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Abstract
In this article, I develop a new monopolistic competition model where the product variety space is a network defined

as a "graphon". I determine and fully characterize the free-entry equilibrium of such a new setting. I obtain two major

results. First, I find that denser networks generate less entries, lower aggregate quantities and lower welfare. Second,

compared to the standard monopolistic competition model without network structure, the new setting generates more

entries, higher aggregate quantities and higher welfare.
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◆❡t✇♦r❦ ❡①t❡r♥❛❧✐t✐❡s ❤❛✈❡ ❜❡❝♦♠❡ ✐♥❡s❝❛♣❛❜❧❡ ✐♥ ❡❝♦♥♦♠✐❝s ✭s❡❡ ❏❛❝❦s♦♥ ❡t ❛❧✳ ✷✵✶✼✮✳

◆♦t❛❜❧②✱ ♥❡t✇♦r❦ ❡①t❡r♥❛❧✐t✐❡s ♣❧❛② ❛ ❝❡♥tr❛❧ r♦❧❡ ✐♥ t❤❡ ♣r✐❝✐♥❣ r✉❧❡ ♦❢ ✜r♠s ✭s❡❡ ❇❧♦❝❤

✷✵✶✻✱ ❛♥❞ ❯s❤❝❤❡✈ ❛♥❞ ❩❡♥♦✉ ✷✵✶✽✮✳ ❍♦✇❡✈❡r✱ ✐t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t t❤✐s ❧✐t❡r❛t✉r❡

❢❛❝❡s t❤r❡❡ ❞r❛✇❜❛❝❦s✳ ❋✐rst✱ t❤❡ ❧✐t❡r❛t✉r❡ ❢♦❝✉s❡s s♦❧❡❧② ♦♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡r❡ ✐s ❛

✜♥✐t❡ ♥✉♠❜❡r ♦❢ ✜r♠s✳ ❋✐r♠s ❛r❡ ❡✐t❤❡r ♣❛rt ♦❢ ❛ ❞✉♦♣♦❧② ♦r ❛♥ ♦❧✐❣♦♣♦❧②✳ ❚❤❡ ❝❛s❡ ✇✐t❤

❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣❡t✐t♦rs ✐s ♥♦t st✉❞✐❡❞✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ✐s r❡str✐❝t✐✈❡ ❜❡❝❛✉s❡

♠❛♥② ♠❛r❦❡ts ❛r❡ ❝♦♠♣♦s❡❞ ♦❢ ❛ ✈❡r② ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ✜r♠s ✭s❡❡ ❆✉♠❛♥♥ ✶✾✻✹✮✳ ■t ✐s

❛❧s♦ r❡str✐❝t✐✈❡ ❜❡❝❛✉s❡ ♠♦st t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧s ✐♥ ♠❛❝r♦❡❝♦♥♦♠✐❝s ❛♥❞ ✐♥t❡r♥❛t✐♦♥❛❧ tr❛❞❡

❛r❡ ❜❛s❡❞ ♦♥ ♠♦♥♦♣♦❧✐st✐❝ ❝♦♠♣❡t✐t✐♦♥ ✇✐t❤ ❛ ❝♦♥t✐♥✉✉♠ ♦❢ ✜r♠s✳ ❙❡❝♦♥❞✱ t❤❡ ❧✐t❡r❛t✉r❡

❝♦♥s✐❞❡rs ♠♦❞❡❧s ✇✐t❤ ♥♦ ❡♥tr②✳ ❚❤❡ ❢r❡❡✲❡♥tr② ❝❛s❡ ✐s ❧❡❢t ♦✉t✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡

✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❝♦♥s✉♠❡r✴♣r♦❞✉❝t ♥❡t✇♦r❦ ❛♥❞ t❤❡ ❞❡❝✐s✐♦♥ t♦ ❡♥t❡r ♠❛❞❡ ❜②

✜r♠s ✐s ♥♦t ✉♥❞❡rst♦♦❞✳ ❚❤✐r❞✱ ❡①✐st✐♥❣ ♠♦❞❡❧s ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❛r❡ ♥♦t ✈❡r② tr❛❝t❛❜❧❡✳

❚❤❡ ♠❛✐♥ r❡❛s♦♥ ❢♦r t❤✐s ✐s t❤❛t t❤❡s❡ ♠♦❞❡❧s ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ st✉❞② ♦❢ ❛♥ ❛❞❥❛❝❡♥❝②

♠❛tr✐①✳ ❙✉❝❤ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ♦❜❥❡❝t ✐s ❝♦♠♣❧✐❝❛t❡❞ t♦ ❛♥❛❧②③❡ ❛♥❞ s♦♠❡t✐♠❡s r❡q✉✐r❡s

str♦♥❣ ❛ss✉♠♣t✐♦♥s✳✶ ❙♦✱ ✐t ✐s r❛r❡ t♦ ❞❡r✐✈❡ ❡①♣❧✐❝✐t s♦❧✉t✐♦♥s✱ ❛♥❞ ♠♦❞❡❧s ❝❛♥ ❜❡ ✈❡r②

❝✉♠❜❡rs♦♠❡✳ ❚❤✐s ♦✈❡r❛❧❧ ❧❛❝❦ ♦❢ tr❛❝t❛❜✐❧✐t② ✐s ✉♥❞❡s✐r❛❜❧❡ ❛s ✐t tr❛♥s❧❛t❡s ✐♥t♦ ❛ ❧❛❝❦ ♦❢

✐♥t❡r♣r❡t❛❜✐❧✐t②✱ ♠❛❦✐♥❣ ✐t ❞✐✣❝✉❧t t♦ ✐❞❡♥t✐❢② t❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤❡ ♥❡t✇♦r❦ str✉❝t✉r❡✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❡①t❡♥❞✐♥❣ t❤❡ ❝❛s❡ ❢r♦♠ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ✜r♠s t♦ t❤❡ ❝❛s❡ ✇✐t❤ ❛♥

✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ✜r♠s s❤♦✉❧❞ ❜❡ ♠♦r❡ ♣r❛❝t✐❝❛❧✳

■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❡✛❡❝ts ♦❢ ♥❡t✇♦r❦ ❡①t❡r♥❛❧✐t✐❡s ✐♥ ❛ ♠♦♥♦♣♦❧✐st✐❝ ❝♦♠♣❡t✐t✐♦♥ ♠♦❞❡❧

✇✐t❤ ❢r❡❡ ❡♥tr② ❛r❡ st✐❧❧ ♦♣❡♥❡❞ q✉❡st✐♦♥s✳ ■s ✐t ♣♦ss✐❜❧❡ t♦ ❞❡✈❡❧♦♣ ❛ ♠♦♥♦♣♦❧✐st✐❝ ❝♦♠♣❡✲

t✐t✐♦♥ ♠♦❞❡❧ ✇✐t❤ ✐♥✜♥✐t❡ ♣r♦❞✉❝t ✈❛r✐❡t② ♥❡t✇♦r❦s❄ ■❢ s♦✱ ❤♦✇ t♦ ♠♦❞❡❧ ❛ ♥❡t✇♦r❦ ✇❤❡♥

t❤❡ ♥✉♠❜❡r ♦❢ ✈❛r✐❡t✐❡s ✐s ✐♥✜♥✐t❡❄ ❲❤❛t ❛r❡ t❤❡ ❢❡❛t✉r❡s ♦❢ ❛ ❢r❡❡✲❡♥tr② ❡q✉✐❧✐❜r✐✉♠❄

■♥ t❤✐s ❛rt✐❝❧❡✱ ■ ❛♥s✇❡r t❤❡s❡ q✉❡st✐♦♥s✳ ❚♦✇❛r❞ t❤❛t ❣♦❛❧✱ ■ ❞❡✈❡❧♦♣ ❛ ♥❡✇ ♠♦♥♦♣♦❧✐st✐❝

❝♦♠♣❡t✐t✐♦♥ ♠♦❞❡❧ ✇❤❡r❡ ♣r❡❢❡r❡♥❝❡s ❛r❡ ❧✐♥❡❛r✲q✉❛❞r❛t✐❝ ❛♥❞ ✇❤❡r❡ t❤❡ ❞❡❣r❡❡s ♦❢ s✉❜st✐✲

t✉t❛❜✐❧✐t② ♦❢ ✈❛r✐❡t✐❡s ❛r❡ ❣✐✈❡♥ ❜② ❛ ❣r❛♣❤✴♥❡t✇♦r❦ ω✳ ❲❤❡♥ t❤❡r❡ ✐s ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r

♦❢ ✈❛r✐❡t✐❡s✱ t❤❡ s✉✐t❛❜❧❡ ♥♦t✐♦♥ ♦❢ ♥❡t✇♦r❦ ✐s ❛ ❣r❛♣❤♦♥✳✷ ■♥ ♣❛rt✐❝✉❧❛r✱ ■ ❡♠♣❤❛s✐③❡ t❤❛t

t❤❡ ❜❡st ❢♦r♠ ❢♦r t❤❡ ❣r❛♣❤♦♥ ✐s ✇❤❡♥ ✐t ✐s ❝♦♥st❛♥t ω = ψ ✇❤❡r❡ ψ ✐s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡

♥❡t✇♦r❦ t♦♣♦❧♦❣②✳ ❆♥ ✐♥❝r❡❛s❡ ✐♥ ψ ✭✐✳❡✳✱ ❛ ❞❡♥s❡r ♥❡t✇♦r❦✮ ♠❡❛♥s t❤❛t ♣r♦❞✉❝ts ❛r❡ ♠♦r❡

s✉❜t✐t✉t❡s✳ ❚❤❡ ❝♦♥st❛♥t ❣r❛♣❤♦♥ ✐s t❤❡ ❜❡st ❢♦r♠ ❜❡❝❛✉s❡ ✐t ✐s st❛♥❞❛r❞✱ ✐♥t❡r♣r❡t❛❜❧❡✱

tr❛❝t❛❜❧❡✱ ✜♥❞s ❡♠♣✐r✐❝❛❧ s✉♣♣♦rt ❛♥❞ ✐s ♠✐❝r♦❢♦✉♥❞❡❞ s✐♥❝❡ ✐t ✐s t❤❡ ✉♥✐q✉❡ ❧✐♠✐t ♦❢ ❊r❞ós✲

❘é♥②✐ r❛♥❞♦♠ ❣r❛♣❤s✳✸ ■ t❤❡♥ ❞❡t❡r♠✐♥❡ t❤❡ ❢r❡❡✲❡♥tr② ❡q✉✐❧✐❜r✐✉♠ ✭✇❤✐❝❤ ❡①✐sts ❛♥❞ ✐s

✶❋♦r ❡①❛♠♣❧❡✱ ❯s❤❝❤❡✈ ❛♥❞ ❩❡♥♦✉ ✭✷✵✶✽✮ ❤❛✈❡ t♦ ❛ss✉♠❡ ❛ ♣r♦✜t ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢♦r♠ π = pq ✐♥st❡❛❞

♦❢ t❤❡ st❛♥❞❛r❞ ❢♦r♠ π = pq − cq − f t♦ ❞❡r✐✈❡ t❤❡✐r ❡❧❡❣❛♥t r❡s✉❧ts✳
✷●r❛♣❤♦♥ ❢♦r ❣r❛♣❤ ❢✉♥❝t✐♦♥✱ s❡❡ ●❧❛ss❝♦❝❦ ✭✷✵✶✻✮✱ ❆✈❡❧❧❛✲▼❡❞✐♥❛ ❡t ❛❧✳ ✭✷✵✶✽✮ ❛♥❞ P❛r✐s❡ ❛♥❞ ❖③❞❛❣❧❛r

✭✷✵✶✽✮✳
✸❙❡❡ ▲♦✈ás③ ❛♥❞ ❙③❡❣❡❞② ✭✷✵✵✻✮ ❛♥❞ ▲♦✈ás③ ✭✷✵✶✷✮✳



✉♥✐q✉❡ ❛♥❞ ❡①♣❧✐❝✐t ❞✉❡ t♦ t❤❡ ❝♦♥st❛♥t ❣r❛♣❤♦♥✮ ♦❢ t❤✐s ♥❡✇ ❢r❛♠❡✇♦r❦✳

■ ✜♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ■ ❞❡♠♦♥str❛t❡ t❤❛t ❞❡♥s❡r ♥❡t✇♦r❦s ❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❧❡ss ❡♥tr✐❡s✱

❧♦✇❡r ❛❣❣r❡❣❛t❡ q✉❛♥t✐t✐❡s ❛♥❞ ❧♦✇❡r ✇❡❧❢❛r❡✳ ❊q✉✐✈❛❧❡♥t❧②✱ r❡❧❛t✐✈❡ t♦ t❤❡ st❛♥❞❛r❞ ♠♦♥♦♣✲

♦❧✐st✐❝ ❝♦♠♣❡t✐t✐♦♥ ♠♦❞❡❧ ✇✐t❤♦✉t ♥❡t✇♦r❦✱ t❤❡ ♥❡✇ ♠♦❞❡❧ ❣❡♥❡r❛t❡s ♠♦r❡ ❡♥tr✐❡s✱ ❤✐❣❤❡r

❛❣❣r❡❣❛t❡ q✉❛♥t✐t✐❡s ❛♥❞ ❤✐❣❤❡r ✇❡❧❢❛r❡✳ ■ ♦✛❡r ❛♥ ✐♥t✉✐t✐✈❡ r❛t✐♦♥❛❧❡ ❢♦r t❤❡s❡ r❡s✉❧ts✳

❚❤✐s ❛rt✐❝❧❡ ❝♦♥tr✐❜✉t❡s t♦ t❤❡ ❧✐t❡r❛t✉r❡ ♦❢ ✐♠♣❡r❢❡❝t ❝♦♠♣❡t✐t✐♦♥ ♠♦❞❡❧s ✇✐t❤ ♣r♦❞✉❝t

✈❛r✐❡t② ♥❡t✇♦r❦s✳ ❲✐t❤✐♥ ❛ ❧❛r❣❡ ❧✐t❡r❛t✉r❡✱ ❯s❤❝❤❡✈ ❛♥❞ ❩❡♥♦✉ ✭✷✵✶✽✮ ❛r❡ t❤❡ ✜rst t♦

❝❤❛r❛❝t❡r✐③❡ t❤❡ ❇❡rtr❛♥❞✲◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ♦❢ ✜r♠s ❡✈♦❧✈✐♥❣ ✐♥ ❛ ✜♥✐t❡ ❣r❛♣❤✳ ❈❤❡♥ ❡t

❛❧✳ ✭✷✵✶✽✮ ❢♦❝✉s ♦♥ ❛ ❞✉♦♣♦❧② s❡tt✐♥❣ ❛♥❞ s❤♦✇ t❤❛t t❤❡ s♦❝✐❛❧ ♥❡t✇♦r❦ ♦❢ ❝♦♥s✉♠❡rs ❝❛♥

❛✛❡❝t t❤❡ ✜r♠s✬ ♣r✐❝❡s✳ ❈❤❡♥ ❡t ❛❧✳ ✭✷✵✷✷✮ ❣❡♥❡r❛❧✐③❡ ❈❤❡♥ ❡t ❛❧✳ ✭✷✵✶✽✮✳ ❚❤❡② ❜✉✐❧❞

❛♥ ♦❧✐❣♦♣♦❧✐st✐❝ ❝♦♠♣❡t✐t✐♦♥ ♠♦❞❡❧ ✇✐t❤ ❝♦♥s✉♠❡r ♥❡t✇♦r❦s ❛♥❞ st✉❞② ❤♦✇ t❤❡ t♦♣♦❧♦❣②

♥❡t✇♦r❦ ✐♥t❡r❛❝ts ✇✐t❤ ♣r✐❝❡s ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ✜r♠s✳ ❚♦ t❤❡ ❜❡st ♦❢ ♠② ❦♥♦✇❧❡❞❣❡✱ t❤❡

♣r❡s❡♥t ❛rt✐❝❧❡ ✐s t❤❡ ✜rst t♦ st✉❞② ❛ ♠♦♥♦♣♦❧✐st✐❝ ❝♦♠♣❡t✐t✐♦♥ ♠♦❞❡❧ ✇✐t❤ ✐♥✜♥✐t❡ ♣r♦❞✉❝t

✈❛r✐❡t② ♥❡t✇♦r❦s ❛♥❞ ✇✐t❤ ❢r❡❡ ❡♥tr② ♦❢ ✜r♠s✳ ❖♥❡ ❝♦♥tr✐❜✉t✐♦♥ ✐s t♦ ✉♥❞❡r❧✐♥❡ t❤❛t t❤❡

❛♣♣r♦♣r✐❛t❡ ❢r❛♠❡✇♦r❦ ✐s t❤❡ ❝♦♥st❛♥t ❣r❛♣❤♦♥ ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ✈❛r✐❡t✐❡s ❜❡❝♦♠❡s

✐♥✜♥✐t❡✳ ❆♥♦t❤❡r ❝♦♥tr✐❜✉t✐♦♥ ✐s t♦ s❤♦✇ t❤❛t ❛ ❢r❡❡✲❡♥tr② ❡q✉✐❧✐❜r✐✉♠ ❜❡❤❛✈❡s ✇❡❧❧ ✉♥❞❡r

t❤❡ ❝♦♥st❛♥t ❣r❛♣❤♦♥✱ s♦ t❤❛t ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✐❞❡♥t✐❢② ❛❧❧ t❤❡ ❡✛❡❝ts ♦❢ t❤❡ ♥❡t✇♦r❦ str✉❝t✉r❡

♦♥ ❦❡② ❡❝♦♥♦♠✐❝ ✈❛r✐❛❜❧❡s✳

❚❤❡ ❛rt✐❝❧❡ ✐s str✉❝t✉r❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛♥♥❡r✿ ❙❡❝t✐♦♥ ✷ ♣r❡s❡♥ts t❤❡ ♠♦❞❡❧ ❛♥❞ t❤❡

r❡s✉❧ts✱ ❛♥❞ ❙❡❝t✐♦♥ ✸ ♣r♦✈✐❞❡s t❤❡ ❝♦♥❝❧✉s✐♦♥s✳

✷ ▼♦♥♦♣♦❧✐st✐❝ ❝♦♠♣❡t✐t✐♦♥ ❛♥❞ ✐♥✜♥✐t❡ ♥❡t✇♦r❦s

■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ■ ❞❡r✐✈❡ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ❛rt✐❝❧❡ st❡♣✲❜②✲st❡♣✳

✷✳✶ ❚❤❡ ❝♦♥st❛♥t ❣r❛♣❤♦♥ ❛s t❤❡ ❜❡st ♠♦❞❡❧ ❢♦r ✐♥✜♥✐t❡ ♣r♦❞✉❝t

♥❡t✇♦r❦s

❚❤❡ ❡❝♦♥♦♠② ✐s ♣♦♣✉❧❛t❡❞ ❜② ❛ ✉♥✐t ♠❛ss ♦❢ ✐❞❡♥t✐❝❛❧ ❤♦✉s❡❤♦❧❞s✳

✷✳✶✳✶ ❚❤❡ ❊r❞ós✲❘é♥②✐ ❣r❛♣❤

❍♦✉s❡❤♦❧❞s ❞❡r✐✈❡ ✉t✐❧✐t② U ❢r♦♠ ❝♦♥s✉♠✐♥❣ ❛ s❡t ♦❢ N ✈❛r✐❡t✐❡s ♦❢ ❛ ❞✐✛❡r❡♥t✐❛t❡❞ ❣♦♦❞

♣r♦❞✉❝❡❞ ✐♥ ❛ s✐♥❣❧❡ ✐♥❞✉str②✳ N ✐s ❛ss✉♠❡❞ t♦ ❜❡ ✭✈❡r②✮ ❧❛r❣❡ ♠❡❛♥✐♥❣ t❤❛t t❤❡ s❝❛❧❡ ♦❢

t❤❡ ❡❝♦♥♦♠② ✐s ♥❛t✐♦♥✇✐❞❡✳ ❆s ✉s✉❛❧✱ ❡❛❝❤ ✈❛r✐❡t② ✐s ♣r♦❞✉❝❡❞ ❜② ❛ s✐♥❣❧❡ ✜r♠✳

❆s ✐♥ ❖tt❛✈✐❛♥♦ ❡t ❛❧✳ ✭✷✵✵✷✮ ❛♥❞ ❯s❤❝❤❡✈ ❛♥❞ ❩❡♥♦✉ ✭✷✵✶✽✮✱ U ✐s ❧✐♥❡❛r✲q✉❛❞r❛t✐❝

s✉❝❤ t❤❛t✿

U
(

①,●N
)

= x0 + α

N
∑

i=1

xi −
β

2

N
∑

i=1

x2i − γ

N
∑

i=1

N
∑

j=1

gijxixj



✇❤❡r❡ ① ✐s t❤❡ ❝♦♥s✉♠♣t✐♦♥ ♣r♦✜❧❡✱ xi ✐s t❤❡ ❝♦♥s✉♠♣t✐♦♥ ♦❢ ✈❛r✐❡t② i ∈ {1, ..., N} ❛♥❞ x0

✐s t❤❡ ❧❡✈❡❧ ♦❢ ❝♦♥s✉♠♣t✐♦♥ ♦❢ ❛♥ ♦✉ts✐❞❡ ❣♦♦❞✳ α ❛❝❝♦✉♥ts ❢♦r t❤❡ ❝♦♥s✉♠❡rs✬ ✇✐❧❧✐♥❣♥❡ss

t♦ ♣❛② ❢♦r ✈❛r✐❡t✐❡s✱ β ❝❛♣t✉r❡s t❤❡ ❝♦♥s✉♠❡rs✬ ❧♦✈❡ ❢♦r ✈❛r✐❡t✐❡s ❛♥❞ γ
∑N

i=1

∑N

j=1 gijxixj

♠❡❛s✉r❡s t❤❡ s✉❜st✐t✉t❛❜✐❧✐t② ❧✐♥❦❛❣❡s ❛❝r♦ss ✈❛r✐❡t✐❡s✳

❚❤❡ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ ✈❛r✐❡t✐❡s✴✜r♠s ❛r❡ ❝❛♣t✉r❡❞ ❜② ❛♥ ❛❞❥❛❝❡♥❝② ♠❛tr✐① ❞❡♥♦t❡❞

❜② ●N ✳ ●N = (gij)i,j=1,...,N ✐s ❛♥ N × N s②♠♠❡tr✐❝ ♠❛tr✐① ✇✐t❤ ❜✐♥❛r② ❡♥tr✐❡s {0, 1}✿

gij = 1 ✐❢ t❤❡r❡ ✐s ❛ ✧❧✐♥❦✧ ❜❡t✇❡❡♥ ✈❛r✐❡t✐❡s i ❛♥❞ j✱ gij = 0 ♦t❤❡r✇✐s❡✱ ❛♥❞ gii = 0 ❢♦r ❛❧❧

i ∈ {1, ..., N} ❛♥❞ ❢♦r ❛❧❧ j ∈ {1, ..., N}✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t✇♦ ✈❛r✐❡t✐❡s ❛r❡ ✧s✉❜st✐t✉❛❜❧❡✧ ✐❢

t❤❡② ❛r❡ ❝♦♥♥❡❝t❡❞✳

■♥ ❛❞❞✐t✐♦♥✱ ❛s t❤❡ ♥✉♠❜❡r ♦❢ ✜r♠s ✐s ✈❡r② ❧❛r❣❡✱ t❤❡ ❛❞❥❛❝❡♥❝② ♠❛tr✐① ❤❛s ❛ s♣❡❝✐✜❝

❢♦r♠✳ ❚❤❡ ❡①❛❝t str✉❝t✉r❡ ♦❢ t❤❡ ♥❡t✇♦r❦ ❞♦❡s ♥♦t ♠❛tt❡r✿ t❤❡ ❡①❛❝t ❞✐str✐❜✉t✐♦♥ ♦❢ ✧✵✧

❛♥❞ ✧✶✧ ✐s ✐♥❝♦♥s❡q✉❡♥t✐❛❧✳ ❚❤❡ ❛❞❥❛❝❡♥❝② ♠❛tr✐① ❝❛♥ ❜❡ r❛♥❞♦♠❧② ❝♦♥str✉❝t❡❞✱ ❛♥❞ ✇❤❛t

♠❛tt❡rs ✐s t❤❡ ❛✈❡r❛❣❡ ✐♥t❡r❛❝t✐♦♥s ❛❝r♦ss ✈❛r✐❡t✐❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ s✉✐t❛❜❧❡ ♥♦t✐♦♥ ❢♦r

●N ✐s ✇❤❡♥●N ❢♦❧❧♦✇s ❛♥ ❊r❞ós✲❘é♥②✐ ❣r❛♣❤✳ ❊r❞ós✲❘é♥②✐ ❣r❛♣❤s ❝♦♥st✐t✉t❡ ❛ ✭st❛♥❞❛r❞✮

❝❧❛ss ♦❢ ✜♥✐t❡ ❣r❛♣❤s t❤❛t ❛r❡ ❜✉✐❧t ❜② ❝♦♥♥❡❝t✐♥❣ ♥♦❞❡s✴✈❛r✐❡t✐❡s r❛♥❞♦♠❧②✳ ❆♥② ♣♦ss✐❜❧❡

❧✐♥❦ ❜❡t✇❡❡♥ ❛♥② t✇♦ ♣❛✐r ♦❢ ♥♦❞❡s ❤❛s ❛ ♣r♦❜❛❜✐❧✐t② ψ ∈ [0, 1] t♦ ❡①✐st✳✹ ❲❤❡♥ t❤❡ ♥✉♠❜❡r

♦❢ ✜r♠s ✐s ❧❛r❣❡✱ t❤❡ ❛❞❥❛❝❡♥❝② ♠❛tr✐① ✐s ❛♥ ❊r❞ós✲❘é♥②✐ ❣r❛♣❤ ❢♦r ❢♦✉r r❡❛s♦♥s✳ ❋✐rst✱ ✐t ✐s

✇❡❧❧✲❛❝❦♥♦✇❧❡❞❣❡❞ t❤❛t ❊r❞ós✲❘é♥②✐ ❣r❛♣❤s ❛r❡ t❤❡ ❜❡st ♦❜❥❡❝ts t♦ ❣❡♥❡r❛t❡✱ ❝❤❛r❛❝t❡r✐③❡

❛♥❞ st✉❞② ❧❛r❣❡ ♥❡t✇♦r❦s ✇✐t❤ ❜✐♥❛r② ❡♥tr✐❡s ✭s❡❡ ❊❛s❧❡② ❛♥❞ ❑❧❡✐♥❜❡r❣ ✷✵✶✵✮✳ ❙❡❝♦♥❞✱

t❤❡ ✐♥t❡r❛❝t✐♦♥s ❛❝r♦ss ✈❛r✐❡t✐❡s ❛r❡ ❝♦♥tr♦❧❧❡❞ ❜② ❛ s✐♠♣❧❡ ❛♥❞ ✐♥t❡r♣r❡t❛❜❧❡ ♣❛r❛♠❡t❡r✳ ψ

❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛ ❣❧♦❜❛❧ ♠❡❛s✉r❡ ♦❢ ♥❡t✇♦r❦ t♦♣♦❧♦❣②✳ ❆♥ ✐♥❝r❡❛s❡ ✐♥ ψ ✐♠♣❧✐❡s ✧❞❡♥s❡r✧

♥❡t✇♦r❦s ♦❢ ✜r♠s ❛s ✜r♠s✴✈❛r✐❡t✐❡s ❛r❡ ♠♦r❡ ❝♦♥♥❡❝t❡❞✳ ❚❤✐r❞✱ ❊r❞ós✲❘é♥②✐ ❣r❛♣❤s ✜♥❞

❡♠♣✐r✐❝❛❧ s✉♣♣♦rt ✐♥ t❤❡ s❡♥s❡ t❤❛t ✐t ✐s ❡❛s② t♦ ❡st✐♠❛t❡ t❤❡ ✈❛❧✉❡ ♦❢ ψ ✉s✐♥❣ ❞❛t❛ ❛♥❞

✉s✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠ ♣r♦♣♦s❡❞ ❜② ❙❡❛❧❢♦♥ ❛♥❞ ❯❧❧♠❛♥ ✭✷✵✶✾✮✳✺ ▲❛st✱ ❊r❞ós✲❘é♥②✐ ❣r❛♣❤s

❤❛✈❡ t❤❡ ❜❡st ❛s②♠♣t♦t✐❝ ♣r♦♣❡rt✐❡s ❛♠♦♥❣ t❤❡ ❝❧❛ss ♦❢ r❛♥❞♦♠ ❣r❛♣❤s ✭s❡❡ ♥❡①t s❡❝t✐♦♥✮✳

✷✳✶✳✷ ❚❤❡ ❝♦♥st❛♥t ❣r❛♣❤♦♥

❲❤❡♥ N → +∞✱ ❤♦✉s❡❤♦❧❞s ❞❡r✐✈❡ ✉t✐❧✐t② U s✉❝❤ t❤❛t✿

U (q,❲) = q0 + α

∫ 1

0

q(i)di−
β

2

∫ 1

0

q(i)2di− γ

∫ 1

0

∫ 1

0

ω(i, j)q(i)q(j)didj

q ✐s t❤❡ ❝♦♥s✉♠♣t✐♦♥ ♣r♦✜❧❡✱ q(i) ✐s t❤❡ ❝♦♥s✉♠♣t✐♦♥ ♦❢ ✈❛r✐❡t② i ∈ [0, 1] ❛♥❞ q0 ✐s t❤❡ ❧❡✈❡❧

♦❢ ❝♦♥s✉♠♣t✐♦♥ ♦❢ ❛♥ ♦✉ts✐❞❡ ❣♦♦❞✳✻ ❚❤❡ t❡r♠ γ
∫ 1

0

∫ 1

0
ω(i, j)q(i)q(j)didj s✉♠♠❛r✐③❡s t❤❡

✹❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛ ✜r♠ ❤❛s ❡❞❣❡s t♦ M ≤ N ♦t❤❡r ✜r♠s ❛♥❞ ♥♦ ❡❞❣❡s t♦ t❤❡

r❡st ♦❢ N −M ✜r♠s ✐s
(

N
M

)

ψM (1 − ψ)N−M ✳ ❚❤✐s ❛❧s♦ ✐♠♣❧✐❡s t❤❛t t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ ❝♦♥♥❡❝t✐♦♥s ✐♥

t❤❡ ❣r❛♣❤ ✐s s✐♠♣❧② Nψ✱ ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ✈❛r✐❛♥❝❡ ✐s t❤❡r❡❢♦r❡ N(N − 1)ψ2✳ ▲❛st✱ ♥♦t❡ t❤❛t t❤❡ ♣r♦❞✉❝t

♥❡t✇♦r❦ ✐s ✧❝♦♠♣❧❡t❡✧ ✇❤❡♥ ψ = 1 ❛s ❛❧❧ ✜r♠s ❛r❡ ❞✐r❡❝t ❝♦♠♣❡t✐t✐♦♥ ✇✐t❤ ❡❛❝❤ ♦t❤❡r✳
✺❙❡❡ ❆♣♣❡♥❞✐① ❆ ❢♦r ❛ s❤♦rt ♠❡t❤♦❞♦❧♦❣✐❝❛❧ ❝♦♠♠❡♥t✳
✻❆s ❜❡❢♦r❡✱ α ✐s t❤❡ ❝♦♥s✉♠❡rs✬ ✇✐❧❧✐♥❣♥❡ss t♦ ♣❛② ❢♦r ✈❛r✐❡t✐❡s ❛♥❞ β ❝❛♣t✉r❡s t❤❡ ❝♦♥s✉♠❡rs✬ ❧♦✈❡ ❢♦r

✈❛r✐❡t✐❡s✳



s✉❜st✐t✉t❛❜✐❧✐t② ❧✐♥❦❛❣❡s ❛❝r♦ss ✈❛r✐❡t✐❡s✱ ❛♥❞ ❲ ✐s t❤❡ ❝♦♥t✐♥✉✉♠ ❛♥❛❧♦❣ ♦❢ ●N ✳

❍❡r❡ ω(i, j) ✐s ❛ ❣r❛♣❤♦♥ t❤❛t ❞❡s❝r✐❜❡s t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ✈❛r✐❡t✐❡s i ❛♥❞ j✳ ❆

❣r❛♣❤♦♥ ✐s ❛♥② s②♠♠❡tr✐❝ B ([0, 1]) × B ([0, 1])✲♠❡❛s✉r❛❜❧❡ r❡❛❧✲✈❛❧✉❡❞ sq✉❛r❡✲✐♥t❡❣r❛❜❧❡

❢✉♥❝t✐♦♥ ✇❤❡r❡ B ([0, 1]) ✐s t❤❡ ❇♦r❡❧ σ✲✜❡❧❞ ♦❢ t❤❡ s❡t I = [0, 1]✳ ω ✐s ❛❧s♦ ❝♦♥♥❡❝t❡❞ t♦

t❤❡ ❣r❛♣❤♦♥ ♦♣❡r❛t♦r ❲ : L2 ([0, 1]) → L2 ([0, 1]) ❞❡✜♥❡❞ ❜② [❲f ]i =
∫ 1

0
ω(i, j)f(j)dj ✇✐t❤

f ∈ L2 ([0, 1]) ❛♥❞ i ∈ [0, 1]✳

❆s ●N ❤❛s ❛ ♣❛rt✐❝✉❧❛r ❢♦r♠✱ ❲ ❛♥❞ ω ❤❛✈❡ ❛ ♣❛rt✐❝✉❧❛r ❢♦r♠ t♦♦✳ ◆♦t❛❜❧②✱ ✐t ✐s

✇❡❧❧✲❛❝❦♥♦✇❧❡❞❣❡❞ t❤❛t✱ ✇❤❡♥ ✈❛r✐❡t✐❡s ❜❡❝♦♠❡ ✐♥✜♥✐t❡✱ ❛ s❡q✉❡♥❝❡ ♦❢ ❊r❞ós✲❘é♥②✐ r❛♥✲

❞♦♠ ❣r❛♣❤s ❞❡♥♦t❡❞ ❜② (●N)N≥1 ❝♦♥✈❡r❣❡s ✭❛❧♠♦st s✉r❡❧②✮ t♦✇❛r❞ t❤❡ ❝♦♥st❛♥t ❣r❛♣❤♦♥

ω(i, j) = ψ ❢♦r ❛❧❧ (i, j) ✐♥ [0, 1]2 ✭s❡❡ ▲♦✈ás③ ❛♥❞ ❙③❡❣❡❞② ✷✵✵✻✱ ❛♥❞ ▲♦✈ás③ ✷✵✶✷✮✳ ■t ✐s

✇♦rt❤ ♥♦t✐♥❣ t❤❛t t❤✐s ❝♦♥✈❡r❣❡♥❝❡ ❡①✐sts ❛♥❞ ✐s ✉♥✐q✉❡✱ ❡①♣❧✐❝✐t ❛♥❞ tr❛❝t❛❜❧❡✳ ■♥ t✉r♥✱

t❤✐s tr❛❝t❛❜✐❧✐t② ✐♠♣❧✐❡s t❤❛t ❛ ❢r❡❡✲❡♥tr② ❡q✉✐❧✐❜r✐✉♠ ❡①✐sts✱ ✐s ✉♥✐q✉❡ ❛♥❞ ❤❛s ❛ ❝❧♦s❡❞✲❢♦r♠

s♦❧✉t✐♦♥ ✭s❡❡ ❙❡❝t✐♦♥s ✷✳✷✲✷✳✸✮✳✼

❯♥❞❡r t❤✐s ❝♦♥✈❡r❣❡♥❝❡✱ ♣r❡❢❡r❡♥❝❡s ❝❛♥ ❝♦❧❧❛♣s❡ t♦✿

U (q,❲) = q0 + α

∫ 1

0

q(i)di−
β

2

∫ 1

0

q(i)2di− γψ

∫ 1

0

∫ 1

0

q(i)q(j)didj

❘❡♠✐♥❞ t❤❛t γ ❝❛♣t✉r❡s t❤❡ ❞❡❣r❡❡ ♦❢ s✉❜t✐t✉t❛❜✐❧✐t② ❜❡t✇❡❡♥ ❛♥② t✇♦ s✉❜st✐t✉t❡s ❛♥❞

t❤❛t ψ ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛♥② t✇♦ ✈❛r✐❡t✐❡s ❛r❡ s✉❜st✐t✉t❡s✳ ❈♦♥s❡q✉❡♥t❧②✱ γψ ❝❛♥ ❜❡

✐♥t❡r♣r❡t❡❞ t♦ ❜❡ t❤❡ ❛✈❡r❛❣❡ ❞❡❣r❡❡ ♦❢ s✉❜st✐t✉t❛❜✐❧✐t② ❜❡t✇❡❡♥ ✜r♠s✳ ❊q✉✐✈❛❧❡♥t❧②✱ γψ

r❡♣r❡s❡♥ts ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ ❡①t❡♥t✴t♦✉❣❤♥❡ss ♦❢ ❝♦♠♣❡t✐t✐♦♥ ❜❡t✇❡❡♥ ✜r♠s✳

✷✳✷ ■♥✜♥✐t❡✲✜r♠ ❣❛♠❡ ✇✐t❤ ♥♦ ❡♥tr②

✷✳✷✳✶ ❈♦♥s✉♠❡rs✬ ♣r♦❣r❛♠

❚❤❡ ❜✉❞❣❡t ❝♦♥str❛✐♥t ♦❢ ❤♦✉s❡❤♦❧❞s ✐s ❛s ❢♦❧❧♦✇s✿ q0 +
∫ 1

0
p(i)q(i)di = q0 + y ✇❤❡r❡

q0 ✐s t❤❡ ✐♥✐t✐❛❧ ❡♥❞♦✇♠❡♥t ✐♥ t❤❡ ♥✉♠ér❛✐r❡✱ p(i) ✐s t❤❡ ♣r✐❝❡ ♦❢ ✈❛r✐❡t② i ∈ [0, 1] ❛♥❞

y ✐s t❤❡ r❡✈❡♥✉❡ ♦❢ ❤♦✉s❡❤♦❧❞s✳ ❯♥❞❡r t❤✐s ❡♥✈✐r♦♥♠❡♥t✱ t❤❡ ❝♦♥s✉♠❡rs✬ ♣r♦❣r❛♠ ✐s✿

maxq U (q,❲) s.t. q0 +
∫ 1

0
p(i)q(i)di = q0 + y✳ ❙♦❧✈✐♥❣ t❤✐s ♣r♦❜❧❡♠ ❧❡❛❞s t♦✿

p(i) = α− βq(i)− γψ

∫ 1

0

q(j)dj, ∀i ∈ [0, 1]

❚❤✐s ✐s t❤❡ st❛♥❞❛r❞ ✐♥✈❡rs❡ ❞❡♠❛♥❞ ❢✉♥❝t✐♦♥ ❛✉❣♠❡♥t❡❞ ❜② t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❝♦♥st❛♥t

❣r❛♣❤♦♥ ψ✳✽

✼❙❡❡ ❆♣♣❡♥❞✐① ❇ ❢♦r ❛ s✉♠♠❛r② ♦❢ ❛❧❧ t❤❡ ❞❡s✐r❛❜❧❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❝♦♥st❛♥t ❣r❛♣❤♦♥✳
✽❙❡t ψ = 1 t♦ ✜♥❞ t❤❡ ❝❧❛ss✐❝❛❧ ✐♥✈❡rs❡ ❞❡♠❛♥❞ ❢✉♥❝t✐♦♥ ✐♥ st❛♥❞❛r❞ ♠♦♥♦♣♦❧✐st✐❝ ❝♦♠♣❡t✐t✐♦♥ ♠♦❞❡❧s✳



✷✳✷✳✷ ❋✐r♠s✬ ♣r♦❣r❛♠

P❧✉❣❣✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ p(i) ✐♥t♦ t❤❡ tr❛❞✐t✐♦♥❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♣r♦✜t ❢✉♥❝t✐♦♥ π ②✐❡❧❞s✿

π(i) = p(i)q(i)− cq(i)− f =

[

α− βq(i)− γψ

∫ 1

0

q(j)dj

]

q(i)− cq(i)− f, ∀i ∈ [0, 1]

✇❤❡r❡ c > 0 ✐s t❤❡ ❝♦♥st❛♥t ♠❛r❣✐♥❛❧ ❝♦st ❛♥❞ f > 0 ✐s t❤❡ ✜①❡❞ ❝♦st✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡

✜r♠ i✬s ♣r♦❣r❛♠ ✐s ❛s ❢♦❧❧♦✇s✿ maxq(i)≥0

{[

α− βq(i)− γψ
∫ 1

0
q(j)dj

]

q(i)− cq(i)− f
}

✳

✷✳✷✳✸ ❙②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠

❯♥❞❡r t❤✐s s❡t✉♣✱ ❛ s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠ ❞❡♥♦t❡❞ ❜② (q∗no, p
∗
no,U

∗
no) ✐s ❛s ❢♦❧❧♦✇s✳

Pr♦♣♦s✐t✐♦♥ ✶ ❆ s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣✿✾

∂q∗no
∂ψ

< 0,
∂p∗no
∂ψ

< 0,
∂U∗

no

∂ψ
< 0.

❛♥❞

q∗no =
α− c

2β + γψ
≥ q̃no, p∗no =

αβ

2β + γψ
+

(β + γψ)c

2β + γψ
≥ p̃no, U∗

no ≥ Ũno.

✇❤❡r❡ t❤❡ s✉♣❡rs❝r✐♣t •̃no ❞❡♥♦t❡s t❤❡ r❡s✉❧t ✐♥ t❤❡ tr❛❞✐t✐♦♥❛❧ ♠♦♥♦♣♦❧✐st✐❝ ❝♦♠♣❡t✐t✐♦♥

♠♦❞❡❧ ✇✐t❤ ♥♦ ❡♥tr② ❜✉t ✇✐t❤♦✉t ♥❡t✇♦r❦✳

❚❤❡ ❡✛❡❝t ♦❢ ♥❡t✇♦r❦ t♦♣♦❧♦❣② ✐s ✉♥❛♠❜✐❣✉♦✉s✳ ❆♥ ✐♥❝r❡❛s❡ ✐♥ ψ ✐♥❞✉❝❡s ❧♦✇❡r ♣r✐❝❡s✱

❧♦✇❡r q✉❛♥t✐t✐❡s ❛♥❞ ❧♦✇❡r ✇❡❧❢❛r❡✳ ❊q✉✐✈❛❧❡♥t❧②✱ t❤❡ ♥❡✇ ♠♦♥♦♣♦❧✐st✐❝ ♠♦❞❡❧ ♣r❡❞✐❝ts

❤✐❣❤❡r ♣r✐❝❡s✱ ❤✐❣❤❡r q✉❛♥t✐t✐❡s ❛♥❞ ❤✐❣❤❡r ✇❡❧❢❛r❡ r❡❧❛t✐✈❡ t♦ t❤❡ st❛♥❞❛r❞ ♠♦♥♦♣♦❧✐st✐❝

♠♦❞❡❧✳ ■♥ ❜♦t❤ ❝❛s❡s✱ t❤❡ ❡①♣❧❛♥❛t✐♦♥ ✐s t❤❡ s❛♠❡✳✶✵ ❇② ❞❡✜♥✐t✐♦♥✱ ❛ ❞❡♥s❡r ♥❡t✇♦r❦ ♠❡❛♥s

t❤❛t ✈❛r✐❡t✐❡s ❛r❡ ♠♦r❡ ♦❢t❡♥ ❧✐♥❦❡❞ ❛♥❞ s♦ s✉❜st✐t✉t❡s✳ ■♥ ♣r❛❝t✐❝❡✱ t❤✐s ♠❡❛♥s t❤❛t ❡❛❝❤

✜r♠ ♣r♦❞✉❝❡s ❛ ❧❡ss ❞✐✛❡r❡♥t✐❛t❡❞ ♣r♦❞✉❝t✳ ❆s ❛ r❡s✉❧t✱ ✜r♠s ❛r❡ ♥♦✇ ♦♣❡r❛t✐♥❣ ✐♥ ❛ t♦✉❣❤❡r

❝♦♠♣❡t✐t✐✈❡ ❡♥✈✐r♦♥♠❡♥t✳ ❚❤❡② ❦♥♦✇ t❤❛t ✐❢ t❤❡② r❛✐s❡ t❤❡✐r ♣r✐❝❡s✱ ♣❛rt ♦❢ t❤❡✐r ❞❡♠❛♥❞

✇✐❧❧ s❤✐❢t t♦ ♦t❤❡r ❝♦♠♣❡t✐t♦rs✱ s✐♥❝❡ ❣♦♦❞s ❤❛✈❡ ❜❡❝♦♠❡ ♠♦r❡ s✐♠✐❧❛r✴s✉❜st✐t✉t❛❜❧❡✳ ❚❤✐s

sq✉❡❡③❡s t❤❡✐r ♠❛r❣✐♥s ❛♥❞ ♣✉ts ❞♦✇♥✇❛r❞ ♣r❡ss✉r❡ ♦♥ ♣r✐❝❡s✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❢❛❝t t❤❛t

❣♦♦❞s ❛r❡ ♠♦r❡ ❤♦♠♦❣❡♥❡♦✉s ❛❧s♦ ♠❡❛♥s t❤❛t ♠♦r❡ ✜r♠s ❛r❡ ❛❞❞r❡ss✐♥❣ t❤❡ s❛♠❡ ❞❡♠❛♥❞✳

❋✐r♠s s❡r✈❡ ❛ s♠❛❧❧❡r ♠❛r❦❡t✳ ❆t ❡q✉✐❧✐❜r✐✉♠✱ t❤❡✐r ♠❛r❦❡t s❤❛r❡ ❞❡❝❧✐♥❡s✳ ❚❤❡ ❝♦♠❜✐♥❛t✐♦♥

♦❢ ❧♦✇❡r ♣r✐❝❡s ❛♥❞ ❧♦✇❡r q✉❛♥t✐t✐❡s ❛❧s♦ ❧❡❛❞s t♦ ❧♦✇❡r ♣r♦✜t❛❜✐❧✐t②✳ ▲❛st✱ ❛t ✜rst ❡①❛♠✐♥❛✲

t✐♦♥✱ t❤❡ ✇❡❧❢❛r❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ♣r♦❞✉❝t✲✈❛r✐❡t② ♥❡t✇♦r❦

❛r❡ ✉♥❝❧❡❛r✳ ▲♦✇❡r ♣r✐❝❡s ❜❡♥❡✜t ❝♦♥s✉♠❡rs✱ ✇❤✐❧❡ ❧♦✇❡r q✉❛♥t✐t✐❡s ♣❡♥❛❧✐③❡ t❤❡♠✳ ❍❡r❡✱

t❤❡ ♥❡t r❡s✉❧t ✐s ♥❡❣❛t✐✈❡✱ s✐♥❝❡ t❤❡ ♥❡❣❛t✐✈❡ ❡✛❡❝t ♦❢ ❧♦✇❡r q✉❛♥t✐t✐❡s ❛❧✇❛②s ♦✉t✇❡✐❣❤s t❤❡

♣♦s✐t✐✈❡ ❡✛❡❝t ♦❢ ❧♦✇❡r ♣r✐❝❡s✳

✾❙❡❡ ❆♣♣❡♥❞✐① ❈ ❢♦r ❛ ♣r♦♦❢✳
✶✵■t ✐s ❡❛s② t♦ ❞❡♠♦♥str❛t❡ t❤❛t

∂q∗
no

∂ψ
< 0 ⇒ q∗no > q̃no✱

∂p∗
no

∂ψ
< 0 ⇒ p∗no > p̃no ❛♥❞

∂U∗

no

∂ψ
< 0 ⇒ U∗

no > Ũno

❛s ❧♦♥❣ ❛s ψ < 1✳ ❘❡♠✐♥❞ t❤❛t ψ < 1 ✐♠♣❧✐❡s t❤❛t t❤❡ r♦❧❡ ♦❢ ❝♦♠♣❡t✐t✐♦♥ ✐♥ t❤❡ ♥❡✇ ❢r❛♠❡✇♦r❦ ✐s ❞✐♠✐♥✐s❤❡❞

❝♦♠♣❛r❡❞ t♦ t❤❡ st❛♥❞❛r❞ ♠♦❞❡❧✳



✷✳✸ ■♥✜♥✐t❡✲✜r♠ ❣❛♠❡ ✇✐t❤ ❢r❡❡ ❡♥tr②

❙♦ ❢❛r✱ t❤❡ ♥✉♠❜❡r ♦❢ ✜r♠s ✐s ✜①❡❞✳ ❍❡r❡❛❢t❡r✱ ■ r❡❧❛① t❤✐s ❛ss✉♠♣t✐♦♥ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❛t

t❤❡r❡ ❛r❡ n > 0 ✭♣♦t❡♥t✐❛❧✮ ❝♦♠♣❡t✐t♦rs ✐♥ t❤❡ ✐♥❞✉str②✳

✷✳✸✳✶ ❈♦♥s✉♠❡rs✬ ♣r♦❣r❛♠

■♥ t❤❛t ❝❛s❡✱ t❤❡ ❧✐♥❡❛r✲q✉❛❞r❛t✐❝ ♣r❡❢❡r❡♥❝❡s r❡❞✉❝❡ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣✿

U (q,❲) = q0 + α

∫ n

0

q(i)di−
β

2

∫ n

0

q(i)2di− γψ

∫ n

0

∫ n

0

q(i)q(j)didj

❙♦❧✈✐♥❣ t❤❡ ❝♦♥s✉♠❡rs✬ ♣r♦❣r❛♠ ❧❡❛❞s t♦✿

p(i) = α− βq(i)− γψ

∫ n

0

q(j)dj, ∀i ∈ [0, n]

❯♥❞❡r ❢r❡❡ ❡♥tr②✱ t❤❡ ❞❡❣r❡❡ ♦❢ ❝♦♠♣❡t✐t✐♦♥ ❢❛❝❡❞ ❜② ✜r♠s ✐s ♠❡❛s✉r❡❞ ❜② γψn ✇❤❡r❡ γψ

✐s t❤❡ ♦✈❡r❛❧❧ ❞❡❣r❡❡ ♦❢ ♣r♦❞✉❝t s✉❜st✐t✉t❛❜✐❧✐t② ❛♥❞ n ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣❡t✐t♦rs✳

✷✳✸✳✷ ❋✐r♠s✬ ♣r♦❣r❛♠

P❧✉❣❣✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ p(i) ✐♥t♦ t❤❡ ♣r♦✜t ❢✉♥❝t✐♦♥ π ②✐❡❧❞s✿✶✶

π(i) =

[

α− βq(i)− γ

∫ n

0

ψq(j)dj

]

q(i)− cq(i)− f, ∀i ∈ [0, n]

❛♥❞ t❤❡ ✜r♠ i✬s ♣r♦❣r❛♠ ✐s✿ maxq(i)≥0

{[

α− βq(i)− γψ
∫ n

0
q(j)dj

]

q(i)− cq(i)− f
}

✳

✷✳✸✳✸ ❙②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠

❯♥❞❡r t❤✐s ♥❡✇ ❡♥✈✐r♦♥♠❡♥t✱ ❛ s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠ ❞❡♥♦t❡❞ ❜② (n∗
e, q

∗
e , p

∗
e, Q

∗
e,U

∗
e ) ✐s ❛s

❢♦❧❧♦✇s✳

Pr♦♣♦s✐t✐♦♥ ✷ ❆ s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣✿✶✷

∂n∗
e

∂ψ
< 0,

∂q∗e
∂ψ

= 0,
∂p∗e
∂ψ

= 0,
∂Q∗

e

∂ψ
< 0,

U∗
e

∂ψ
< 0.

❛♥❞

n∗
e =

1

γψ





α− c
√

f

β

− 2β



 ≥ ñe, q∗e = q̃e, p∗e = p̃e, Q∗
e ≥ Q̃e, U∗

e ≥ Ũe.

✇❤❡r❡ Q = nq ✐s ❣❧♦❜❛❧ q✉❛♥t✐t② ❛♥❞ ✇❤❡r❡ t❤❡ s✉♣❡rs❝r✐♣t •̃e ✐♥❞✐❝❛t❡s t❤❡ r❡s✉❧t ✐♥ t❤❡

tr❛❞✐t✐♦♥❛❧ ♠♦♥♦♣♦❧✐st✐❝ ❝♦♠♣❡t✐t✐♦♥ ♠♦❞❡❧ ✇✐t❤ ❢r❡❡ ❡♥tr② ❜✉t ✇✐t❤♦✉t ♥❡t✇♦r❦✳

✶✶■♥ t❤✐s ❛rt✐❝❧❡✱ ✜r♠s ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ❤♦♠♦❣❡♥❡♦✉s✳ ❍♦✇❡✈❡r✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝♦♥s✐❞❡r ❤❡t❡r♦❣❡♥❡♦✉s

✜r♠s ✇✐t❤ ❞✐✛❡r❡♥t ❝♦st ❢✉♥❝t✐♦♥s✳ ❚❤✐s ♠❛② ❝♦♠♣❧✐❝❛t❡ t❤❡ ♠♦❞❡❧ ❛♥❞ ■ ❧❡❛✈❡ t❤✐s ❢♦r ❢✉t✉r❡ r❡s❡❛r❝❤✳
✶✷❙❡❡ ❆♣♣❡♥❞✐① ❉ ❢♦r ❛ ♣r♦♦❢✳



❆s ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✱ t❤❡ ❡✛❡❝t ♦❢ ♥❡t✇♦r❦ t♦♣♦❧♦❣② ✐s ❝❧❡❛r✳ ❆♥ ✐♥❝r❡❛s❡ ✐♥ ψ✱ ✐♠♣❧②✐♥❣

❛♥ ✐♥❝r❡❛s❡ ✐♥ ✈❛r✐❡t② s✉❜st✐t✉t❛❜✐❧✐t②✱ r❡s✉❧ts ✐♥ ❧♦✇❡r ✜r♠ ❡♥tr② ✭✐✳❡✳ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥✮✱

❧♦✇❡r ❛❣❣r❡❣❛t❡ q✉❛♥t✐t✐❡s ❛♥❞ ❧♦✇❡r ✇❡❧❢❛r❡✳ ❍♦✇❡✈❡r✱ ❛ ❞❡♥s❡r ♥❡t✇♦r❦ ❤❛s ♥♦ ✐♠♣❛❝t

♦♥ q✉❛♥t✐t✐❡s ♣❡r ✜r♠ ✭✐♥t❡♥s✐✈❡ ♠❛r❣✐♥✮ ❛♥❞ ♣r✐❝❡s✳ ❊q✉✐✈❛❧❡♥t❧②✱ t❤❡ ♥❡✇ ♠♦❞❡❧ ♣r❡❞✐❝ts

♠♦r❡ ✜r♠s ♦♥ t❤❡ ♠❛r❦❡t✱ ❤✐❣❤❡r ♦✈❡r❛❧❧ q✉❛♥t✐t✐❡s ❛♥❞ ❤✐❣❤❡r ✇❡❧❢❛r❡ t❤❛♥ t❤❡ ❝❧❛ss✐❝❛❧

♠♦❞❡❧✳ ■♥ ❜♦t❤ ❝❛s❡s✱ t❤❡ ✐♥t✉✐t✐♦♥ ✐s t❤❡ s❛♠❡✳✶✸ ❙✐♥❝❡ ✜r♠s ♥♦✇ ♣r♦❞✉❝❡ ❧❡ss ❞✐✛❡r❡♥t✐❛t❡❞

❣♦♦❞s✱ t❤❡② ❝♦♠♣❡t❡ ♠♦r❡ ✜❡r❝❡❧② ❢♦r ❝♦♥s✉♠❡rs✳ ❚❤✐s sq✉❡❡③❡s t❤❡✐r ♠❛r❣✐♥s ❛♥❞ ❧♦✇❡rs

t❤❡✐r ♣r♦✜t ❡①♣❡❝t❛t✐♦♥s✳ ■♥ t✉r♥✱ t❤✐s ❧✐♠✐ts t❤❡ ❡♥tr② ♦❢ ♥❡✇ ❛❝t♦rs ✐♥t♦ t❤❡ ♠❛r❦❡t✳✶✹

❯♥❧✐❦❡ t❤❡ ❝❛s❡ ✇✐t❤♦✉t ❡♥❞♦❣❡♥♦✉s ❡♥tr✐❡s✱ ♣r♦❞✉❝✐♥❣ ♠♦r❡ s✐♠✐❧❛r ❣♦♦❞s ✐s ✐♥❝♦♥s❡q✉❡♥t✐❛❧

♦♥ ♣r✐❝❡s ❛♥❞ t❤❡ ✐♥t❡♥s✐✈❡ ♠❛r❣✐♥ ♦❢ ✜r♠s✳ ❚❤✐s ✐s ❛ st❛♥❞❛r❞ ♣r♦♣❡rt② ♦❢ ❧✐♥❡❛r✲q✉❛❞r❛t✐❝

♣r❡❢❡r❡♥❝❡s✳ ■♥t✉✐t✐✈❡❧②✱ t❤❡ ❢❛❝t t❤❛t ❡❛❝❤ ✜r♠ s❡❧❧s ❛ ♠♦r❡ s✉❜st✐t✉t❛❜❧❡ ❣♦♦❞ s❤♦✉❧❞

❧♦✇❡r ♣r✐❝❡s ❛♥❞ q✉❛♥t✐t✐❡s ❢♦r t❤❡ r❡❛s♦♥s ♦✉t❧✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✳ ❲❤❛t ❝❤❛♥❣❡s ✉♥❞❡r

t❤❡ ❢r❡❡✲❡♥tr② ❝♦♥❞✐t✐♦♥ ✐s t❤❛t t❤❡ t♦✉❣❤♥❡ss ♦❢ ❝♦♠♣❡t✐t✐♦♥ ❜❡t✇❡❡♥ ✜r♠s ❞❡♣❡♥❞s ♦♥

❜♦t❤ t❤❡ ❣❡♥❡r❛❧ s✉❜st✐t✉t❛❜✐❧✐t② ♦❢ ✈❛r✐❡t✐❡s ❝❛♣t✉r❡❞ ❜② γψ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❛❝t✐✈❡

✜r♠s n✳ ❆ ❞❡♥s❡r ♥❡t✇♦r❦ ✐♥❞✉❝❡s ♠♦r❡ s✉❜st✐t✉t❛❜✐❧✐t②✱ ❜✉t ❛❧s♦ ❢❡✇❡r ❝♦♠♣❡t✐t♦rs✳ ❚❤❡

♥❡t ❡✛❡❝t ✐s t❤❡r❡❢♦r❡ ❣❡♥❡r❛❧❧② ❛♠❜✐✈❛❧❡♥t✳ ❯♥❞❡r ❧✐♥❡❛r✲q✉❛❞r❛t✐❝ ♣r❡❢❡r❡♥❝❡s✱ t❤❡ t✇♦

♦♣♣♦s✐♥❣ ❡✛❡❝ts ❝❛♥❝❡❧ ❡❛❝❤ ♦t❤❡r ♦✉t✱ ❧❡❛✈✐♥❣ ✐♥❞✐✈✐❞✉❛❧ q✉❛♥t✐t✐❡s ❛♥❞ ♣r✐❝❡s ✉♥❝❤❛♥❣❡❞✳

■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❢❛❝t t❤❛t t❤❡ ✐♥t❡♥s✐✈❡ ♠❛r❣✐♥ r❡♠❛✐♥s t❤❡ s❛♠❡ ✐♠♣❧✐❡s t❤❛t t❤❡ ❣❧♦❜❛❧

q✉❛♥t✐t② Q∗ ❛♥❞ ✇❡❧❢❛r❡ U∗ ❛r❡ ❡♥t✐r❡❧② ♣✐♥♥❡❞ ❞♦✇♥ ❜② t❤❡ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥✳ ❙✐♥❝❡ t❤❡r❡

❛r❡ ❢❡✇❡r ✜r♠s ♦♥ t❤❡ ♠❛r❦❡t✱ ❛❣❣r❡❣❛t❡ q✉❛♥t✐t✐❡s ❞❡❝r❡❛s❡✳ ▲❛st✱ ❛s ❡❛❝❤ ✜r♠ ♣r♦❞✉❝❡s ❛

s♣❡❝✐✜❝ ✈❛r✐❡t②✱ ❢❡✇❡r ✜r♠s ♠❡❛♥ ❢❡✇❡r ✈❛r✐❡t✐❡s ♦❢ t❤❡ ❣♦♦❞✱ ❛♥❞ t❤❡r❡❢♦r❡ ❧❡ss ❝❤♦✐❝❡ ❢♦r

❝♦♥s✉♠❡rs✳ ❚❤✐s ♥❛t✉r❛❧❧② r❡❞✉❝❡s ❝♦♥s✉♠❡r ✇❡❧❢❛r❡✳

✸ ❈♦♥❝❧✉s✐♦♥s

■♥ t❤✐s ❛rt✐❝❧❡✱ ■ ❞❡✈❡❧♦♣ ❛ ♥❡✇ ♠♦♥♦♣♦❧✐st✐❝ ❝♦♠♣❡t✐t✐♦♥ ♠♦❞❡❧ ✇❤❡r❡ ♣r❡❢❡r❡♥❝❡s ❛r❡

❧✐♥❡❛r✲q✉❛❞r❛t✐❝ ❛♥❞ ✇❤❡r❡ t❤❡ ♣r♦❞✉❝t ✈❛r✐❡t② s♣❛❝❡ ✐s ❛ ♥❡t✇♦r❦ ❞❡✜♥❡❞ ❛s ❛ ❣r❛♣❤♦♥✳ ■

st✉❞② t❤❡ ❢r❡❡✲❡♥tr② ❡q✉✐❧✐❜r✐✉♠ ♦❢ s✉❝❤ ❛ ❢r❛♠❡✇♦r❦✳ ■ ❞❡♠♦♥str❛t❡ t❤❛t ❞❡♥s❡r ♥❡t✇♦r❦s

❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❧❡ss ❡♥tr✐❡s✱ ❧♦✇❡r ❛❣❣r❡❣❛t❡ q✉❛♥t✐t✐❡s ❛♥❞ ❧♦✇❡r ✇❡❧❢❛r❡✳ ❘❡❧❛t✐✈❡ t♦

t❤❡ st❛♥❞❛r❞ ♠♦♥♦♣♦❧✐st✐❝ ❝♦♠♣❡t✐t✐♦♥ ♠♦❞❡❧ ✇✐t❤♦✉t ♥❡t✇♦r❦ str✉❝t✉r❡✱ t❤❡ ♥❡✇ s❡tt✐♥❣

❣❡♥❡r❛t❡s ♠♦r❡ ❡♥tr✐❡s✱ ❤✐❣❤❡r ❛❣❣r❡❣❛t❡ q✉❛♥t✐t✐❡s ❛♥❞ ❤✐❣❤❡r ✇❡❧❢❛r❡✳

✶✸■t ✐s ❡❛s② t♦ ❞❡♠♦♥str❛t❡ t❤❛t
∂n∗

e

∂ψ
< 0 ⇒ n∗

e > ñe✱
∂q∗

e

∂ψ
= 0 ⇒ q∗e = q̃e✱

∂p∗
e

∂ψ
= 0 ⇒ p∗e = p̃e✱

∂Q∗

e

∂ψ
< 0 ⇒ Q∗

e > Q̃e ❛♥❞
∂U∗

e

∂ψ
< 0 ⇒ U∗

e > Ũe ❛s ❧♦♥❣ ❛s ψ < 1✳ ❘❡♠✐♥❞ t❤❛t ψ < 1 ✐♠♣❧✐❡s t❤❛t t❤❡ r♦❧❡

♦❢ ❝♦♠♣❡t✐t✐♦♥ ✐♥ t❤❡ ♥❡✇ ❢r❛♠❡✇♦r❦ ✐s ❞✐♠✐♥✐s❤❡❞ ❝♦♠♣❛r❡❞ t♦ t❤❡ st❛♥❞❛r❞ ♠♦❞❡❧✳
✶✹❘❡♠✐♥❞ t❤❛t ψ ✐s ❛ ♣❛r❛♠❡t❡r t❤❛t ❝♦♥tr♦❧s ❝♦♠♣❡t✐t✐♦♥ t♦✉❣❤♥❡ss✳ ■❢ ψ ✐♥❝r❡❛s❡s✱ ✈❛r✐❡t✐❡s ❛r❡ ♠♦r❡

♦❢t❡♥ ❧✐♥❦❡❞ ❛♥❞ s♦ s✉❜st✐t✉t❡s✳
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❆ ▼❡t❤♦❞♦❧♦❣✐❝❛❧ ❝♦♠♠❡♥t

■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t ❛❞♦♣t✐♥❣ ❛ st❛t✐st✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇ ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣❡t✐t♦rs

❜❡❝♦♠❡s ❧❛r❣❡ ✐s ❢❛✐r❧② ♥❛t✉r❛❧ ✐♥ ❡❝♦♥♦♠✐❝s✳ ❚❤✐s ✐s t❤❡ ❢❛♠♦✉s r❡s✉❧t ♦❢ ❆✉♠❛♥♥ ✭✶✾✻✹✮

st❛t✐♥❣ t❤❛t ❡①❝❤❛♥❣❡ ❡❝♦♥♦♠✐❡s ❝♦♥✈❡r❣❡ t♦✇❛r❞ ♠❛r❦❡ts ✇✐t❤ ❛♥ ❛t♦♠❧❡ss ❝♦♥t✐♥✉✉♠ ♦❢

tr❛❞❡rs✳ ❲❤❛t ♠❛tt❡rs ✐s t❤❡ st❛t✐st✐❝❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ tr❛❞❡rs ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ t❤❡s❡

tr❛❞❡rs ❜❡❝♦♠❡s ❧❛r❣❡✳ ❚❤✐s ♣♦✐♥t ♦❢ ✈✐❡✇ ✐s ❛❧s♦ ♣r❡s❡♥t ✐♥ ●❛♠❡ ❚❤❡♦r②✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥

❛♥ n−♣❧❛②❡r ❣❛♠❡✱ ✐t ✐s ❝♦♠♠♦♥ t♦ s✉❜st✐t✉t❡ t❤❡ str❛t❡❣② ♣r♦✜❧❡ ♦❢ t❤❡ ♦t❤❡r ♣❧❛②❡rs a−i

❜② t❤❡ ❡♠♣✐r✐❝❛❧ ♠❡❛s✉r❡
∑n−1

k ̸=i δak ♦❢ t❤❡ ♦t❤❡r ❛❣❡♥ts s✉❝❤ t❤❛t r(ai, a−i) = r(ai,
∑n−1

k ̸=i δak)

✇❤❡r❡ r ✐s t❤❡ r❡✇❛r❞ ♦❢ t❤❡ ❣❛♠❡✱ ai ✐s t❤❡ ❛❝t✐♦♥✴str❛t❡❣② ♦❢ ♣❧❛②❡r i ❛♥❞ δ ✐s t❤❡ ❉✐r❛❝

♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡✳

❇ ❲❤② ✐s t❤❡ ❝♦♥st❛♥t ❣r❛♣❤ t❤❡ ❜❡st ♥❡t✇♦r❦ ♠♦❞❡❧

✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ✈❛r✐❡t✐❡s ✐s ✐♥✜♥✐t❡❄

❚❤❡ ❝♦♥st❛♥t ❣r❛♣❤ ✐s t❤❡ ❜❡st ♥❡t✇♦r❦ ♠♦❞❡❧ ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ✈❛r✐❡t✐❡s ✐s ✐♥✜♥✐t❡✱

❜❡❝❛✉s❡ t❤❡ ❝♦♥st❛♥t ❣r❛♣❤ ✐s✿

✲ st❛♥❞❛r❞✱ s✐♥❝❡ t❤❡ ❝♦♥st❛♥t ❣r❛♣❤♦♥ ✐s ❛ ❜❛s✐❝ ❣r❛♣❤♦♥ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳

✲ ✐♥t❡r♣r❡t❛❜❧❡✱ s✐♥❝❡ t❤❡ ψ ♣❛r❛♠❡t❡r ✐s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ s✉❜st✐t✉t❛❜✐❧✐t② ♦❢ t❤❡ ❣♦♦❞✬s

✈❛r✐❡t✐❡s✳

✲ ✜♥❞s ❡♠♣✐r✐❝❛❧ s✉♣♣♦rt✱ s✐♥❝❡ t❤❡ ψ ♣❛r❛♠❡t❡r ❝❛♥ ❜❡ ❡❛s✐❧② ❡st✐♠❛t❡❞✳

✲ s✐♠♣❧❡ ❛♥❞ t❤❡r❡❢♦r❡ tr❛❝t❛❜❧❡✳ ❚❤✐s tr❛❝t❛❜✐❧✐t② ✐s ❦❡②✱ s✐♥❝❡ ✐t ♠❡❛♥s t❤❛t ❛ ❢r❡❡✲❡♥tr②

❡q✉✐❧✐❜r✐✉♠ ❡①✐sts✱ ✐s ✉♥✐q✉❡ ❛♥❞ ❤❛s ❛ ❝❧♦s❡❞✲❢♦r♠ ❡①♣r❡ss✐♦♥✳ ❚❤❡ ❢❛❝t t❤❛t t❤❡ ❢r❡❡✲❡♥tr②

❡q✉✐❧✐❜r✐✉♠ ✐s ❡①♣❧✐❝✐t ♠❛❦❡s ✐t ♣♦ss✐❜❧❡ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❡✛❡❝ts ♦❢ ♥❡t✇♦r❦ str✉❝t✉r❡ ♦♥

q✉❛♥t✐t✐❡s✱ ♣r✐❝❡s✱ ♣r♦✜ts✱ t❤❡ ♥✉♠❜❡r ♦❢ ✈❛r✐❡t✐❡s ❛♥❞ ❝♦♥s✉♠❡r ✇❡❧❢❛r❡✳

✲ ♠✐❝r♦❢♦✉♥❞❡❞ s✐♥❝❡ t❤❡ ❝♦♥st❛♥t ❣r❛♣❤♦♥ ✐s t❤❡ ❧✐♠✐t ♦❢ ❊r❞ós✲❘é♥②✐ ❣r❛♣❤s✱ ❛♥❞ t❤✐s

❧✐♠✐t ✐s ✇❡❧❧ ♣♦s❡❞ ❜❡❝❛✉s❡ ✐t ❡①✐sts ❛♥❞ ✐s ✉♥✐q✉❡✳

■♥ t✉r♥✱ ❊r❞ós✲❘é♥②✐ ❣r❛♣❤s ❤❛✈❡ ❞❡s✐r❛❜❧❡ ♣r♦♣❡rt✐❡s ❛s t❤❡② ❛r❡✿

✲ st❛♥❞❛r❞✱ s✐♥❝❡ t❤❡② ❛r❡ ❜❛s✐❝ r❛♥❞♦♠ ❣r❛♣❤s ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳

✲ ✐♥t✉✐t✐✈❡✱ s✐♥❝❡ t❤❡② ♦♥❧② ❛ss✉♠❡s t❤❛t ❛♥② t✇♦ ♣❛✐r ♦❢ ♥♦❞❡s ❤❛s ❛ ♣r♦❜❛❜✐❧✐t② ψ t♦ ❡①✐st

✲ ✜♥❞s ❡♠♣✐r✐❝❛❧ s✉♣♣♦rt✱ s✐♥❝❡ t❤❡ ψ ♣❛r❛♠❡t❡r ❝❛♥ ❜❡ ❡❛s✐❧② ❡st✐♠❛t❡❞✳

❚♦ ♠② ❜❡st ❦♥♦✇❧❡❞❣❡✱ ♦♥❧② t❤❡ ❝♦♥st❛♥t ❣r❛♣❤♦♥ ❤❛s ❛❧❧ t❤❡s❡ ❣♦♦❞ ♣r♦♣❡rt✐❡s✳ ❚♦ ❝♦♥✜r♠

t❤✐s✱ ♥♦t❡ t❤❛t ❛♥♦t❤❡r ❡①♣❧✐❝✐t ❣r❛♣❤♦♥ ✐s t❤❡ ♣♦✇❡r ❣r❛♣❤♦♥✿ ω(i, j) = (ij)ψ ✇✐t❤ ψ > 0

❜❡✐♥❣ ❛ ❝♦♥st❛♥t✳ ❯♥❢♦rt✉♥❛t❡❧②✱ s✉❝❤ ❛ ❣r❛♣❤♦♥ ❡♠❡r❣❡s ❛s t❤❡ ❧✐♠✐t ♦❢ ❝♦✉♣❧❡❞ ❑✉r❛♠♦t♦



♣❤❛s❡ ♦s❝✐❧❧❛t♦rs✱ ✇❤✐❝❤ ❤❛s ♥♦ ❡❝♦♥♦♠✐❝ s❡♥s❡✳ ▼♦r❡♦✈❡r✱ t❤✐s ❣r❛♣❤♦♥ ✐s ♥♦t tr❛❝t❛❜❧❡ ❛s

t❤❡ ❢r❡❡✲❡♥tr② ❝♦♥❞✐t✐♦♥ ❜❡❝♦♠❡s t❤❡ ❢♦❧❧♦✇✐♥❣✿

∫ 1

0

([

(

■+
γn

2β
❲

)−1

✶

]

i

)2

di =

(

2β

α− c

)2
√

f

β

✇✐t❤
[

(

■+
γn

2β
❲

)−1

✶

]

i

= 1 +

γn

2β
(1− 2γ)

(1− γ)
(

1− 2γ − γn

2β

)

iγ

❚❤✐s ♠❛❦❡s t❤❡ ❢r❡❡✲❡♥tr② ❝♦♥❞✐t✐♦♥ ❤✐❣❤❧② ♥♦♥✲❧✐♥❡❛r s✉❝❤ t❤❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♠❛ss ♦❢

✜r♠s ♠❛② ♥♦t ❡①✐st ❛♥❞ ♠❛② ♥♦t ❜❡ ✉♥✐q✉❡✳

❈ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶

❚❤❡ ✜r♠ i✬s ♣r♦❣r❛♠ ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

max
q(i)≥0

{[

α− βq(i)− γ

∫ 1

0

ω(i, j)q(j)dj

]

q(i)− cq(i)− f

}

❙✉❝❤ ❛ ♣r♦❜❧❡♠ ✐s ✧✇❡❧❧✲♣♦s❡❞✧ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ❞❡♥♦t❡❞ ❜②

q∗no(i) ❛♥❞ t❤❛t ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ✜rst ♦r❞❡r ❝♦♥❞✐t✐♦♥✿

q∗no(i) =
α− c

2β
−

γ

2β

∫ 1

0

ω(i, j)q∗no(j)dj, i ∈ [0, 1]

❚❤❡♥✱ ✉s✐♥❣ t❤❡ ♣r♦♣❡rt② ♦❢ ❲✱ ❛♥❞ ❞❡✜♥✐♥❣ t❤❡ r❡s♦❧✈❡♥t ♦♣❡r❛t♦r ❛s ❢♦❧❧♦✇s✿

(

■+
γ

2β
❲

)−1

= ■+
γ

2β
❲−

(

γ

2β

)2

❲2 +

(

γ

2β

)3

❲3 − ...

t❤❡ ✈❡❝t♦r ♦❢ ❡q✉✐❧✐❜r✐✉♠ q✉❛♥t✐t✐❡s ❞❡♥♦t❡❞ ❜② q∗
no ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s✿✶✺

q∗
no =

α− c

2β

(

■+
γ

2β
❲

)−1

✶

❆s t❤❡ ❧✐♠✐t✐♥❣ ❣r❛♣❤♦♥ ❢r♦♠ ❊r❞ós✲❘é♥②✐ ❣r❛♣❤s ✐s t❤❡ ❝♦♥st❛♥t ❣r❛♣❤♦♥✱ ✐t ❝❛♥ ❜❡ r❡❛❞✐❧②

✈❡r✐✜❡❞ t❤❛t ❲ s❛t✐s✜❡s✿ ❲✶ = ψk✶ ✇✐t❤ k ❜❡✐♥❣ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱

t❤❡ r❡s♦❧✈❡♥t ♦♣❡r❛t♦r ❜❡❝♦♠❡s✿

(

■+
γ

2β
❲

)−1

✶ = ✶+
γψ

2β
✶−

(

γψ

2β

)2

✶2 +

(

γψ

2β

)3

✶3 − ... =
2β

2β + γψ
✶

✶✺❊①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ q∗ ❛r❡ ❡st❛❜❧✐s❤❡❞ ✐❢ γ
2β ∥❲∥ < 1 ✇❤❡r❡ ∥∥ ❞❡♥♦t❡s t❤❡ ♦♣❡r❛t♦r ♥♦r♠✳

❚❤❡ ♦♣❡r❛t♦r ♥♦r♠ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢❲ ✭s❡❡ ❆✈❡❧❧❛✲▼❡❞✐♥❛ ❡t ❛❧✳ ✭✷✵✶✽✮ ❛♥❞ P❛r✐s❡

❛♥❞ ❖③❞❛❣❧❛r ✭✷✵✶✽✮ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✮✳



❛♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠ q✉❛♥t✐t②✴❝♦♥s✉♠♣t✐♦♥ ♣❡r ✜r♠ ❞❡♥♦t❡❞ ❜② q∗no ✐s✿

q∗no =
α− c

2β + γψ
≥ q̃no =

α− c

2β + γ
,

∂q∗no
∂ψ

< 0

❛s ψ ≤ 1✱ ❛♥❞ ✇❤❡r❡ q̃no ✐s t❤❡ ❡q✉✐❧✐❜r✐✉♠ q✉❛♥t✐t② ✐♥ t❤❡ st❛♥❞❛r❞ ♠♦♥♦♣♦❧✐st✐❝ ❝♦♠✲

♣❡t✐t✐♦♥ ♠♦❞❡❧ ✇✐t❤ ♥♦ ❡♥tr② ❜✉t ✇✐t❤ ♥♦ ♥❡t✇♦r❦✳ ■♥t❡❣r❛t✐♥❣ t❤✐s r❡❧❛t✐♦♥s❤✐♣ ✐♥t♦ t❤❡

♣r✐❝✐♥❣ r✉❧❡ ❣✐✈❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡ ♣❡r ✜r♠ ❞❡♥♦t❡❞ ❜② p∗no s✉❝❤ t❤❛t✿

p∗no =
αβ

2β + γψ
+

(β + γψ)c

2β + γψ
≥ p̃no =

αβ

2β + γ
+

(β + γ)c

2β + γ
,

∂p∗no
∂ψ

< 0

❛s ψ ≤ 1✱ ❛♥❞ ✇❤❡r❡ p̃no ✐s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡ ✐♥ t❤❡ st❛♥❞❛r❞ ♠♦♥♦♣♦❧✐st✐❝ ❝♦♠♣❡t✐t✐♦♥

♠♦❞❡❧ ✇✐t❤ ♥♦ ❡♥tr② ❜✉t ✇✐t❤ ♥♦ ♥❡t✇♦r❦✳ ▲❛st✱ ♥♦t❡ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s ✐♥ ❡q✉✐❧✐❜r✐✉♠✿

U (q∗no) = q0 + αq∗no −
β

2
(q∗no)

2 − γψ (q∗no)
2

= q0 + (α− βq∗no − γψq∗no) q
∗
no +

β

2
q∗no

= q0 + p∗noq
∗
no +

β

2
q∗no

❆s ψ ≤ 1✱ ∂q∗no

∂ψ
< 0 ❛♥❞ ∂p∗no

∂ψ
< 0✱ t❤✐s ✐♠♣❧✐❡s t❤❛t✿

∂U∗
no

∂ψ
< 0 ❛♥❞ U∗

no ≥ Ũno

✇❤❡r❡ Ũno ✐s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✉t✐❧✐t② ✐♥ t❤❡ st❛♥❞❛r❞ ♠♦♥♦♣♦❧✐st✐❝ ❝♦♠♣❡t✐t✐♦♥ ♠♦❞❡❧ ✇✐t❤

♥♦ ❡♥tr② ❜✉t ✇✐t❤ ♥♦ ♥❡t✇♦r❦✳

❉ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷

❚❤❡ ✜r♠ i✬s ♣r♦❣r❛♠ ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

max
q(i)≥0

{[

α− βq(i)− γψ

∫ n

0

q(j)dj

]

q(i)− cq(i)− f

}

❙✉❝❤ ❛ ♣r♦❜❧❡♠ ✐s ✧✇❡❧❧✲♣♦s❡❞✧ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ❞❡♥♦t❡❞ ❜②

q∗e(i) ❛♥❞ t❤❛t ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ✜rst ♦r❞❡r ❝♦♥❞✐t✐♦♥✿

q∗e(i) =
α− c

2β
−
γψ

2β

∫ n

0

q∗e(j)dj, ∀i ∈ [0, n]

❙♦❧✈✐♥❣ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ②✐❡❧❞s✿

q∗e =
α− c

2β + γψn



■♥ ❛❞❞✐t✐♦♥✱ ✐♥t❡❣r❛t✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ q∗e ✐♥t♦ t❤❡ ♣r♦✜t ❢✉♥❝t✐♦♥ ②✐❡❧❞s✿

π = β

(

α− c

2β + γψn

)2

− f

❆ss✉♠✐♥❣ ❢r❡❡ ❡♥tr② π = 0✱ ❛♥❞ ❛❢t❡r s♦♠❡ ❛❧❣❡❜r❛✱ ■ ✜♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉✐❧✐❜r✐✉♠ ♠❛ss

♦❢ ✜r♠s ❞❡♥♦t❡❞ ❜② n∗
e✿

n∗
e =

1

γψ





α− c
√

f

β

− 2β



 ≥ ñe =
1

γ





α− c
√

f

β

− 2β



 ,
∂n∗

e

∂ψ
< 0

❛s ψ ≤ 1✱ ❛♥❞ ✇❤❡r❡ ñe ✐s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♠❛ss ♦❢ ✜r♠s ✐♥ t❤❡ st❛♥❞❛r❞ ♠♦♥♦♣♦❧✐st✐❝

❝♦♠♣❡t✐t✐♦♥ ♠♦❞❡❧ ✇✐t❤♦✉t ♥❡t✇♦r❦✳ P❧✉❣❣✐♥❣ t❤✐s s♦❧✉t✐♦♥ ✐♥t♦ t❤❡ ❡①♣r❡ss✐♦♥ q∗e ❧❡❛❞s t♦✿

q∗e =

√

β

f
= q̃e,

∂q∗e
∂ψ

= 0

✇❤❡r❡ q̃e ✐s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐♥❞✐✈✐❞✉❛❧ q✉❛♥t✐t② ✐♥ t❤❡ st❛♥❞❛r❞ ♠♦♥♦♣♦❧✐st✐❝ ❝♦♠♣❡t✐t✐♦♥

♠♦❞❡❧ ✇✐t❤♦✉t ♥❡t✇♦r❦✳ ❯s✐♥❣ t❤❡ ♣r✐❝✐♥❣ r✉❧❡✱ t❤✐s ❛❧s♦ ✐♠♣❧✐❡s t❤❛t✿

p∗e = α− β

√

β

f
−





α− c
√

f

β

− 2β



 = p̃e,
∂p∗e
∂ψ

= 0

✇❤❡r❡ p̃e ✐s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡ ✐♥ t❤❡ st❛♥❞❛r❞ ♠♦♥♦♣♦❧✐st✐❝ ❝♦♠♣❡t✐t✐♦♥ ♠♦❞❡❧ ✇✐t❤♦✉t

♥❡t✇♦r❦✳ ❙✐♠✐❧❛r❧②✱ ❞❡✜♥✐♥❣ ❛❣❣r❡❣❛t❡ q✉❛♥t✐t✐❡s ❛s Q = nq✱ ✐t ✐s r❡❛❞✐❧② ✈❡r✐✜❡❞ t❤❛t✿

Q∗
e =

1

γψ





α− c
√

f

β

− 2β





√

β

f
≥ Q̃e =

1

γ





α− c
√

f

β

− 2β





√

β

f
,

∂Q∗
e

∂ψ
< 0

❛s ψ ≤ 1✳ ▲❛st✱ ♥♦t❡ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s ✐♥ ❡q✉✐❧✐❜r✐✉♠✿

U (q∗e) = q0 + αn∗
eq

∗
e −

β

2
n∗
e (q

∗
e)

2 − γψ (n∗
eq

∗
e)

2

= q0 + (α− βq∗e − γψn∗
eq

∗
e)n

∗
eq

∗
e +

β

2
n∗
eq

∗
e

= q0 + p∗en
∗
eq

∗
e +

β

2
n∗
eq

∗
e

❆s ψ ≤ 1✱ p∗e = p̃e ❛♥❞ Q
∗
e ≥ Q̃e✱ t❤✐s ♠❡❛♥s t❤❛t✿

U∗
e ≥ Ũe

✇❤❡r❡ Ũe ✐s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✉t✐❧✐t② ✐♥ t❤❡ st❛♥❞❛r❞ ♠♦♥♦♣♦❧✐st✐❝ ❝♦♠♣❡t✐t✐♦♥ ♠♦❞❡❧ ✇✐t❤

♥♦ ♥❡t✇♦r❦✳ ❙✐♠✐❧❛r❧②✱ ❛s ∂p∗e
∂ψ

= 0 ❛♥❞ ∂Q∗

e

∂ψ
< 0✱ t❤✐s ✐♠♣❧✐❡s t❤❛t✿

U∗
e

∂ψ
< 0



❊ ❋✐♥✐t❡✲✜r♠ ❣❛♠❡

❊✳✶ ❈♦♥s✉♠❡rs✬ ♣r♦❣r❛♠

❍♦✉s❡❤♦❧❞s ❢❛❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜✉❞❣❡t ❝♦♥str❛✐♥t✿ x0+
∑N

i=1 pixi = x0+ y ✇✐t❤ pi ❜❡✐♥❣ t❤❡

♣r✐❝❡ ♦❢ ✈❛r✐❡t② i✱ x0 ❜❡✐♥❣ t❤❡ ❡♥❞♦✇♠❡♥t ♦❢ x0 ❛♥❞ y ❜❡✐♥❣ t❤❡ r❡✈❡♥✉❡ ♦❢ ❤♦✉s❡❤♦❧❞s✳ ❯♥✲

❞❡r t❤✐s ❡♥✈✐r♦♥♠❡♥t✱ t❤❡ ❝♦♥s✉♠❡rs✬ ♣r♦❣r❛♠ ✐s ❞❡✜♥❡❞ ❛s✿ max① U
(

①,●N
)

s.t. x0+
∑N

i=1 pixi = x0 + y✳ ❙♦❧✈✐♥❣ t❤❡ ❝♦♥s✉♠❡rs✬ ♣r♦❣r❛♠ ❣✐✈❡s✿

pi = α− βxi − γ

N
∑

j=1

gijxj

❚❤✐s ✐s t❤❡ st❛♥❞❛r❞ ✐♥✈❡rs❡ ❞❡♠❛♥❞ ❢✉♥❝t✐♦♥ ❛✉❣♠❡♥t❡❞ ❜② t❤❡ ❧✐♥❦❛❣❡s ❛❝r♦ss ✈❛r✐❡t✐❡s✳

❙❡t gij = 1 ❢♦r ❛❧❧ (i, j) t♦ ❡♥❞ ✉♣ ✇✐t❤ t❤❡ st❛♥❞❛r❞ r❡s✉❧t ✐♥ ♠♦♥♦♣♦❧✐st✐❝ ❝♦♠♣❡t✐t✐♦♥

♠♦❞❡❧s✳ ❆s U ✐s ❧✐♥❡❛r✲q✉❛❞r❛t✐❝✱ t❤❡ ✐♥✈❡rs❡ ❞❡♠❛♥❞ ❢✉♥❝t✐♦♥ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ y t❤❡

r❡✈❡♥✉❡ ♦❢ ❤♦✉s❡❤♦❧❞s✳

❊✳✷ ❋✐r♠s✬ ♣r♦❣r❛♠ ❛♥❞ ❡q✉✐❧✐❜r✐✉♠ q✉❛♥t✐t✐❡s✴❝♦♥s✉♠♣t✐♦♥s

■♥t❡❣r❛t✐♥❣ t❤❡ ❛❜♦✈❡ r❡s✉❧t ✐♥t♦ t❤❡ ♣r♦✜t ❢✉♥❝t✐♦♥ Π ❣✐✈❡s✿

Πi = pixi − cxi − f =

(

α− βxi − γ

N
∑

j=1

gijxj

)

xi − cxi − f

✇❤❡r❡ c ✐s t❤❡ ❝♦♥st❛♥t ♠❛r❣✐♥❛❧ ❝♦st ❛♥❞ f ✐s t❤❡ ✜①❡❞ ❝♦st✳ ■♥ t❤❛t ❝❛s❡✱ t❤❡ ✜r♠ i✬s

♣r♦❣r❛♠ ✐s s✐♠♣❧②✿ maxxi

{(

α− βxi − γ
∑N

j=1 gijxj

)

xi − cxi − f
}

✳ ❙♦❧✈✐♥❣ t❤❡ ✜r♠ i✬s

♣r♦❣r❛♠ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣✿

xi =
α− c

2β
−

γ

2β

N
∑

j=1

gijxj

❛♥❞ ❡q✉✐❧✐❜r✐✉♠ q✉❛♥t✐t✐❡s ❞❡♥♦t❡❞ ❜② ①∗ ❝❛♥ ❜❡ r❡✲✇r✐tt❡♥ ✐♥ ✧♠❛tr✐① ❢♦r♠✧ ❛s ❢♦❧❧♦✇s✿✶✻

①∗ =
α− c

2β

(

■N +
γ

2β
●N

)−1

✶N

■N ✐s t❤❡N ✐❞❡♥t✐t② ♠❛tr✐① ❛♥❞ ✶N ✐s t❤❡N ✲❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r ♦❢ ♦♥❡s ❛♥❞
(

■N + γ

2β
●N
)−1

✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿
(

■N +
γ

2β
●N

)−1

= ■N +
γ

2β
●N −

(

γ

2β

)2

●N 2 +

(

γ

2β

)3

●N 3 − ...

✶✻❋♦❧❧♦✇✐♥❣ t❤❡ P❡rr♦♥✲❋r♦❜❡♥✐✉s t❤❡♦r❡♠✱ t❤❡ ❡q✉❛t✐♦♥ ✐s ✇❡❧❧✲❞❡✜♥❡❞ ✐❢ γ
2β <

1
λmax(●N )

✇✐t❤ λmax(●
N )

❜❡✐♥❣ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ ●N ✳



■♥ ❧✐♥❡ ✇✐t❤ ❯s❤❝❤❡✈ ❛♥❞ ❩❡♥♦✉ ✭✷✵✶✽✮✱ ❡q✉✐❧✐❜r✐✉♠ q✉❛♥t✐t✐❡s ❛r❡ ❛ ❢✉♥❝t✐♦♥ ♦❢ ❝❡♥tr❛❧✐t②

♠❡❛s✉r❡s ❛s ①∗ ❞❡♣❡♥❞s ♦♥ t❤❡ s✐❣♥✲❛❧t❡r♥❛t✐♥❣ ❇♦♥❛❝✐❝❤ ❝❡♥tr❛❧✐t② ♠❡❛s✉r❡s ♦❢ ✈❛r✐❡t✐❡s

✭s❡❡ ❇♦♥❛❝✐❝❤ ✭✶✾✽✼✮✮✳ ▲❛st✱ ♥♦t❡ t❤❛t✱ ❛s t❤❡ ❧✐♠✐t✐♥❣ ❣r❛♣❤♦♥ ❢r♦♠ ❊r❞ós✲❘é♥②✐ ❣r❛♣❤s

✐s t❤❡ ❝♦♥st❛♥t ❣r❛♣❤♦♥✱ ✐t ❝❛♥ ❜❡ r❡❛❞✐❧② ✈❡r✐✜❡❞ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿

①∗ → q∗ when N → ∞

❋ ❉✐s❝✉ss✐♦♥s

❙♦ ❢❛r✱ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ♠♦❞❡❧ ❤❛s ❜❡❡♥ ❢♦❝✉s❡❞ ♦♥ ■♥❞✉str✐❛❧ ❊❝♦♥♦♠✐❝s✳ ❍♦✇❡✈❡r✱ t❤❡

♠♦❞❡❧ ♠❛② ❤❛✈❡ ♠❛r❦❡t✐♥❣ ❛♥❞ ♠❛♥❛❣❡♠❡♥t ✐♠♣❧✐❝❛t✐♦♥s✳ ❚❤❡s❡ ✐♠♣❧✐❝❛t✐♦♥s ❝♦✉❧❞ ❜❡

t❤❡ s✉❜❥❡❝t ♦❢ ❢✉t✉r❡✱ ♠♦r❡ ✐♥✲❞❡♣t❤ r❡s❡❛r❝❤✳ ❲✐t❤ r❡❣❛r❞ t♦ ♠❛r❦❡t✐♥❣✱ ❛ ❞❡♥s❡r ♣r♦❞✉❝t

♥❡t✇♦r❦ s❤♦✉❧❞ ❡♥❝♦✉r❛❣❡ ❡❛❝❤ ✜r♠ t♦ ✐♥✈❡st ♠♦r❡ ✐♥ ♠❛r❦❡t✐♥❣ t♦ ❝♦✉♥t❡r t❤❡ r✐s❡ ✐♥

❝♦♠♣❡t✐t✐♦♥ ❜② ♠❛❦✐♥❣ t❤❡ ♣r♦❞✉❝t ♠♦r❡ ❞✐✛❡r❡♥t✐❛t❡❞✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ γ ♣❛r❛♠❡t❡r

❜❡❝♦♠❡s t❤❡ ✜r♠✬s ❝❤♦✐❝❡✱ ❛♥❞ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ψ s❤♦✉❧❞ ✐♠♣❧② ❛ ❞❡❝r❡❛s❡ ✐♥ γ ✐♥ t❤❡ ♠❡❞✐✉♠

t❡r♠✳ ❲✐t❤ r❡❣❛r❞ t♦ ♠❛♥❛❣❡♠❡♥t✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❛ss✉♠❡ t❤❛t t❤❡ ♣r♦❞✉❝t✐✈❡ ❝❛♣❛❝✐t②

♦❢ ✜r♠s ❞❡♣❡♥❞s ♣♦s✐t✐✈❡❧② ♦♥ ♠❛♥❛❣❡♠❡♥t ❡✛♦rt✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❡✛❡❝t ♦❢ ❛♥ ✐♥❝r❡❛s❡

✐♥ ❝♦♠♣❡t✐t✐♦♥ ✐♥❞✉❝❡❞ ❜② ❛ ❞❡♥s❡r✴❝♦♥♥❡❝t❡❞ ❝♦♥s✉♠❡r ♥❡t✇♦r❦ ❝♦✉❧❞ ❜❡ ❧❡ss❡♥❡❞ ❜② ❛♥

✐♥❝r❡❛s❡ ✐♥ ♠❛♥❛❣❡♠❡♥t ❡✛♦rt✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❆✉♠❛♥♥✱ ❘✳❏✳ ✭✶✾✻✹✮ ✧▼❛r❦❡ts ✇✐t❤ ❛ ❝♦♥t✐♥✉✉♠ ♦❢ tr❛❞❡rs✧ ❊❝♦♥♦♠❡tr✐❝❛ ✸✷✱ ✸✾✲✺✵✳

❬✷❪ ❆✈❡❧❧❛✲▼❡❞✐♥❛✱ ▼✳ P❛r✐s❡✱ ❋✳ ❙❝❤❛✉❜✱ ▼✳ ❛♥❞ ❙✳ ❙❡❣❛rr❛ ✭✷✵✶✽✮ ✧❈❡♥tr❛❧✐t② ♠❡❛✲

s✉r❡s ❢♦r ❣r❛♣❤♦♥s✿ ❆❝❝♦✉♥t✐♥❣ ❢♦r ✉♥❝❡rt❛✐♥t② ✐♥ ♥❡t✇♦r❦s✧ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥

◆❡t✇♦r❦ ❙❝✐❡♥❝❡ ❛♥❞ ❊♥❣✐♥❡❡r✐♥❣ ✼✱ ✺✷✵✲✺✸✼✳

❬✸❪ ❇♦♥❛❝✐❝❤✱ P✳ ✭✶✾✽✼✮ ✧P♦✇❡r ❛♥❞ ❝❡♥tr❛❧✐t②✿ ❆ ❢❛♠✐❧② ♦❢ ♠❡❛s✉r❡s✧ ❆♠❡r✐❝❛♥ ❏♦✉r♥❛❧

♦❢ ❙♦❝✐♦❧♦❣② ✾✷✱ ✶✶✼✵✲✶✶✽✷✳

❬✹❪ P❛r✐s❡✱ ❋✳ ❛♥❞ ❆✳ ❖③❞❛❣❧❛r ✭✷✵✶✽✮ ✧●r❛♣❤♦♥ ❣❛♠❡s✧ ❛r❳✐✈✿✶✽✵✷✳✵✵✵✽✵✳

❬✺❪ ❯s❤❝❤❡✈✱ P✳ ❛♥❞ ❨✳ ❩❡♥♦✉ ✭✷✵✶✽✮ ✧Pr✐❝❡ ❝♦♠♣❡t✐t✐♦♥ ✐♥ ♣r♦❞✉❝t ✈❛r✐❡t② ♥❡t✇♦r❦s✧
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