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Abstract
This study investigates strategic interplay between government's output subsidies and firms' R&D rivalry in an

extensive endogenous timing game. We find that research spillovers are crucial in determining multiple equilibria of the

game, which yields different welfare consequences. We show that a simultaneous-move game appears at equilibrium if

the spillovers rate is extremely low, but it is always socially undesirable. We also show that the government plays as a

leader or a follower at equilibrium, while it could cause welfare loss unless spillovers rate is either high or sufficiently

low. Our findings suggest that the appropriate role of the government in providing output subsidies should be based on

the rate of research spillovers when the firms strategically choose their endogenous timings of R&D activities.
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1. Introduction 

A number of studies have examined the strategic interactions between output subsidies and 
firms’ R&D activities, and revealed that research spillovers are critical to assess the welfare 
effect of government intervention. For example, Leahy and Neary (1997) addressed the 
strategic relationship between optimal output (or R&D) subsidies and firms’ R&D investments. 
Lee (1998) found the role of research spillovers in the mechanism design of output subsidy 
policy under asymmetric information. Poyago-Theotoky and Teerasuwannajak (2002) and Lee 
and Park (2021) analysed the environmental tax (or output subsidy) policy toward firm’s 
investment on abatement technology in private and mixed markets, respectively.1 

In a formal theoretical operation with regulatory frameworks between the government and 
firms’ R&D rivalry, it is traditional to assume that a firm’s decision is sequentially finalized 
after subsidy policy realization. That is, the output subsidy rate is exogenously fixed when 
firms determine their R&D decisions in a committed policy setting where the government 
credibly commits to its policy rule and subsidy rate. As Leahy and Neary (1997) and Chen et 
al. (2022) highlighted, on the other hand, opportunistic decision in a different timing is critical 
to economic performance if the firm determines its R&D before the government announces its 
optimal policy rate. That is, firms could induce the government to adjust the output subsidy 
rate in a way that favors them in a time-consistency framework.2 However, previous works 
have considered a fixed timing relation between output subsidies and firms’ R&D investments. 

This study investigates strategic relations between government’s output subsidies and 
duopolistic firms’ R&D rivalry in an endogenous timing game with research spillovers. We 
consider an observable delay game with a three-period and three-player model, extending the 
formulation of the two-period and two-player model by Hamilton and Slutsky (1990) in a 
homogeneous duopolistic competition. In the presence of research spillovers, each firm 
determines its cost-reducing R&D investment while the government ascertains the output 
subsidy rate individually, either simultaneously or sequentially. We adopt the analysis of Amir 
et al. (2000) in an endogenous decisions of R&D timing game between the firms where both 
firms compete in a Cournot fashion in the last stage of output choices. 3  This structural 
enhancement of the model allows us to anticipate when the government or the firm is likely to 
play either a leader or a follower in decision-making in the interplay between R&D investments 
and output subsidies.  

We show that research spillovers are crucial in determining multiple equilibria of the game, 
which provides different welfare consequences. First, a simultaneous-move game appears at 

                                                   
1 Haruna and Goel (2017), and Lee and Muminov (2021a, 2021b) emphasised the role of public institutions in the 
presence of research spillovers and examined the effect of output subsidies on R&D investments in mixed markets. 
1 Some related studies on the time-consistent policy can be also found in the recent literature such as Leal et al. 
(2018) and Garcia et al. (2018). 
2 Some related studies on the time-consistent policy can be also found in the recent literature such as Leal et al. 
(2018) and Garcia et al. (2018). 
3 Using the framework in Amir et al. (2000), Leal et al. (2021) examined a private duopoly with corporate social 
responsibility and Lee and Muminov (2021b) analyzed a mixed duopoly with a public firm. They all showed that 
simultaneous choice of R&D appears when spillovers rate is low, while sequential choice of R&D appears when 
spillovers rate is high. 



equilibrium if the spillovers rate is extremely low, but it is always socially undesirable. Second, 
the government followership (as a last mover) with either a simultaneous-move or a sequential-
move between firms appears unless the spillovers rate is low, but it is socially desirable only 
when the spillovers rate is sufficiently high. Third, the government leadership (as a first mover) 
with a simultaneous-move between firms appears if the spillovers rate is intermediate, but it is 
socially desirable only when the spillovers rate is low enough. Thus, if the spillovers rate is not 
extremely low, the government plays a leader or a follower at equilibrium, while it could cause 
welfare loss unless spillovers are either sufficiently high or low enough but not extremely low. 
Our findings suggest that the appropriate role of the government in providing output subsidies 
should be based on the rate of research spillovers when the firms strategically choose their 
endogenous timings of R&D activities. 

2. The Model 

We consider a duopoly market in which two firms (1 and 2) produce homogeneous goods. The 
inverse demand function is linear, ܲ = � − ܳ where ܲ is the market price, ܳ = ଵݍ +  ଶ is theݍ

market total output, and ݍ௜ is the output of firm i=1,2. Then, consumer surplus is �ܵ = �మଶ . 

Following d’Aspremont et al. (1988) in a standard model of cost-reducing R&D investment 
with research spillovers, we assume that the cost functions in output production and R&D 
investment are ex-ante identical between the firms and are given as: �ሺݍ௜, �௜ሻ = (� − �௜ − ��௝)ݍ௜  and   �ሺ�௜ሻ = �௜ଶ,      ��ݎ ݅ = ͳ,ʹ and ݅ ≠ ݆.                            (1) 

where �௜ is the outcome of R&D investment for firm i and � ∈ [Ͳ,ͳ] is the rate of spillovers. 

The initial cost � reduces according to each firm’s R&D outcome, �௜ , and the opponent’s R&D 

outcome, ��௝, where � > � > Ͳ. The firm must spend �ሺ�௜ሻ = �௜ଶ to implement cost-reducing 

R&D investment that causes decreasing returns to scale. 

We also assume that each firm is granted an output subsidy, ݏ > Ͳ, which is the per-unit 
subsidy rate to output, financed by the government. Then, the profit function of the firm is: �௜ = (� − ௜ݍ − ௜ݍ௝ሻݍ − ሺ� − �௜ − ��௝)ݍ௜ − �௜ଶ + ,௜ݍ ݏ ݅ ݎ�� = ͳ,ʹ and  ݅ ≠ ݆.                      (2) 

Social welfare is the sum of consumer surplus and firms’ profit minus total subsidy: � = �ܵ + �ଵ + �ଶ − ଵݍሺݏ +  ଶሻ.                                                                                            (3)ݍ

We consider a multi-stage game in which both the government and the firms first 
determine their output subsidy rate and cost-reducing R&D investments, respectively, either 
simultaneously or sequentially, given the rate of spillovers, and subsequently, firms play in 
Cournot competition in the last output stage. We solve the subgame perfect Nash equilibrium 

of these games by backward induction. 

 



3. The Analysis 

In the analysis, we extend an observable delay game in a two-period and two-player framework 
formulated by Hamilton and Slutsky (1990) to a three-period and three-player framework in 
which the government (G) and both firms (firm F1 and firm F2) choose their timing to move 
among ௞ܶ = ͳ,ʹ,͵ where ݇ = ,ܩ ,ͳܨ  ,in determining their output subsidy and R&D choices ʹܨ
respectively. If all players choose the same period, the equilibrium of a simultaneous-move 
game is yielded. If all players select a different period, the equilibrium of a successive 
sequential-move game is yielded. Otherwise, the various equilibria of both simultaneous-move 
and sequential-move games with leadership or followership emerges. Table 1 illustrates the 
matrix of the game.  

Table 1: Matrix of an endogenous timing game 
Government ܶீ = ͳ ܶீ = ʹ ܶீ = ͵ 

Firm1 

Firm2 
ிܶଵ = ͳ ிܶଵ = ʹ ிܶଵ = ͵ ிܶଵ = ͳ ிܶଵ = ʹ ிܶଵ = ͵ ிܶଵ = ͳ ிܶଵ = ʹ ிܶଵ = ͵ 

ிܶଶ = ͳ ሺͳ,ͳ,ͳሻ ሺͳ,ʹ,ͳሻ ሺͳ,͵,ͳሻ ሺʹ,ͳ,ͳሻ ሺʹ,ʹ,ͳሻ ሺʹ,͵,ͳሻ ሺ͵,ͳ,ͳሻ ሺ͵,ʹ,ͳሻ ሺ͵,͵,ͳሻ 

ிܶଶ = ʹ ሺͳ,ͳ,ʹሻ ሺͳ,ʹ,ʹሻ ሺͳ,͵,ʹሻ ሺʹ,ͳ,ʹሻ ሺʹ,ʹ,ʹሻ ሺʹ,͵,ʹሻ ሺ͵,ͳ,ʹሻ ሺ͵,ʹ,ʹሻ ሺ͵,͵,ʹሻ 

ிܶଶ = ͵ ሺͳ,ͳ,͵ሻ ሺͳ,ʹ,͵ሻ ሺͳ,͵,͵ሻ ሺʹ,ͳ,͵ሻ ሺʹ,ʹ,͵ሻ ሺʹ,͵,͵ሻ ሺ͵,ͳ,͵ሻ ሺ͵,ʹ,͵ሻ ሺ͵,͵,͵ሻ 

In Table 1, the order of parentheses indicates the timing to move of each player, that is, 
(ܶீ , ிܶଵ, ிܶଶሻ  where ௞ܶ = ͳ,ʹ,͵  and ݇ = ,ܩ ,ͳܨ  There are 27 subgames in choosing the . ʹܨ
timing of movement in total among three-player and three-timing. Due to its symmetry, we can 
reduce the total number to eight cases as follows: 

(1) Case I: a simultaneous-move game: (ܶீ , ிܶଵ, ிܶଶሻ={(1,1,1), (2,2,2), and (3,3,3)} 

(2) Case II: a simultaneous-move game between the government and one firm, and  subsequent 
sequential-move game with the other firm’s followership: (ܶீ , ிܶଵ, ிܶଶሻ={(1,1,2), (1,1,3), 
(2,2,3); (1,2,1), (1,3,1), (2,3,2)} 

(3) Case III: the government’s leadership with a simultaneous-move game between the firms: 
(ܶீ , ிܶଵ, ிܶଶሻ={(1,2,2), (1,3,3), (2,3,3)} 

(4) Case IV: a successive sequential-move game with the government’s leadership: 
(ܶீ , ிܶଵ, ிܶଶሻ={(1,2,3), (1,3,2)} 

(5) Case V: the government’s followership with s simultaneous-move game between the firms: 
(ܶீ , ிܶଵ, ிܶଶሻ={(2,1,1), (3,1,1), (3,2,2)} 

(6) Case VI: one firm’s leadership with a simultaneous-move game between the government 
and the other firm: (ܶீ , ிܶଵ, ிܶଶሻ={(2,1,2), (3,1,3), (3,2,3); (2,2,1), (3,3,1), (3,3,2)} 

(7) Case VII: a successive sequential-move game with the government’s intermediation: ሺܶீ , ிܶଵ, ிܶଶሻ={(2,1,3), (2,3,1)} 

(8) Case VIII: a successive sequential-move game with the government followership: ሺܶீ , ிܶଵ, ிܶଶሻ={(3,1,2), (3,2,1)} 



In Appendix A, we examine the equilibrium outcomes with respect to output subsidy, 

R&D investments, outputs, profits, and social welfare in each case. Note that in the last stage, 

both firms decide on their outputs simultaneously, given the output subsidy rate and R&D 

investments. The first order condition of the firm yields the following equilibrium output:4
௜ݍ  = ଵଷ ሺ� − � + ݏ + ሺʹ − �ሻ�௜ + ሺʹ� − ͳሻ�௝ሻ where ݅ = ͳ,ʹ                                                (4) 

Then, equilibrium output increases as either output subsidy or its own R&D increases while it 

decreases as its rival’s R&D increases if � < Ͳ.ͷ . Thus, the spillovers rate is crucial in 
determining the firm’s equilibrium output. 

We compare equilibrium outcomes and find equilibrium outcomes of an endogenous 

timing game between both firms and the government. We first compare the profits of the firms, 

given the choice of the government, and find equilibrium choices of (Tୋ, T୊ଵ, T୊ଶሻ  in the 

subgames.5 

Lemma 1.  
(1) Suppose ܶீ = ͳ. Then, the equilibrium outcomes between the firms are (1,1,1) if Ͳ ൑ � ൑Ͳ.ʹʹͳ; (1,2,2), (1,3,3) if Ͳ.ʹʹͳ < � ൑ Ͳ.ͷ; either (1,2,3) or (1,3,2) if Ͳ.ͷ < � ൑ ͳ. 
(2) Suppose ܶீ = ʹ. Then, the equilibrium outcomes between the firms are (2,1,1) if Ͳ ൑ � ൑Ͳ.ʹ͵͸; (2,1,1), (2,3,3) if Ͳ.ʹ͵͸ < � ൑ Ͳ.ʹ͵ͺ (2,3,3) if Ͳ.ʹ͵ͺ < � ൑ ͳ. 
(3) Suppose ܶீ = ͵. Then, the equilibrium outcomes between the firms are (3,1,1) if Ͳ ൑ � ൑Ͳ.͵͵͵; (3,1,2), (3,2,1) if Ͳ.͵͵͵ < � ൑ ͳ.  

Lemma 1 shows that the government activity in different timings of equilibria depends on the 
rate of spillovers. Note that neither Case II nor Case VI, VII can be an equilibrium. 

We then compare the welfare levels of WሺTୋ, T୊ଵ, T୊ଶሻ, given the firms’ choices of timing, 
and examine the government decision of timing.  

Lemma 2.  
(1) Suppose that ிܶଵ = ிܶଶ = ͳ. Then, �ሺͳ,ͳ,ͳሻ >< �ሺʹ,ͳ,ͳሻ = �ሺ͵,ͳ,ͳሻ if � <> Ͳ.ʹ͸͹; 

(2) Suppose that ிܶଵ = ͳ, ிܶଶ = ʹ.  Then, �ሺͳ,ͳ,ʹሻ >< �ሺʹ,ͳ,ʹሻ  if � <> Ͳ.ʹͻ͵ ; �ሺʹ,ͳ,ʹሻ >< �ሺ͵,ͳ,ʹሻ  if � <> Ͳ.ʹ͸ͻ; �ሺͳ,ͳ,ʹሻ >< �ሺ͵,ͳ,ʹሻ if � <> Ͳ.ʹ͹ͺ;  
(3) Suppose that ிܶଵ = ͳ, ிܶଶ = ͵.  Then, �ሺͳ,ͳ,͵ሻ ൒ �ሺʹ,ͳ,͵ሻ  if Ͳ.ͳͳ͵ ൑ � ൑ Ͳ.ʹͺͺ ; �ሺʹ,ͳ,͵ሻ >�ሺ͵,ͳ,͵ሻ for all � ∈ [Ͳ,ͳ]. 
(4) Suppose that ிܶଵ = ʹ, ிܶଶ = ͳ.  Then, �ሺͳ,ʹ,ͳሻ >< �ሺʹ,ʹ,ͳሻ  if � <> Ͳ.ʹͻ͵ ; �ሺͳ,ʹ,ͳሻ >< �ሺ͵,ʹ,ͳሻ  if � <> Ͳ.ʹ͹ͺ; �ሺʹ,ʹ,ͳሻ >< �ሺ͵,ʹ,ͳሻ if � <> Ͳ.ʹ͸ͻ; 

(5) Suppose that ிܶଵ = ிܶଶ = ʹ.  Then, �ሺʹ,ʹ,ʹሻ >< �ሺ͵,ʹ,ʹሻ  if � <> Ͳ.ʹ͸͹ ;  �ሺͳ,ʹ,ʹሻ >< �ሺ͵,ʹ,ʹሻ  if � <> Ͳ.ʹ͹Ͷ; �ሺͳ,ʹ,ʹሻ ൒ �ሺʹ,ʹ,ʹሻ for all � ∈ [Ͳ,ͳ]; 
(6) Suppose that ிܶଵ = ʹ, ிܶଶ = ͵.  Then, �ሺʹ,ʹ,͵ሻ >< �ሺ͵,ʹ,͵ሻ  if � <> Ͳ.ʹͻ͵ ; �ሺͳ,ʹ,͵ሻ >< �ሺ͵,ʹ,͵ሻ  if � <> Ͳ.ʹͻ͹; �ሺͳ,ʹ,͵ሻ ൒ �ሺʹ,ʹ,͵ሻ for all � ∈ [Ͳ,ͳ]. 
                                                   
4 Note that the second-order and stability conditions are satisfied. 
5 Note that the threshold of the spillovers rate for each equilibrium outcome is represented by numbers with three 
decimal places for expositional convenience. Proofs of lemmas and propositions are provided in Appendix B. 



(7) Suppose that ிܶଵ = ͵, ிܶଶ = ͳ. Then, �ሺͳ,͵,ͳሻ >< �ሺ͵,͵,ͳሻ if � <> Ͳ.ʹͻ͵; �ሺͳ,͵,ͳሻ ൒ �ሺʹ,͵,ͳሻ if Ͳ.ͳͳ͵ ൑ � ൑ Ͳ.ʹͺͺ; �ሺʹ,͵,ͳሻ ൒ �ሺ͵,͵,ͳሻ for all � ∈ [Ͳ,ͳ]; 
(8) Suppose that ிܶଵ = ͵, ிܶଶ = ʹ.  Then �ሺͳ,͵,ʹሻ >< �ሺ͵,͵,ʹሻ  if � <> Ͳ.ʹͻ͹ ; �ሺʹ,͵,ʹሻ >< �ሺ͵,͵,ʹሻ  if � <> Ͳ.ʹͻ͵; �ሺͳ,͵,ʹሻ ൒ �ሺʹ,͵,ʹሻ for all � ∈ [Ͳ,ͳ]; 
(9) Suppose that ிܶଵ = ிܶଶ = ͵. Then, �ሺͳ,͵,͵ሻ, ሺʹ,͵,͵ሻ ൒ �ሺ͵,͵,͵ሻ for all � ∈ [Ͳ,ͳ]. 

Using Lemmas 1 and 2, we obtain the following proposition. 

Proposition 1. The equilibrium outcome of an endogenous timing game is as follows: 
(1) Case I is an equilibrium if Ͳ ൑ � ൑ Ͳ.ʹʹͳ. 
(2) Case III is an equilibrium if Ͳ.ʹʹͳ < � ൑ Ͳ.ͷ. 
(3) Case V is an equilibrium if Ͳ.ʹ͸͹ < � ൑ Ͳ.͵͵͵. 
(4) Case VIII is an equilibrium if Ͳ.͵͵͵ < � ൑ ͳ. 

Proposition 1 shows that a simultaneous-move game (Case I) appears if the spillovers rate is 
sufficiently low (Ͳ ൑ � ൑ Ͳ.ʹʹͳሻ, while the government leadership (as a first mover) with a 
simultaneous-move game between the firms (Cases III) appears if the spillovers rate is 
intermediate (Ͳ.ʹʹͳ < � ൑ Ͳ.ͷ).6 It implies that if the spillovers rate is not sufficiently low, 
the commitment of the output subsidy policy is attainable in an equilibrium while both firms 
determine R&D investments simultaneously after observing government policy. These findings 
support the traditional approach in the optimal subsidy policy wherein a firm’s decision is 
sequentially finalized after subsidy policy realization. That is, the output subsidy rate is 
exogenously fixed when firms determine their R&D decisions in a committed policy setting 
where the government credibly commits to its policy rule and subsidy rate.  

However, unless the spillovers rate is sufficiently low (Ͳ.ʹ͸͹ < � ൑ ͳ), the government 
followership (as a last mover) either with a simultaneous-move game between the firms (Case 
V if Ͳ.ʹ͸͹ < � ൑ Ͳ.͵͵͵ሻ or with a sequential game between firms (Case VIII if Ͳ.͵͵͵ < � ൑ͳ) appears This implies that the government does not necessarily commit to the output subsidy 
rate but chooses the policy option opportunistically after observing firms’ R&D investments 
unless the spillovers rate is sufficiently low. Thus, a time-inconsistency problem in the 
commitment on government output subsidy policy could occur wherein a different timing 
between the two competing firms appear either simultaneously or sequentially. Subsequently, 
a sequential-move game between firms under the time-consistent government policy yields that 
a leading firm provides a higher output and R&D investment with reduced profit. Therefore, 
our analysis highlights the feasible role of government policy to improve welfare if the firms 
determines the strategic timing of R&D activities while the spillovers rate is crucial in the 
endogenous timing game.  

4. Welfare Comparisons  

We now compare the welfare consequences of the equilibrium outcomes. We first compare the 

                                                   
6 In the absence of the government, Amir et al. (2000) also showed that simultaneous choice of R&D appears 
when spillovers rate is below 0.5, while sequential choice of R&D appears otherwise. 



welfare levels of the eight possible cases in the above analysis. 

Lemma 3. The welfare comparisons present the followings: 
(1) Case ೀ provides the highest welfare if Ͳ ൑ � ൑ Ͳ.ʹ͵͵; 
(2) Case ು provides the highest welfare if Ͳ.ʹ͵͵ < � ൑ Ͳ.ʹ͹ͺ; 
(3) Case ೂ provides the highest welfare if Ͳ.ʹ͹ͺ < � ൑ Ͳ.͵͵͵; 
(4) Case Ⅷ provides the highest welfare if Ͳ.͵͵͵ < � ൑ ͳ. 

Lemma 3 shows that only Cases III, IV, V, and VIII are socially desirable but Case I is not. 
Thus, from Proposition 1, a simultaneous-move game is always socially undesirable even 
though it is an equilibrium if the spillovers rate is extremely low. Furthermore, Case IV is 
socially desirable but it is not an equilibrium. 

Using Proposition 1 and Lemma 3, we obtain the following proposition:  

Proposition 2. The equilibrium outcome of an endogenous timing game is socially desirable 
only when (i) Case III if Ͳ.ʹʹͳ < � ൑ Ͳ.ʹʹ͵: (ii) Case V if Ͳ.ʹ͹ͺ < � ൑ Ͳ.͵͵͵: and (iii) Case 
VIII if Ͳ.͵͵͵ < � ൑ ͳ.  

Proposition 2 show that the government leadership with a simultaneous-move between firms 
(Case III) appears if the spillovers rate is intermediate, but it is socially desirable only when 
the spillovers rate is low enough, while the government followership with either a 
simultaneous-move (Case V) or a sequential-move (Case VIII) between firms appears unless 
the spillovers rate is sufficiently low, but it is not always socially desirable. Therefore, if the 
spillovers rate is not extremely low, the government plays a leader or a follower at equilibrium, 
while it could cause a welfare loss unless spillovers are either high or sufficiently low. 
Therefore, the appropriate role of the government in providing output subsidies should be based 
on the rate of research spillovers when the firms strategically choose their endogenous R&D 
timings. 
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Appendix A.: Equilibrium outcomes 

In the last stage, we can obtain the equilibrium outputs from Eq.(4). Using them, we can 
examine a fixed timing game in each case among the government who maximizes Eq.(3) and 
the firms where each maximizes Eq.(2), simultaneously or sequentially. Then, we can provide 
the following equilibrium outcomes in each case. 

Case ಾ. ݏ� = ଷሺ�−�ሻସ−�+�మ , �ଵ� = �ଶ� = ሺ�−�ሻሺଶ−�ሻସ−�+�మ �ଵݍ ,  = �ଶݍ = ଷሺ�−�ሻସ−�+�మ , �ଵ� = �ଶ� = ሺ�−�ሻమሺହ+ସ�−�మሻሺସ−�+�మሻమ  , �� =ଶሺ�−�ሻమሺହ+ସ�−�మሻሺସ−�+�మሻమ .  

Case ಿ. ݏ = ሺ�−�ሻሺଵଶ+ଵ଴଻�−ଷ�మ−ଷ଺�య+଼�రሻଶସ+ଵ଴଼�−ଵ଴ଽ�మ+଼ଶ�య−ସସ�ర+ଶଷ�ఱ−଼�ల+�ళ  �௜ = ሺ�−�ሻሺଵ଺+ଷ଺�−ସଶ�మ+ଷ଺�య−ଶ଻�ర+ଽ�ఱ−�లሻଶସ+ଵ଴଼�−ଵ଴ଽ�మ+଼ଶ�య−ସସ�ర+ଶଷ�ఱ−଼�ల+�ళ ൒ �௝ = ሺ�−�ሻሺଶ−�ሻሺସ+ଷଽ�−ଷ଴�మ+ଵ଻�య−଻�ర+�ఱሻଶସ+ଵ଴଼�−ଵ଴ଽ�మ+଼ଶ�య−ସସ�ర+ଶଷ�ఱ−଼�ల+�ళ  ݍ௜ = ሺ�−�ሻሺଶ଴+଻ଵ�+ହ�మ−ଷସ�య+ଵଵ�ర−�ఱሻଶସ+ଵ଴଼�−ଵ଴ଽ�మ+଼ଶ�య−ସସ�ర+ଶଷ�ఱ−଼�ల+�ళ ൒ ௝ݍ = ଷሺ�−�ሻሺସ+ଷଽ�−ଷ଴�మ+ଵ଻�య−଻�ర+�ఱሻଶସ+ଵ଴଼�−ଵ଴ଽ�మ+଼ଶ�య−ସସ�ర+ଶଷ�ఱ−଼�ల+�ళ  �௜ = ሺ�−�ሻమሺସ+ଵଵ�−଻�మ+�యሻమሺଽ+ହ଺�−ଵସ�మ+଼�య−଻�ర+ସ�ఱ−�లሻሺଶସ+ଵ଴଼�−ଵ଴ଽ�మ+଼ଶ�య−ସସ�ర+ଶଷ�ఱ−଼�ల+�ళሻమ   �௝ = ሺ�−�ሻమሺହ+ସ�−�మሻሺସ+ଷଽ�−ଷ଴�మ+ଵ଻�య−଻�ర+�ఱሻమሺଶସ+ଵ଴଼�−ଵ଴ଽ�మ+଼ଶ�య−ସସ�ర+ଶଷ�ఱ−଼�ల+�ళሻమ  where π୧II >< π୨II if β <> Ͳ.ͷ. � = ሺ�−�ሻమሺ଻଴ସ+଻ଶଽ଺�+ଵ଻଻ହ଺�మ−ଵଽ଺ଷ଴�య+଻଼଼ଽ�ర+ସସହ଺�ఱ−ଵ଴ଶ଴ଽ�ల+଼଼଴଴�ళ−ହଶ଴଴�ఴ+ଶଵଶ଴�వ−ହଷଶ�భబ+଻ଶ�భభ−ସ�భమሻଶሺଶସ+ଵ଴଼�−ଵ଴ଽ�మ+଼ଶ�య−ସସ�ర+ଶଷ�ఱ−଼�ల+�ళሻమ   

Case ೀ. ݏ = ሺ�−�ሻሺ଻+ଵଵ�−ହ�మሻଶሺ଻−଻�+ସ�మሻ  , �ଵ = �ଶ = ଷሺ�−�ሻሺଶ−�ሻଶሺ଻−଻�+ସ�మሻ , ݍଵ = ଶݍ = ଽሺ�−�ሻଶሺ଻−଻�+ସ�మሻ , �ଵ = �ଶ =ଽሺ�−�ሻమሺହ+ସ�−�మሻସሺ଻−଻�+ସ�మሻమ , � = ଽሺ�−�ሻమଶሺ଻−଻�+ସ�మሻ 



Case ು. ݏ = ሺ�−�ሻሺଶ଴+ଷଶଷ�+ଵହଷସ�మ+ହଶଶ�య−ଵଵ଼ଵ�ర+ଽହଽ�ఱ−଼଴଻�ల+ସସଷ�ళ−ଵ଻ଽ�ఴ+ହ଴�వ−଺�భబሻହଶ+ହ଺଺�+ଵ଴ଵ଻�మ−ଵ଺ଷ଴�య+ଵ଻ଷ଻�ర−ଵସ଼ଶ�ఱ+ଵଵ଴ଶ�ల−ହହ଼�ళ+ଶଵ଴�ఴ−଺଴�వ+଼�భబ   �௜ = ሺ�−�ሻሺ଼+ସଽ�−ଽ�మ+ଶ�య−ଶ�రሻሺସ+ଵ଴�−଼�మ+଻�య−ହ�ర+�ఱሻହଶ+ହ଺଺�+ଵ଴ଵ଻�మ−ଵ଺ଷ଴�య+ଵ଻ଷ଻�ర−ଵସ଼ଶ�ఱ+ଵଵ଴ଶ�ల−ହହ଼�ళ+ଶଵ଴�ఴ−଺଴�వ+଼�భబ  �௝ = ሺ�−�ሻሺଶ−�ሻሺ଼+ଵଶଽ�+ସସଵ�మ−ଷ଴ଽ�య+ଶ଴ଶ�ర−ଵ଴଺�ఱ+ଶହ�ల−଼�ళ+ଶ�ఴሻହଶ+ହ଺଺�+ଵ଴ଵ଻�మ−ଵ଺ଷ଴�య+ଵ଻ଷ଻�ర−ଵସ଼ଶ�ఱ+ଵଵ଴ଶ�ల−ହହ଼�ళ+ଶଵ଴�ఴ−଺଴�వ+଼�భబ  ݍ௜ = ሺ�−�ሻሺସ଴+ଷଽ଻�+ଽଷସ�మ+଻଻�య−ଷ଺ଵ�ర+଼଺�ఱ−ଷହ�ల+ଵ଺�ళ−ଶ�ఴሻହଶ+ହ଺଺�+ଵ଴ଵ଻�మ−ଵ଺ଷ଴�య+ଵ଻ଷ଻�ర−ଵସ଼ଶ�ఱ+ଵଵ଴ଶ�ల−ହହ଼�ళ+ଶଵ଴�ఴ−଺଴�వ+଼�భబ  ݍ௝ = ଷሺ�−�ሻሺ଼+ଵଶଽ�+ସସଵ�మ−ଷ଴ଽ�య+ଶ଴ଶ�ర−ଵ଴଺�ఱ+ଶହ�ల−଼�ళ+ଶ�ఴሻହଶ+ହ଺଺�+ଵ଴ଵ଻�మ−ଵ଺ଷ଴�య+ଵ଻ଷ଻�ర−ଵସ଼ଶ�ఱ+ଵଵ଴ଶ�ల−ହହ଼�ళ+ଶଵ଴�ఴ−଺଴�వ+଼�భబ  �௜ = ሺ�−�ሻమሺଽ+ହ଺�−ଵସ�మ+଼�య−଻�ర+ସ�ఱ−�లሻሺ଼+଻ଷ�+ଵଷ଴�మ−଻ସ�య+ଵଷ�ర−଼�ఱ+ଶ�లሻమሺହଶ+ହ଺଺�+ଵ଴ଵ଻�మ−ଵ଺ଷ଴�య+ଵ଻ଷ଻�ర−ଵସ଼ଶ�ఱ+ଵଵ଴ଶ�ల−ହହ଼�ళ+ଶଵ଴�ఴ−଺଴�వ+଼�భబሻమ  �௝ = ሺ�−�ሻమሺହ+ସ�−�మሻሺ଼+ଵଶଽ�+ସସଵ�మ−ଷ଴ଽ�య+ଶ଴ଶ�ర−ଵ଴଺�ఱ+ଶହ�ల−଼�ళ+ଶ�ఴሻమሺହଶ+ହ଺଺�+ଵ଴ଵ଻�మ−ଵ଺ଷ଴�య+ଵ଻ଷ଻�ర−ଵସ଼ଶ�ఱ+ଵଵ଴ଶ�ల−ହହ଼�ళ+ଶଵ଴�ఴ−଺଴�వ+଼�భబሻమ  � = ሺ�−�ሻమሺ଼+ସଽ�−ଽ�మ+ଶ�య−ଶ�రሻమଶሺହଶ+ହ଺଺�+ଵ଴ଵ଻�మ−ଵ଺ଷ଴�య+ଵ଻ଷ଻�ర−ଵସ଼ଶ�ఱ+ଵଵ଴ଶ�ల−ହହ଼�ళ+ଶଵ଴�ఴ−଺଴�వ+଼�భబሻ  
Note that (i) q୧IV ൒ q୨IV, x୧IV ൒ x୨IV for all β ∈ [Ͳ,ͳ]; (ii) π୧IV >< π୨IV if β <> Ͳ.ͷ.  

Case ೂ. ݏ = ସሺ�−�ሻହ−ଶ�+�మ , �ଵ = �ଶ = ሺ�−�ሻሺଷ−�ሻହ−ଶ�+�మ ଵݍ ,  = ଶݍ = ସሺ�−�ሻହ−ଶ�+�మ , �ଵ = �ଶ = ሺ�−�ሻమሺ଻+଺�−�మሻሺହ−ଶ�+�మሻమ  , � = ଶሺ�−�ሻమሺ଻+଺�−�మሻሺହ−ଶ�+�మሻమ  

Case ೃ. ݏ = ሺ�−�ሻሺ−ଽ−ହ଺�+ଵ଴�మ−ଵ଴�య+ହ�రሻ−ଵଵ−଻଴�+ଶ଼�మ−ଵ଼�య+ଵଽ�ర−ଵ଺�ఱ+ସ�ల, �௜ = − ଶሺ�−�ሻሺହ+ଵସ�−ସ�మ+ଵଵ�య−ଵ଴�ర+ଶ�ఱሻ−ଵଵ−଻଴�+ଶ଼�మ−ଵ଼�య+ଵଽ�ర−ଵ଺�ఱ+ସ�ల,  �௝ = ଶሺ�−�ሻሺଶ−�ሻሺ−ଵ−ଵଵ�+଺�మ−଺�య+ଶ�రሻ−ଵଵ−଻଴�+ଶ଼�మ−ଵ଼�య+ଵଽ�ర−ଵ଺�ఱ+ସ�ల, ݍ௜ = − ଶሺ�−�ሻሺ଺+ଶଷ�+଼�మ−଼�య+�రሻ−ଵଵ−଻଴�+ଶ଼�మ−ଵ଼�య+ଵଽ�ర−ଵ଺�ఱ+ସ�ల,  ݍ௝ = ଺ሺ�−�ሻሺ−ଵ−ଵଵ�+଺�మ−଺�య+ଶ�రሻ−ଵଵ−଻଴�+ଶ଼�మ−ଵ଼�య+ଵଽ�ర−ଵ଺�ఱ+ସ�ల, , �௜ = − ସሺ�−�ሻమሺ−ଵ−ଷ�+�మሻమ−ଵଵ−଻଴�+ଶ଼�మ−ଵ଼�య+ଵଽ�ర−ଵ଺�ఱ+ସ�ల,  �௝ = ସሺ�−�ሻమሺହ+ସ�−�మሻሺଵ+ଵଵ�−଺�మ+଺�య−ଶ�రሻమሺଵଵ+଻଴�−ଶ଼�మ+ଵ଼�య−ଵଽ�ర+ଵ଺�ఱ−ସ�లሻమ ,  � = − ସሺ�−�ሻమሺ−ଵ଺−ଶହ଴�−ଵଵ଴ଵ�మ−଼଼�య+ଶ଼ହ�ర−ସ଺ଶ�ఱ+ହ଴ହ�ల−ସହ଺�ళ+ଶ଻ଽ�ఴ−଼଴�వ+଼�భబሻሺଵଵ+଻଴�−ଶ଼�మ+ଵ଼�య−ଵଽ�ర+ଵ଺�ఱ−ସ�లሻమ   

Note that (i) q୧VI ൒ q୨VI, x୧VI ൒ x୨VI for all β ∈ [Ͳ,ͳ]; (ii) π୧VI >< π୨VI if β <> Ͳ.ͶͲͷ.  

Case ೄ. ݏ = ሺ�−�ሻሺ−ଷଷ−ଶ଻଺�−ଷଷ଼�మ−ଽ�య+ଵଷ଼�ర−ଵଶ଻�ఱ+ଵ଴ହ�ల−ଷ଺�ళ+ସ�ఴሻ−଺ଷ−ଷଶସ�−ଷ଴�మ+ଶହଶ�య−ଶଵ଴�ర+଻଴�ఱ−଺ସ�ల−ଶ�ళ+ଶ଼�ఴ−ଵ଴�వ+�భబ  �௜ = − ሺ�−�ሻሺଵ+�ሻమሺଷ଺+଼଻�−଺ସ�మ+ଽସ�య−ଵଶଵ�ర+଺ଵ�ఱ−ଵଷ�ల+�ళሻ−଺ଷ−ଷଶସ�−ଷ଴�మ+ଶହଶ�య−ଶଵ଴�ర+଻଴�ఱ−଺ସ�ల−ଶ�ళ+ଶ଼�ఴ−ଵ଴�వ+�భబ  �௝ = ሺ�−�ሻሺଶ−�ሻሺଵ+�ሻሺ−ଵଶ−଼ଵ�+ସହ�మ−ଷସ�య−ଵ଻�ర+ଷ଴�ఱ−ଵ଴�ల+�ళሻ−଺ଷ−ଷଶସ�−ଷ଴�మ+ଶହଶ�య−ଶଵ଴�ర+଻଴�ఱ−଺ସ�ల−ଶ�ళ+ଶ଼�ఴ−ଵ଴�వ+�భబ  ݍ௜ = ሺ�−�ሻሺ−ସ଼−ଶହଶ�−ଶଽ଴�మ+଼ଽ�య+଺଼�ర−଺ଵ�ఱ+ଷହ�ల−ଵ଴�ళ+�ఴሻ−଺ଷ−ଷଶସ�−ଷ଴�మ+ଶହଶ�య−ଶଵ଴�ర+଻଴�ఱ−଺ସ�ల−ଶ�ళ+ଶ଼�ఴ−ଵ଴�వ+�భబ  ݍ௝ = ଷሺ�−�ሻሺ−ଵଶ−ଽଷ�−ଷ଺�మ+ଵଵ�య−ହଵ�ర+ଵଷ�ఱ+ଶ଴�ల−ଽ�ళ+�ఴሻ−଺ଷ−ଷଶସ�−ଷ଴�మ+ଶହଶ�య−ଶଵ଴�ర+଻଴�ఱ−଺ସ�ల−ଶ�ళ+ଶ଼�ఴ−ଵ଴�వ+�భబ  �௜ = − ሺ�−�ሻమሺସ+ଵହ�+ସ�మ−଺�య+�రሻమ−଺ଷ−ଷଶସ�−ଷ଴�మ+ଶହଶ�య−ଶଵ଴�ర+଻଴�ఱ−଺ସ�ల−ଶ�ళ+ଶ଼�ఴ−ଵ଴�వ+�భబ  �௝ = ሺ�−�ሻమሺହ−�ሻሺଵ+�ሻయሺଵଶ+଼ଵ�−ସହ�మ+ଷସ�య+ଵ଻�ర−ଷ଴�ఱ+ଵ଴�ల−�ళሻమሺ଺ଷ+ଷଶସ�+ଷ଴�మ−ଶହଶ�య+ଶଵ଴�ర−଻଴�ఱ+଺ସ�ల+ଶ�ళ−ଶ଼�ఴ+ଵ଴�వ−�భబሻమ  � = ሺሺ� − �ሻଶሺͳ + �ሻଶሺ−Ͷͻ͸ͺ − Ͷ͸ͺͳͺ� − ͻ͹ͺͷ͹�ଶ + ͳͲͳ͹͸Ͳ�ଷ + ͳͻͲ͹ͷ�ସ − ͳͺ͵ʹ͸Ͷ�ହ +ʹͲͻͷͷͳ�଺ − ͳͻͳʹ͵Ͷ�଻ + ͳͳͺ͵ͲͲ�଼ − ͵ͺ͵ͺ͸�ଽ + ʹͳͺͻͶ�ଵ଴ − ʹͶͻͺʹ�ଵଵ + ͳͷͷʹͻ�ଵଶ −ͷͳ͸ͺ�ଵଷ + ͻ͸Ͷ�ଵସ − ͻ͸�ଵହ + Ͷ�ଵ଺ሻሻ/ሺ−ʹሺ͸͵ + ͵ʹͶ� + ͵Ͳ�ଶ − ʹͷʹ�ଷ + ʹͳͲ�ସ − ͹Ͳ�ହ +͸Ͷ�଺ + ʹ�଻ − ʹͺ�଼ + ͳͲ�ଽ − �ଵ଴ሻଶሻ   
Note that (i) q୧VII ൒ q୨VII, x୧VII ൒ x୨VII for all β ∈ [Ͳ,ͳ]; (ii) π୧VII >< π୨VII if β <> Ͳ.͵ͻͷ.  



Case ೅. ݏ = ሺ�−�ሻሺ−ଵଵ−ଽ଴�+ଶ଴�మ−ଶଶ�య+଻�రሻ−ଵଷ−ଵ଴଼�+ହସ�మ−ଷ଺�య+ସଷ�ర−ଶସ�ఱ+ସ�ల, �௜ = − ସሺ�−�ሻሺଷ+ଵଵ�−ସ�మ+ଵଶ�య−଻�ర+�ఱሻ−ଵଷ−ଵ଴଼�+ହସ�మ−ଷ଺�య+ସଷ�ర−ଶସ�ఱ+ସ�ల �௝ = ଶሺ�−�ሻሺଷ−�ሻሺ−ଵ−ଵସ�+ଽ�మ−଼�య+ଶ�రሻ−ଵଷ−ଵ଴଼�+ହସ�మ−ଷ଺�య+ସଷ�ర−ଶସ�ఱ+ସ�ల, ݍ௜ = − ଶሺ�−�ሻሺ଻+ଷସ�+ଵ଺�మ−ଵ଴�య+�రሻ−ଵଷ−ଵ଴଼�+ହସ�మ−ଷ଺�య+ସଷ�ర−ଶସ�ఱ+ସ�ల ݍ௝ = ଼ሺ�−�ሻሺ−ଵ−ଵସ�+ଽ�మ−଼�య+ଶ�రሻ−ଵଷ−ଵ଴଼�+ହସ�మ−ଷ଺�య+ସଷ�ర−ଶସ�ఱ+ସ�ల, �௜ = − ସሺ�−�ሻమሺ−ଵ−ସ�+�మሻమ−ଵଷ−ଵ଴଼�+ହସ�మ−ଷ଺�య+ସଷ�ర−ଶସ�ఱ+ସ�ల �௝ = ସሺ�−�ሻమሺ଻+଺�−�మሻሺଵ+ଵସ�−ଽ�మ+଼�య−ଶ�రሻమሺଵଷ+ଵ଴଼�−ହସ�మ+ଷ଺�య−ସଷ�ర+ଶସ�ఱ−ସ�లሻమ ,  � = − ସሺ�−�ሻమሺ−ଶ଴−ସଵସ�−ଶସ଴ହ�మ−ସ଴଴�య+଼ସଽ�ర−ଵଷ଺଺�ఱ+ଵହହ଻�ల−ଵଶ଺଴�ళ+ହହହ�ఴ−ଵଵଶ�వ+଼�భబሻሺଵଷ+ଵ଴଼�−ହସ�మ+ଷ଺�య−ସଷ�ర+ଶସ�ఱ−ସ�లሻమ   

Note that (i) q୧ ൒ q୨ , x୧ ൒ x୨  for all β ∈ [Ͳ,ͳ]; (ii) π୧ >< π୨  if β <> Ͳ.͵͵͵.  

Appendix B. Proofs. 

Proof of Lemma 1: (1) When ܶீ = ͳ, firm 1’s profit ranks are as follows: (i) �ଵሺͳ,ͳ,ͳሻ ><  �ଵሺͳ,ʹ,ͳሻ 
if � <> Ͳ.ʹʹͳ; (ii) �ଵሺͳ,ͳ,ʹሻ ><  �ଵሺͳ,ʹ,ʹሻ if � <> Ͳ.ʹʹͳ; �ଵሺͳ,ͳ,ʹሻ >< �ଵሺͳ,͵,ʹሻ if � <> Ͳ.ʹ͸ͳ; �ଵሺͳ,ʹ,ʹሻ >< �ଵሺͳ,͵,ʹሻ if � <> Ͳ.ͷ; (iii) �ଵሺͳ,ͳ,͵ሻ >< �ଵሺͳ,ʹ,͵ሻ if � <> Ͳ.ʹ͵ͻ; �ଵሺͳ,ͳ,͵ሻ >< �ଵሺͳ,͵,͵ሻ if � <> Ͳ.ʹʹͳ;  �ଵሺͳ,͵,͵ሻ >< �ଵሺͳ,ʹ,͵ሻ if � <> Ͳ.ͷ. Also, firm 2’s profit ranks are as follows: (i) �ଶሺͳ,ͳ,ͳሻ ><  �ଶሺͳ,ͳ,ʹሻ if � <> Ͳ.ʹʹͳ; (ii) �ଶሺͳ,ʹ,ͳሻ ><  �ଶሺͳ,ʹ,ʹሻ if � <> Ͳ.ʹʹͳ; �ଶሺͳ,ʹ,ͳሻ >< �ଶሺͳ,ʹ,͵ሻ if � <> Ͳ.ʹ͸ͳ; �ଶሺͳ,ʹ,ʹሻ >< �ଶሺͳ,ʹ,͵ሻ if � <> Ͳ.ͷ; (iii) �ଶሺͳ,͵,ͳሻ >< �ଶሺͳ,͵,͵ሻ if � <> Ͳ.ʹʹͳ; �ଶሺͳ,͵,ͳሻ >< �ଶሺͳ,͵,ʹሻ if � <> Ͳ.ʹ͵ͻ; �ଶሺͳ,͵,͵ሻ >< �ଶሺͳ,͵,ʹሻ if � <> Ͳ.ͷ. Hence, comparing the profits 
ranks between the firms provides an equilibrium choice of timing between the firms when ܶீ = ͳ.  
(2) When ܶீ = ʹ , firm 1’s profit ranks are as follows: (i) �ଵሺʹ,ͳ,ͳሻ ><  �ଵሺʹ,ʹ,ͳሻ  if � <> Ͳ.ͺͳ͸ ; �ଵሺʹ,ͳ,ͳሻ ><  �ଵሺʹ,͵,ͳሻ  if � <> Ͳ.ʹ͵ͺ ; �ଵሺʹ,ʹ,ͳሻ ൒  �ଵሺʹ,͵,ͳሻ  if Ͳ.Ͳ͵͹ ൑ � ൑ Ͳ.ͳͺ͸ ; (ii) �ଵሺʹ,ͳ,ʹሻ >�ଵሺʹ,ʹ,ʹሻ  for all � ; �ଵሺʹ,ͳ,ʹሻ >< �ଵሺʹ,͵,ʹሻ  if � <> Ͳ.ʹͶ͸ ; �ଵሺʹ,ʹ,ʹሻ ><  �ଵሺʹ,͵,ʹሻ  if � <> Ͳ.ʹʹͳ ; (iii) �ଵሺʹ,ͳ,͵ሻ > �ଵሺʹ,ʹ,͵ሻ  for all � ∈ [Ͳ,ͳ] ; �ଵሺʹ,ͳ,͵ሻ >< �ଵሺʹ,͵,͵ሻ  if � <> Ͳ.ʹ͵͸ ; �ଵሺʹ,ʹ,͵ሻ >< �ଵሺʹ,͵,͵ሻ  if � <> Ͳ.ʹʹͳ . Also, firm 2’s profit ranks are as follows: (i) �ଶሺʹ,ͳ,ͳሻ ><  �ଶሺʹ,ͳ,ʹሻ  if � <> Ͳ.ͺͳ͸ ; �ଶሺʹ,ͳ,ͳሻ ><  �ଶሺʹ,ͳ,͵ሻ  if � <> Ͳ.ʹ͵ͺ ; �ଶሺʹ,ͳ,ʹሻ ൒  �ଶሺʹ,ͳ,͵ሻ  if Ͳ.Ͳ͵͹ ൑ � ൑ Ͳ.ͳͺ͸ ; (ii) �ଶሺʹ,ʹ,ͳሻ >�ଶሺʹ,ʹ,ʹሻ  for all � ; �ଶሺʹ,ʹ,͵ሻ >< �ଶሺʹ,ʹ,ͳሻ  if � >< Ͳ.ʹͶ͸ ; �ଶሺʹ,ʹ,ʹሻ ><  �ଶሺʹ,ʹ,͵ሻ  if � <> Ͳ.ʹʹͳ ; (iii) �ଶሺʹ,͵,ͳሻ > �ଶሺʹ,͵,ʹሻ  for all � ; �ଶሺʹ,͵,͵ሻ >< �ଶሺʹ,͵,ͳሻ  if � >< Ͳ.ʹ͵͸ ; �ଶሺʹ,͵,ʹሻ >< �ଶሺʹ,͵,͵ሻ  if � <> Ͳ.ʹʹͳ. Hence, comparing the profits ranks between the firms provides an equilibrium choice of 
timing between the firms when ܶீ = ʹ. 
(3) When ܶீ = ͵ , firm 1’s profit ranks are as follows: (i) �ଵሺ͵,ͳ,ͳሻ ><  �ଵሺ͵,ʹ,ͳሻ  if � <> Ͳ.͵͵͵ ; �ଵሺ͵,ͳ,ͳሻ ><  �ଵሺ͵,͵,ͳሻ  if � <> Ͳ.ͺͳ͸ ; �ଵሺ͵,ʹ,ͳሻ >  �ଵሺ͵,͵,ͳሻ  for all � ; (ii) �ଵሺ͵,ͳ,ʹሻ > �ଵሺ͵,ʹ,ʹሻ  for 
all � ∈ [Ͳ,ͳ] ; �ଵሺ͵,ͳ,ʹሻ > �ଵሺ͵,͵,ʹሻ  for all � ; �ଵሺ͵,͵,ʹሻ ><  �ଵሺ͵,ʹ,ʹሻ  if � >< Ͳ.ͺͳ͸ ; (iii) �ଵሺ͵,ͳ,͵ሻ, ሺ͵,ʹ,͵ሻ > �ଵሺ͵,͵,͵ሻ  for all � . Also, firm 2’s profit ranks are as follows: 
(i)�ଶሺ͵,ͳ,ͳሻ ><  �ଶሺ͵,ͳ,ʹሻ  if � <> Ͳ.͵͵͵ ; �ଶሺ͵,ͳ,ͳሻ ><  �ଶሺ͵,ͳ,͵ሻ  if � <> Ͳ.ͺͳ͸ ; �ଶሺ͵,ͳ,ʹሻ >  �ଶሺ͵,ͳ,͵ሻ  for 
all � ; (ii) �ଶሺ͵,ʹ,ͳሻ > �ଶሺ͵,ʹ,ʹሻ  for all � ; �ଶሺ͵,ʹ,ͳሻ >< �ଶሺ͵,ʹ,͵ሻ  for all � ; �ଶሺ͵,ʹ,ʹሻ ><  �ଶሺ͵,ʹ,͵ሻ  if � <> Ͳ.ͺͳ͸; (iii) �ଶሺ͵,͵,ͳሻ, ሺ͵,͵,ʹሻ > �ଶሺ͵,͵,͵ሻ for all �. Hence, comparing the profits ranks between 
the firms provides an equilibrium choice of timing between the firms when ܶீ = ͵. 

Proof of Lemma 2 and 3: It is easy to compare welfare rankings and thus omitted. 



Proof of Proposition 1: Using Lemma 1 and Lemma 2, we can obtain the following relations where 
the government and both firms do not want to deviate from their choices 

(1) If Ͳ ൑ � ൑ Ͳ.ʹʹͳ, (ܶீ , ிܶଵ, ிܶଶሻ = ሺͳ,ͳ,ͳሻ 

(2) If Ͳ.ʹʹͳ < � ൑ Ͳ.ʹ͵͸, (ܶீ , ிܶଵ, ிܶଶሻ = {ሺͳ,ʹ,ʹሻ, ሺͳ,͵,͵ሻ}  
(3) If Ͳ.ʹ͵͸ < � ൑ Ͳ.ʹ͵ͺ, (ܶீ , ிܶଵ, ிܶଶሻ = {ሺͳ,ʹ,ʹሻ, ሺʹ,͵,͵ሻ}  
(4) If Ͳ.ʹ͵ͺ < � ൑ Ͳ.ʹ͸͹, (ܶீ , ிܶଵ, ிܶଶሻ = {ሺͳ,ʹ,ʹሻ, ሺʹ,͵,͵ሻ, ሺͳ,͵,͵ሻ}  
(5) If Ͳ.ʹ͸͹ < � ൑ Ͳ.ʹ͹Ͷ, (ܶீ , ிܶଵ, ிܶଶሻ = {ሺʹ,͵,͵ሻ, ሺ͵,ͳ,ͳሻ, ሺͳ,ʹ,ʹሻ, ሺͳ,͵,͵ሻ} 

(6) If Ͳ.ʹ͹Ͷ < � ൑ Ͳ.͵͵͵, (ܶீ , ிܶଵ, ிܶଶሻ = {ሺʹ,͵,͵ሻ, ሺ͵,ͳ,ͳሻ, ሺͳ,͵,͵ሻ} 

(7) If Ͳ.͵͵͵ < � ൑ Ͳ.ͷ, (ܶீ , ிܶଵ, ிܶଶሻ = {ሺͳ,͵,͵ሻ, ሺʹ,͵,͵ሻ, ሺ͵,ʹ,ͳሻ, ሺ͵,ͳ,ʹሻ} 

(8) If Ͳ.ͷ < � ൑ ͳ, (ܶீ , ிܶଵ, ிܶଶሻ = {ሺ͵,ʹ,ͳሻ, ሺ͵,ͳ,ʹሻ} 

Arranging these results provides the equilibrium of endogenous timing game. 

Proof of Proposition 2: Comparing Proposition 1 and Lemma 3, we can obtain the followings: 
(i) (ܶீ , ிܶଵ, ிܶଶሻ = ሺͳ,ʹ,ʹሻ if Ͳ.ʹʹͳ < � ൑ Ͳ.ʹʹ͵ 

(ii) (ܶீ , ிܶଵ, ிܶଶሻ = ሺ͵,ͳ,ͳሻ if Ͳ.ʹ͹ͺ < � ൑ Ͳ.͵͵͵,  
(iii) (ܶீ , ிܶଵ, ிܶଶሻ = {ሺ͵,ͳ,ʹሻ, ሺ͵,ʹ,ͳሻ} if Ͳ.͵͵͵ < � ൑ ͳ.  


