonlinear subsidies

for private donations

First, we examine a case in which the government observes both private donations
to a public good and labor income for each type, but is unable to observe capital income
for each type. Therefore, the government can only levy linear tax on savings at rate ts.

Following the traditional literatures in optimal income taxation, we decompose the
individual’s problem into two stages. First, each individual chooses the amount of labor
supply and private donations to a public good, which determines disposable income
Ri ≡ yi − T (yi) − gi + τ(gi), given nonlinear labor income taxes and subsidies for
private donations. Second, disposable income is allocated into private consumption in
the first and the second period. We suppose that individuals anticipate the outcome
of the second stage at the first stage. In the second stage, type i individuals choose ci

and xi to maximize the sub-utility function u(ci, xi, G) subject to individual’s budget
constraint which is given by

ci + si = Ri (13)

si = qsx
i (14)

where qs ≡ 1/(1 + r(1− ts)). The first-order condition is given by

uc(c
i, xi, G)

ux(ci, xi, G)
=

1

qs
(15)

On this occasion, we define the sub-indirect utility function for type i individuals as
V i ≡ V (qs, R

i, G) ≡ u(c∗i , x
∗
i , G), where c∗i ≡ c(qs, R

i, G) denotes the optimal solution
with respect to the consumption in the first period and x∗

i ≡ x(qs, R
i, G) the optimal

solution with respect to the consumption in the second period.
The government chooses qs, G, g1, g2, gG, R1, R2, y1, and y2 to maximize the social

welfare subject to the government’s budget constraint, and the incentive compatibility
constraint, which is expressed by

V (qs, R
2, G)− v(

y2

w2
) ≥ V (qs, R

1, Ĝ)− v(
y1

w2
) (16)



where V̂ ≡ V (qs, R
1, Ĝ) indicates the mimicker’s sub-indirect utility. Here, we define

the optimal solution for the mimicker with respect to the consumption in the first and
the second period as ĉ∗ ≡ c(qs, R

1, Ĝ) and x̂∗ ≡ x(qs, R
1, Ĝ), respectively.6

The first-order conditions are shown in Appendix C. By rearranging these results,
we can derive the optimal linear capital income tax rate as follows:

rtsqs
1 + r

=
λ̃ ∂V̂

∂R1 (x̂
∗ − x∗

1)

−γ̃
∑

i π
i ∂x̃

∗

i

∂qs

(17)

Equation (17) is consistent with the formula for optimal linear tax rate proposed by
Edwards et al. (1994) and Nava et al. (1996). The deviation form the Atkinson-Stiglitz
theorem relies on the numerator, that is, the difference of the demand for the con-
sumption in the second period between the mimicker and the person being mimicked.
Because only type-2 individuals contribute to a public good as with nonlinear capital
tax instruments (see, Appendix D), that is, we have G > Ĝ. Thus, the Atkinson-Stiglitz
theorem is not valid. Therefore, even though the government cannot observe savings
for each type, weak-separability of preferences between consumption and labor supply
is not sufficient condition to make capital income taxation redundant. Note that when
there is an infinite population, we obtain G = Ĝ, and then ts = 0.

4.2 Linear capital income taxation and linear subsidies for

private donations

Next, this sub-section extends the model in which the government cannot observe
both the amount of private donations to a public good and savings for each type. There-
fore, the only nonlinear tax instrument is labor income taxation, and the government
can only levy linear subsidies on private donations at rate tg and linear tax on savings
at rate ts.

We now turn to the analysis of individual’s behavior. In the second stage, type i
individuals choose ci, xi, and gi to maximize the sub-utility function u(ci, xi, G) subject
to individual’s budget constraint which is given by

ci + si + qgg
i = yi − T (yi) ≡ Ri (18)

si = qsx
i (19)

where qg ≡ 1− tg and qs ≡ 1/(1 + r(1− ts)). The first-order conditions are given by

uc(c
i, xi, gi +G−i)

ux(ci, xi, gi +G−i)
=

1

qs
(20)

6We omit the first-order conditions with respect to G, y1, and y2 since we focus on the characteri-
zation of optimal linear capital income tax rates.



uG(c
i, xi, gi +G−i)

uc(ci, xi, gi +G−i)
= qg (21)

where G−i ≡ (πi − 1)gi + πjgj + gG, i ̸= j = 1, 2. Here, let ci = c(qs, qg, R
i, G−i),

i = 1, 2, be the best response function of the consumption in the first period, xi =
x(qs, qg, R

i, G−i), i = 1, 2, the best response function of the consumption in the second
period, and gi = g(qs, qg, R

i, G−i), i = 1, 2, the best response function of private do-
nations to a public good. We can define the sub-indirect utility function for type i as
V i ≡ V i(qg, qs, R

1, R2, gG) ≡ u(c∗i , x
∗
i , g

∗
i + G∗

−i) where the superscript (*) refers to the
Nash equilibrium outcome. Under linear tax policy, the incentive constraint preventing
high-type individuals from mimicking low-type ones is expressed by:

V 2(qg, qs, R
1, R2, gG)− v(

y2

w2
) ≥ V̂ (qg, qs, R

1, R2, gG)− v(
y1

w2
) (22)

where V̂ (qg, qs, R
1, R2, gG) indicates the mimicker’s sub-indirect utility. Here, we define

the best response function for the mimicker with respect to the consumption in the
first period as ĉ ≡ c(qg, qs, R

1, G̃−2), the best response function for the mimicker with
respect to the consumption in the second period as x̂ ≡ x(qg, qs, R

1, G̃−2), and the
best response function for mimickers with respect to the private donation to a public
good as ĝ ≡ g(qg, qs, R

1, G̃−2), where G̃−2 = π1g̃1 + (π2 − 1)g̃2 + gG and g̃i is type i’s

private donations in the presence of the mimicker. Here, we define Ĝ ≡ ĝ + G̃−2 as the
aggregate amount of public good faced by the mimicker. Note that it is not necessarily
that g∗1 = g̃∗1 or g∗2 = g̃∗2 holds since these realize as a Nash equilibrium in contrast with
the case in which the government can observe private donations to a public good and
thus design the allocation for each type.

To sum up, the government chooses qs, qg, R
1, R2, gG, y1, and y2 to maximize

the social welfare subject to the government’s budget constraint, and the incentive
compatibility constraint.7 Solving the planning problem yields:

(

−tg
rtsqs
1+r

)

= −
1

γ̄
∆−1









∑

i ̸=j=1,2 π
iui

G

(

∂G∗

−i

∂qg
+

∂G∗

−i

∂Ri g
∗
i +

∂G∗

−i

∂Rj g
∗
j

)

∑

i ̸=j=1,2 π
iui

G

(

∂G∗

−i

∂qs
+

∂G∗

−i

∂Ri g
∗
i +

∂G∗

−i

∂Rj g
∗
j

)









−
λ̄ûc

γ̄
∆−1

(

ĝ − g∗1
x̂− x∗

1

)

−
λ̄

γ̄
∆−1









u2
G

(

∂G∗

−2

∂qg
+

∂G∗

−2

∂R1 g∗1 +
∂G∗

−2

∂R2 g∗2

)

− ûG

(

∂G̃−2

∂qg
+ ∂G̃−2

∂R1 g∗1 +
∂G̃−2

∂R2 g∗2

)

u2
G

(

∂G∗

−2

∂qs
+

∂G∗

−2

∂R1 x∗
1 +

∂G∗

−2

∂R2 x∗
2

)

− ûG

(

∂G̃−2

∂qs
+ ∂G̃−2

∂R1 x∗
1 +

∂G̃−2

∂R2 x∗
2

)









(23)

7Following the argument in footnote 6, we omit the first-order conditions with respect to gG, y1,
and y2.



where ∆−1 is the inverse matrix of ∆ which denotes the 2× 2 matrix as follows:

∆ ≡

(

∑

i π
i ∂g

∗

i

∂qg
+
∑

i π
i ∂g

∗

i

∂Ri g
∗
i +

∑

i ̸=j=1,2 π
i ∂g

∗

i

∂Rj g
∗
j

∑

i π
i ∂x

∗

i

∂qg
+
∑

i π
i ∂x

∗

i

∂Ri g
∗
i +

∑

i ̸=j=1,2 π
i ∂x

∗

i

∂Rj g
∗
j

∑

i π
i ∂g

∗

i

∂qs
+
∑

i π
i ∂g

∗

i

∂Rix
∗
i +

∑

i ̸=j=1,2 π
i ∂g

∗

i

∂Rj x
∗
j

∑

i π
i ∂x

∗

i

∂qs
+
∑

i π
i ∂x

∗

i

∂Rix
∗
i +

∑

i ̸=j=1,2 π
i ∂x

∗

i

∂Rj x
∗
j

)

When the government cannot observe private donations to a public good for each types,
the optimal tax formula consists of three terms. The first and second terms reflect well
known effects respectively: the Pigouvian and non-Pigouvian elements discussed by
Cremer et al. (1998).8 The third term is the novel term, which comes from the different
impact of the response of the other individuals to the perturbation in parameters to
the mimicker and the high-skilled agent who does not behave as a mimicker. This is
an additional information for the government to relax the binding incentive constraint.
The third term stems from the assumption of a finite population since individuals’
private donations can affect the total amount of a public good. If there is an infinite
population, the term vanishes, which is consistent with Cremer et al. (1998).

The condition to restore Atkinson–Stiglitz theorem crucially depends on private
donations to a public good among individuals. If g∗1 = g̃∗1 = g∗2 = g̃∗2, we have G∗

−1 =

G̃−2, and then g∗1 = ĝ∗ and x∗
1 = x̂. In addition, since it causes G = Ĝ, the third

term in the right hand side vanishes. Therefore, Atkinson–Stiglitz theorem remains.
However, in contrast with the observability of private donations to a public good, we
cannot analytically compare the amount of private donations among individuals since
the government cannot directly control their private donations. As the same with the
previous sub-section, if there is an infinite population, no person donates to a public
good since the private donation does not affect the aggregate amount of public good.
Thus, Atkinson–Stiglitz theorem is valid.

5. Concluding Remarks

This study is largely relevant to debates on the desirability of capital income taxes.
Since Ordover and Phelps (1979) seminal work, a large body of literature has accumu-
lated on whether capital income taxes are required from the viewpoint of heterogeneous

8If the public good is additively separable in the utility function, the marginal utility of the public
good of a low-skilled individual coincides with that of a high-skilled individual, that is, uG ≡ u1

G = u2
G.

In this case, the Pigouvian term is simplified as follows.

(

−tg
rtsqs
1+r

)

= −
uG

γ̄

(

π1 + π2 − 1
0

)

−
λ̄ûc

γ̄

(

ĝ − g∗1
x̂− x∗

1

)

−
λ̄

γ̄









uG

(

∂G∗

−2

∂qg
+

∂G∗

−2

∂R1 g∗1 +
∂G∗

−2

∂R2 g∗2

)

− ûG

(

∂G̃−2

∂qg
+ ∂G̃−2

∂R1 g∗1 + ∂G̃−2

∂R2 g∗2

)

uG

(

∂G∗

−2

∂qs
+

∂G∗

−2

∂R1 x∗

1 +
∂G∗

−2

∂R2 x∗

2

)

− ûG

(

∂G̃−2

∂qs
+ ∂G̃−2

∂R1 x∗

1 +
∂G̃−2

∂R2 x∗

2

)








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tastes in private consumptions, even though the utility function is weakly separable be-
tween private goods and leisure. For instance, Boadway et al. (2000), Cremer et al.
(2001), and Diamond and Spinnewijn (2011) consider a multidimensional heterogeneity
setting in which individuals differ in not only earning abilities but also other charac-
teristics such as initial endowments (bequest or inheritance) and discount rates, which
are assumptions. By contrast, this study provides additional economic rationale for
capital income taxes from the viewpoint of economic behavior that is, in reality, in-
dividuals deduct charitable contributions. Under the standard optimal tax approach,
we show that the government should design taxes on capital income to supplement its
redistribution policy when individuals can contribute to a public good. This persists
even if the additive and separable preference between consumption and labor supply is
satisfied and individuals differ in only earning abilities.

The theoretical contribution of this paper is as follows. Although we show that
Atkinson–Stiglitz theorem breaks down as a result of heterogeneous preferences, as in
the case of Saez (2002), we justify capital income taxes by clarifying the source of het-
erogeneity on the basis of individual behavior and not assumptions. It is worth noting
that our justification is based on the assumption there is a finite population. Pirttilä
and Tuomala (1997) examine the commodity taxation on an externality-generating
good and nonlinear taxation on labor income under the condition of an infinite popu-
lation. They show that the optimal tax formula reflects the two types of terms, that is,
the externality internalizing effect and the influence through the incentive compatibil-
ity constraint. When the preference is assumed to be additive and separable between
consumption and leisure, policy outcomes in their paper are consistent with standard
Pigouvian taxes. However, under the setting of a finite population as our study, the
corresponding tax formula includes the novel term, the interaction between the Pigou-
vian term and the self-selection term, which is the right hand side of equation (11).
This is true even if the additive and separable preference is assumed.

Our paper derives a condition according to which capital income of low-income
earners should be taxed or not. This policy implication depends on the shape of utility
function, in particular, the signs of ∂2u

∂ci∂G
and ∂2u

∂xi∂G
. This is an important issue of

empirical study.
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Appendix A

The first order conditions associated with c1, x1, c2, and x2 are

∂L

∂c1
= π1uc(c

1, x1, G)− γπ1 − λuc(c
1, x1, Ĝ) = 0 (A.1)

∂L

∂x1
= π1ux(c

1, x1, G)−
γπ1

(1 + r)
− λux(c

1, x1, Ĝ) = 0 (A.2)

∂L

∂c2
= π2uc(c

2, x2, G)− γπ2 + λuc(c
2, x2, G) = 0 (A.3)

∂L

∂x2
= π2ux(c

2, x2, G)−
γπ2

(1 + r)
+ λux(c

2, x2, G) = 0 (A.4)

Combining equation (A.1) with equation (A.2) yields:

π1{uc(c
1, x1, G)− (1 + r)ux(c

1, x1, G)} = λ{uc(c
1, x1, Ĝ)− (1 + r)ux(c

1, x1, Ĝ)} (A.5)

Combining equation (5) with equation (A.5) yields:

(π1ux(c
1, x1, G)−λux(c

1, x1, Ĝ))rΦ′(rs1) = λux(c
1, x1, Ĝ)(

uc(c
1, x1, G)

ux(c1, x1, G)
−

uc(c
1, x1, Ĝ)

ux(c1, x1, Ĝ)
)

(A.6)
Substituting equation (A.2) into the term in the brackets of the left hand side, we obtain
equation (11). Similarly, combining equation (A.3) with equation (A.4) yields:

−π2{uc(c
2, x2, G)− (1 + r)ux(c

2, x2, G)} = λ{uc(c
2, x2, G)− (1 + r)ux(c

2, x2, G)}(A.7)

This can be rewritten as follows:

(π2 + λ)ux(c
2, x2, G)rΦ′(rs2) = 0 (A.8)



Equation (A.3) implies that π2+λ is positive. Then, equation (A.8) implies that Φ′(rs2)
is zero.

Appendix B

Differentiating L with respect to gG, g1, and g2 implies

∂L

∂gG
= −γ + µ (B.1)

∂L

∂g1
= −γπ1 − λuG(c

1, x1, Ĝ) + µπ1 (B.2)

∂L

∂g2
= −γπ2 + λuG(c

1, x1, Ĝ) + µπ2 (B.3)

If equation (B.1) is equal to zero, equation (B.3) is as follows:

∂L

∂g2
= λuG(c

1, x1, Ĝ) > 0 (B.4)

In this case, the optimal solution does not exist because of diverging. Therefore, at the
optimum, we must have ∂L

∂gG
< 0 and gG = 0 to satisfy Kuhn-Tucker conditions.

Given this condition, from equation (B.2), no contribution to a public good of type
1 individuals is optimal, that is, g1 = 0. On the other hand, the private donation to a
public good of type 2 individuals is not zero because the second term in equation (B.3)
is sufficiently larger than the sum of the first and third term by the Inada condition
when g2 is close to zero given g1 = gG = 0. Therefore, g2 is positive. In addition, g2

is an interior solution. As g2 is close to infinity, ∂L
∂g2

converges to −γπ2 + µπ2 which is

negative. This implies that g2 must not be corner solution at the optimum.

Appendix C

The corresponding Lagrangian is formulated as follows:

L̃ = W̃ + µ̃

[

∑

i

giπi + gG −G

]

+ γ̃

[

∑

i

πi(yi − gi −Ri) +
1

1 + r

∑

i

πi(qs(1 + r)− 1)x(qs, R
i, G)− gG

]

+ λ̃

[

V (qs, R
2, G)− v(

y2

w2
)− V (qs, R

1, Ĝ) + v(
y1

w2
)

]

(C.1)



where γ̃, λ̃, and µ̃ are the Lagrange multipliers. The first order conditions associated
with qs, R

1, and R2 are

∂L̃

∂qs
=
∑

i

πi∂V
i

∂qs
+ γ̃

∑

i

πi

(

x∗
i +

qs(1 + r)− 1

1 + r

∂x∗
i

∂qs

)

+ λ̃

(

∂V 2

∂qs
−

∂V̂ 2

∂qs

)

= 0 (C.2)

∂L̃

∂R1
= π1

∂V 1

∂R1
− γ̃π1 + γ̃π1

qs(1 + r)− 1

1 + r

∂x∗
1

∂R1
− λ̃

∂V̂ 2

∂R1
= 0 (C.3)

∂L̃

∂R2
= π2

∂V 2

∂R2
− γ̃π2 + γ̃π2

qs(1 + r)− 1

1 + r

∂x∗
2

∂R2
+ λ̃

∂V 2

∂R2
= 0 (C.4)

We now combine these constraints by taking

∂L̃

∂qs
+
∑

i

∂L̃

∂Ri
x∗
i (C.5)

From the Roy’s identity and the Slutsky decomposition, we can get the following rela-
tionships:

∂V i

∂qs
= −

∂V i

∂Ri
· x∗

i (C.6)

∂x∗
i

∂qs
=

∂x̃∗
i

∂qs
−

∂x∗
i

∂Ri
· x∗

i (C.7)

where x̃∗
i indicates the compensated demand function of type i individuals for the

consumption in the second period. Using Roy’s identity and Slutsky decomposition,
this gives

γ̃
qs(1 + r)− 1

1 + r

∑

i

πi∂x̃
∗
i

∂qs
+ λ̃

∂V̂

∂R1
(x̂∗ − x∗

1) = 0 (C.8)

Thus, we can obtain equation (17).

Appendix D

Differentiating L̃ with respect to gG, g1, and g2 implies

∂L̃

∂gG
= −γ̃ + µ̃ (D.1)

∂L̃

∂g1
= −γ̃π1 − λ̃uG(qs, R

1, Ĝ) + µ̃π1 (D.2)



∂L̃

∂g2
= −γ̃π2 + λ̃uG(qs, R

1, Ĝ) + µ̃π2 (D.3)

Following the same proof as in Appendix B, we conclude that gG = g1 = 0 and g2 > 0.

Appendix E

Using Theorem 1 of Caputo (1996), we can get the following relationships.

∂V i

∂qg
= −φg∗i + ui

G

∂G∗
−i

∂qg
(E.1)

∂V i

∂qs
= −φx∗

i + ui
G

∂G∗
−i

∂qs
(E.2)

∂V i

∂Ri
= φ+ ui

G

∂G∗
−i

∂Ri
(E.3)

∂V i

∂Rj
= ui

G

∂G∗
−i

∂Rj
, i ̸= j (E.4)

where let φ be the Lagrange multiplier with respect to individual’s budget constraint.
The corresponding Lagrangian is formulated as follows:

L̄ = W̄ + λ̄

[

V 2(qg, qs, R
1, R2, gG)− v(

y2

w2
)− V̂ (qg, qs, R

1, R2, gG) + v(
y1

w2
)

]

+ γ̄

[

∑

i

πi(yi −Ri) +
∑

i

πi(qg − 1)g∗i +
1

1 + r

∑

i

πi(qs(1 + r)− 1)x∗
i − gG

] (E.5)

where γ̄ and λ̄ are the Lagrange multipliers. The first order conditions associated with
qs, qg, R

1, and R2 are as follows:

∂L̄

∂qs
=
∑

i

πi∂V
i

∂qs
+ λ̄

[

∂V 2

∂qs
−

∂V̂

∂qs

]

+ γ̄

[

1

1 + r

∑

i

πi

(

(1 + r)x∗
i + (qs(1 + r)− 1)

∂x∗
i

∂qs

)

+
∑

i

πi(qg − 1)
∂g∗i
∂qs

]

= 0

(E.6)

∂L̄

∂qg
=
∑

i

πi∂V
i

∂qg
+ λ̄

[

∂V 2

∂qg
−

∂V̂

∂qg

]

+ γ̄

[

∑

i

πi

(

g∗i + (qg − 1)
∂g∗i
∂qg

)

+
1

1 + r

∑

i

πi(qs(1 + r)− 1)
∂x∗

i

∂qg

]

= 0

(E.7)



∂L̄

∂R1
= π1

∂V 1

∂R1
+ π2

∂V 2

∂R1
+ λ̄

[

∂V 2

∂R1
−

∂V̂

∂R1

]

+ γ̄

[

−π1 + π1(qg − 1)
∂g∗1
∂R1

+ π2(qg − 1)
∂g∗2
∂R1

+
1

1 + r
π1(qs(1 + r)− 1)

∂x∗
1

∂R1
+

1

1 + r
π2(qs(1 + r)− 1)

∂x∗
2

∂R1

]

= 0

(E.8)

∂L̄

∂R2
= π1

∂V 1

∂R2
+ π2

∂V 2

∂R2
+ λ̄

[

∂V 2

∂R2
−

∂V̂

∂R2

]

+ γ̄

[

−π2 + π2(qg − 1)
∂g∗2
∂R2

+ π1(qg − 1)
∂g∗1
∂R2

+
1

1 + r
π2(qs(1 + r)− 1)

∂x∗
2

∂R2
+

1

1 + r
π1(qs(1 + r)− 1)

∂x∗
1

∂R2

]

= 0

(E.9)

We now combine these constraints by taking

∂L̄

∂qg
+
∑

i

∂L̄

∂Ri
g∗i (E.10)

and
∂L̄

∂qs
+
∑

i

∂L̄

∂Ri
x∗
i (E.11)

These give

∑

i ̸=j=1,2

πi

[

∂V i

∂qg
+

∂V i

∂Ri
g∗i +

∂V i

∂Rj
g∗j

]

+ γ̄(qg − 1)

[

∑

i

πi∂g
∗
i

∂qg
+
∑

i

πi ∂g
∗
i

∂Ri
g∗i +

∑

i ̸=j=1,2

πi ∂g
∗
i

∂Rj
g∗j

]

+ γ̄
qs(1 + r)− 1

1 + r

[

∑

i

πi∂x
∗
i

∂qg
+
∑

i

πi ∂x
∗
i

∂Ri
g∗i +

∑

i ̸=j=1,2

πi ∂x
∗
i

∂Rj
g∗j

]

+ λ̄

[

∂V 2

∂qg
+

∂V 2

∂R1
g∗1 +

∂V 2

∂R2
g∗2 −

∂V̂

∂qg
−

∂V̂

∂R1
g∗1 −

∂V̂

∂R2
g∗2

]

= 0

(E.12)

and

∑

i ̸=j=1,2

πi

[

∂V i

∂qs
+

∂V i

∂Ri
g∗i +

∂V i

∂Rj
g∗j

]

+ γ̄(qg − 1)

[

∑

i

πi∂g
∗
i

∂qs
+
∑

i

πi ∂g
∗
i

∂Ri
x∗
i +

∑

i ̸=j=1,2

πi ∂g
∗
i

∂Rj
x∗
j

]

+ γ̄
qs(1 + r)− 1

1 + r

[

∑

i

πi∂x
∗
i

∂qs
+
∑

i

πi ∂x
∗
i

∂Ri
x∗
i +

∑

i ̸=j=1,2

πi ∂x
∗
i

∂Rj
x∗
j

]

+ λ̄

[

∂V 2

∂qs
+

∂V 2

∂R1
x∗
1 +

∂V 2

∂R2
x∗
2 −

∂V̂

∂qs
−

∂V̂

∂R1
x∗
1 −

∂V̂

∂R2
x∗
2

]

= 0

(E.13)



Using equation from (E.1) to (E.4), (E.12) and (E.13) are transformed as

∑

i ̸=j=1,2

πiui
G

[

∂G∗
−i

∂qg
+

∂G∗
−i

∂Ri
g∗i +

∂G∗
−i

∂Rj
g∗j

]

+ γ̄(qg − 1)

[

∑

i

πi∂g
∗
i

∂qg
+
∑

i

πi ∂g
∗
i

∂Ri
g∗i +

∑

i ̸=j=1,2

πi ∂g
∗
i

∂Rj
g∗j

]

+ γ̄
qs(1 + r)− 1

1 + r

[

∑

i

πi∂x
∗
i

∂qg
+
∑

i

πi ∂x
∗
i

∂Ri
g∗i +

∑

i ̸=j=1,2

πi ∂x
∗
i

∂Rj
g∗j

]

+ λ̄

[

u2

G

(

∂G∗
−2

∂qg
+

∂G∗
−2

∂R1
g∗1 +

∂G∗
−2

∂R2
g∗2

)

− ûG

(

∂G̃−2

∂qg
+

∂G̃−2

∂R1
g∗1 +

∂G̃−2

∂R2
g∗2

)

+ ûc(ĝ − g∗1)

]

= 0

(E.14)

and

∑

i ̸=j=1,2

πiui
G

[

∂G∗
−i

∂qs
+

∂G∗
−i

∂Ri
g∗i +

∂G∗
−i

∂Rj
g∗j

]

+ γ̄(qg − 1)

[

∑

i

πi∂g
∗
i

∂qs
+
∑

i

πi ∂g
∗
i

∂Ri
x∗
i +

∑

i ̸=j=1,2

πi ∂g
∗
i

∂Rj
x∗
j

]

+ γ̄
qs(1 + r)− 1

1 + r

[

∑

i

πi∂x
∗
i

∂qs
+
∑

i

πi ∂x
∗
i

∂Ri
x∗
i +

∑

i ̸=j=1,2

πi ∂x
∗
i

∂Rj
x∗
j

]

+ λ̄

[

u2

G

(

∂G∗
−2

∂qs
+

∂G∗
−2

∂R1
x∗
1 +

∂G∗
−2

∂R2
x∗
2

)

− ûG

(

∂G̃−2

∂qs
+

∂G̃−2

∂R1
x∗
1 +

∂G̃−2

∂R2
x∗
2

)

+ ûc(x̂− x∗
1)

]

= 0

(E.15)

Using matrix notation, (E.14) and (E.15) can be rewritten as

∆

(

−tg
rtsqs
1+r

)

= −
1

γ̄









∑

i ̸=j=1,2 π
iui

G

(

∂G∗

−i

∂qg
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∂G∗

−i

∂Ri g
∗
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∂G∗

−i

∂Rj g
∗
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iui

G
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−i

∂qs
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−i

∂Ri g
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∂G∗

−i

∂Rj g
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







−
λ̄ûc

γ̄
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ĝ − g∗1
x̂− x∗

1
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−
λ̄

γ̄








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∂qg
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∂G∗
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∂R1 g∗1 +
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∂R2 g∗2
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∂G̃−2

∂qg
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∂R1 g∗1 +
∂G̃−2

∂R2 g∗2
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∂qs
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∂R1 x∗
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∂qs
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∂R1 x∗
1 +

∂G̃−2

∂R2 x∗
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)









(E.16)



Multiplying equation (E.16) by ∆−1 yields (23). If the public good is additively sepa-
rable in the utility function, the marginal utility of the public good coincides between
a low-skilled and a high-skilled individual. In this case, equation (E.16) reduces to

∆

(

−tg
rtsqs
1+r

)

= −
uG

γ̄
(π1 + π2 − 1)δ1 −

λ̄ûc

γ̄

(
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− ûG

(

∂G̃−2

∂qg
+ ∂G̃−2

∂R1 g∗1 +
∂G̃−2

∂R2 g∗2

)

uG

(

∂G∗

−2

∂qs
+

∂G∗

−2

∂R1 x∗
1 +

∂G∗

−2

∂R2 x∗
2

)

− ûG
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(E.17)

where δ1 indicates the first column vector of ∆. Multiplying equation (E.17) by ∆−1

yields (24).


