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Abstract

Perfect equilibrium, in which players share a common idea about future errors, is a widely used equilibrium concept
for finite extensive-form games. Okada's (1991) lexicographic domination, by contrast, is based on each player's
individual idea about future errors. We identify simple sufficient conditions under which perfect equilibria and
lexicographically undominated strategy profiles are equivalent. For example, if each path includes at most two decision
nodes, any lexicographically undominated strategy profile is perfect. When we consider a simple signaling game where
the marginal impact of the receiver's action on the sender's payoff is type-invariant, if the receiver can select a special
action called the Never-Best boundary action, both concepts coincide. Our results suggest that, under certain
conditions, Selten's perfect equilibrium is consistent with weaker rationality assumptions than those underlying Selten's
(1975) original definition.
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1. Introduction

Selten’s (1975) perfect equilibrium is a popular equilibrium concept for finite extensive-form
games, in which players share a common idea about future errors. Okada (1991) introduced a
weaker concept, a lexicographically undominated strategy profile, in which each local strategy is
not weakly dominated by any alternative local strategy in a neighborhood of the current profile.
In other words, compared with perfect equilibrium, players are locally cautious about potentially
different future errors across information sets. Okada (1991) proves that every perfect equilibrium
is lexicographically undominated.

Identifying when individually cautious reasoning yields perfect equilibrium clarifies when per-
fect equilibrium is justified under weaker, purely individual assumptions. This also characterizes
environments in which using perfect equilibrium is particularly compelling. As an early contri-
bution, Okada’s (1988) Theorem 3.7 shows that, in two-player normal-form games, every lexico-
graphically undominated strategy profile is perfect.

In this paper, we investigate when individual cautious reasoning yields perfect equilibria.! For
example, consider a simple game in which each path includes at most two decision nodes (hereafter
a short game). If players avoid lexicographically dominated strategies, the resulting strategy profile
is perfect (Theorem 1).2

When analyzing a signaling game in which the marginal impact of the receiver’s action on
the sender’s payoff is type-invariant, if the receiver can select a special action called the Never-
Best boundary action, lexicographically undominated strategy profiles are perfect (Theorem 2). In
short, this special action is never played in equilibrium, but its outcome significantly impacts the
sender’s payoff. Thus, all best choices in equilibrium remain best under the perturbation in which
the outcome makes others irrelevant. These conditions hold, for example, if the receiver determines
the wage of senders and the sender’s payoff is additive in the wage, as in Spence (1973), provided
that the feasible set of sender wages includes a wage that is so high that it is not reasonable to
select.’

In games with uncountably many actions, although the original definition of perfect equilib-
ria is no longer applicable, lexicographically undominated strategy profiles can still be discussed
without modifying their definition. Existing work has extended the definition of perfection to
normal-form games with uncountably many strategies by proposing multiple adaptations of Sel-
ten’s (1975) definition and comparing the resulting refinements.* Our results offer an alternative
route for discussing “perfect equilibrium” in games with uncountably many actions via lexico-
graphic domination.’

"'We can find a similar discussion about normal-form perfectness in Okada (1988) and quasi-perfectness in Asheim
and Perea (2005).

2Because short games can involve more than two players, Theorem 1 differs from Okada’s (1988) Theorem 3.7.

3See the discussion in the Appendix.

4For example, Simon and Stinchcombe (1995), Carbonell-Nicolau (2011a,b,c) and Bajoori et al. (2013).

3In the Appendix, we demonstrate “perfect equilibrium” in short games with uncountably many actions via lexi-
cographic domination.



2. Finite Extensive-Form Games

In this section, we first formulate a standard finite extensive-form game. Then, we introduce perfect
equilibria in Selten (1975) and lexicographic domination in Okada (1991). Next, we show our main
result that explains the relationship between lexicographic domination and perfect equilibrium in
short games.

An n-player finite perfect-recall extensive-form game I' = (K, P,U, p,h) consists of the follow-
ing five elements: the game tree K including the finite set of non-terminal nodes X , the player
partition P = (Py, ..., P,) on X, the information partition U = (Uj, ..., U,) on X, nature’s probability
distribution p, and a payoff function 4. K consists of X including the origin @, terminal nodes in
the finite set Z, and directed links between nodes. A, represents the set of choices at each informa-
tion set u. We call each sequence of nodes from the origin @ to z € Z a play. We call each sequence
of nodes from x € X to X’ € X a path. In each play, a node from each information set can appear at
most once. Player O (nature) follows an exogenous completely mixed probability distribution p,
over A, at each information set u € Uy such that p,(a,) > 0 for all a, € A,. The information set u
is a singleton if u € Uy. The payoff function h: Z — R" represents the players’ payoff from z € Z.

We denote a probability distribution b;, over A, as a local strategy for player i € I at an infor-
mation set u € U;. b/b], is a strategy profile following b/, at u and all other local strategies remain
unchanged from b.

For each strategy profile b, the realization probability of each x € X and z € Z, denoted by
p(x,b) and p(z,b), is uniquely determined. The realization probability of an information set u is
p(u,b) =Y, c.p(x,b). p(z,b|x) is the conditional realization probability of z € Z after the players
reached x. If x € X is not in the path from @ to z € Z, then p(z,b|x) = 0.

A local belief p,(x) represents the probability of each node x € u € U; that the player i believes
at u. For any i € I, a belief p is a function from u € U; to a local belief p,.

Definition 1 A strategy profile b € B is completely mixed if by, (a,) > 0 for all a, € A, for all
ueU;and forallic Il

When b € B is completely mixed, the realization probability of x € u and the belief, p,(x) =
p(x,b)/p(u,b), at each information set are uniquely determined. Such a belief is called a consistent
belief with b. For each sequence of completely mixed strategy profiles b/ — b, the unique sequence
of beliefs exists and includes a convergent subsequence because the sequence is in a compact
space (Bolzano-Weierstrass Theorem). Hereafter, we consider such a subsequence and skip this
explanation.

The ex-ante expected payoff vector H(b) = (H;(b),...,H,(b)) is

H(b) =Y p(z,b)h(z). (D

zEZ

The expected payoff vector at an information set u is

H(b,ulp) =) pu(x) ) p(2,bl0)h(z). @)

XEu €72

When the consistent belief is unique,® we sometimes denote H (b, u) instead of H(b,u|p).

For example, if b is a completely mixed strategy profile, the consistent belief is unique.



The following representation of perfect equilibrium is useful for comparison.’
Definition 2 A strategy profile b is a perfect equilibrium if there exists a sequence b™ — b such
that b™ is a completely mixed strategy profile for all i € I, for all u € U; and for all b}, € B,

Hy(B" /by u) = Hy(B™ /By, ). G)

Hereafter, the set of all perfect equilibria b € B in I is denoted by PE(T").
We refer to Okada (1991)’s lexicographically undominated strategy profile.3

Definition 3 (Definition 2.2 of Okada (1991)) Fix b € B. We say that b;, lexicographically dom-
inates b, if and only if there exists a neighborhood O C B of b such that

H;(b" /biu) 2 Hi(b" /by, ) (4)
for any strategy profile b" € O, and the inequality is strict for some b € O.

A strategy profile b is called a lexicographically undominated strategy profile when each b;, is
not lexicographically dominated by any b/, € B;, for any i € I and at any u € U;. Unlike perfect
equilibria, a lexicographically undominated strategy profile does not require players to share a
similar idea about future errors.

To analyze the relationship between perfect equilibria and lexicographically undominated strat-
egy profiles, we utilize the following lemmas. For ease of exposition, we collect the proofs of all
results in the Appendix.

Lemma 1 IfT has only two information sets, and if every path in I passes through both informa-
tion sets, then for any b,b" € B, any i € I, any u € U; and any € € (0,1),

H((1—€)b+eb" /biu,u) = (1— €)H (b /bi, 1) + H (" /bju,u). )

Under certain conditions, each player’s payoff is linear in the probabilities assigned to actions
within each local strategy.’ This is useful for understanding the substitutability among strategic
choices. Although this linearity does not hold in many situations including short games, the fol-
lowing result is proven through this linearity.

Lemma 2 When each path includes at most two decision nodes in I, if by, is not lexicographically
dominated in b, there exists a sequence of completely mixed strategy profiles b — b such that for
any b, € Bjy,

Hi(b* /by, u) = Hi(b* b, u). (6)

From Lemmas 1 and 2, we obtain the following relationship in short games.

7Selten (1975) defines perfect equilibrium as a limit of Nash equilibria in a sequence of perturbed agent-normal-
form games converging to the original agent-normal-form game. Our definition is equivalent to Selten’s (1975) original
definition.

80kada (1991) calls strategy profiles strategy combinations, but we call them profiles here because this terminology
is more commonly used today.

9We discuss this linearity in more general settings in our ongoing parallel project, Jinushi (2024).



Theorem 1 When each path includes at most two decision nodes in I, a lexicographically undom-
inated strategy profile is a perfect equilibrium (and vice versa'®).

In the Appendix, we present a simple application that illustrates the usefulness of this theorem in
a setting with uncountably many actions.

3. Implication for Signaling Games

Signaling games are an important class of incomplete information games. We consider the follow-
ing simple signaling game: Nature draws ¢ from T according to pg. One sender, denoted by 1,
observes nature’s action # and decides by ;,, on § at the information set u,;. One receiver, denoted by
2, observes the sender’s signal s and decides by, on A,. T,S and A, are finite sets.

Signaling games involve three decision nodes along each path and lie outside of Theorem
1. Then, under what conditions are lexicographically undominated strategy profiles equivalent to
perfect equilibria in signaling games? One natural question is what happens when the receiver’s
action has a type-invariant marginal impact on sender’s payoff. We formalize this requirement as
follows:

Definition 4 (Type-Invariance of Receiver’s Action on Sender’s Marginal Payoffs) For any pair
of information sets after t,t' € T and for all strategy profiles b,b’ € B satisfying

b1y, () = b1y, (s) forall s €S, (7
the following equality holds:
H] (b,ut) _Hl (b//bl,utau[) :H] (baul/) _Hl (b//bl,utmut/) (8)

where Hy(b/by 4, ,u;) denotes the sender’s expected payoff at u; when the sender at the information
set after t follows by ,, and players at all the other information sets follow local strategies in b.

To preview our main finding, the type-invariance condition alone is almost sufficient for the
equivalence between perfect equilibria and lexicographically undominated strategy profiles. How-
ever, it fails to guarantee the equivalence only when, in equilibrium, the receiver utilizes an action
that is best for senders at one information set and an action that is worst for senders at another.!!
Thus, if either the best or the worst action is never the receiver’s best response, the type-invariance
condition guarantees the equivalence. We formalize this condition as follows:

Definition 5 (Never-Best (NB) Action) We call a receiver’s action a € A, a Never-Best action if,
for any information set after s € S and for any completely mixed strategy profile b € B, there exists
b' € B such that by , (a) =0 and

Hy(b,us) < Hy(b/b) , ,uy) )

190kada (1991) shows that every perfect equilibrium is lexicographically undominated.
!1See the proof of Theorem 2 in the Appendix. In short, if either the best or worst action is not utilized, all senders
can focus on future errors which put the same marginal impact on each signal.



where Hy(b /b, uf,us) denotes the receiver’s expected payoff at us when the receiver at the infor-

mation set after s follows b/27ux and players at all the other information sets follow local strategies
inb.

Definition 6 (Boundary Action) We call a receiver’s action a € A, a boundary action if there
exists t € T such that, for any receiver’s information set induced by signal s € S and whenever
’2#3 (a) = 1, we have either, for all completely mixed strategy profiles b € B

H(b,u;) < Hy (b/blzm,uz), (10)
or for all completely mixed strategy profiles b € B,
H(b,u;) > H; (b/blz,usa”t)- (11)

We say that a game satisfies the NB boundary-action condition if A, includes a NB action that
is a boundary action.
Formally restating our earlier intuition using these definitions, we obtain the following:

Theorem 2 In a simple signaling game satisfying both the type-invariance condition and the NB
boundary-action condition, lexicographically undominated strategy profiles are perfect.'?

In simple signaling games under the invariance condition, adding one extra receiver action that
is dominated for the receiver is enough to apply Theorem 2. Put differently, the logic behind perfect
equilibria and lexicographically undominated strategy profiles coincides when the receiver has a
prohibitively costly action that generates an extreme payoff for the sender. We conjecture that the
presence of such salient outside options can simplify strategic reasoning in more general settings.

A. Appendix

A.1 Proof of Lemma 1

Proof: For the player i such that @ € U; (if i # 0), H; at @ from each choice depends on only the
local strategy at the following node. At the following information set u, for player j such that
u € Uj, H; from each choice is linear in p,, and p, is linear in b; g (or pg if i = 0) because the
realization probability of u is unchanged.

A.2 Proof of Lemma 2

For players i,i’ € I'3 and each pair @ € U; and u € Uy \ {@}, we consider a two-player agent-
normal-form game I'(@,u) such that a pure-strategy set is identical to a choice set S; = {ag €
Ag|3x € u such that ag induces x in the game tree K} and Sy = A, and the payoff from each out-
come is identical.

12In the Appendix, we provide an example illustrating the importance of the NB boundary-action condition.
I31f either player is nature (player 0), we can apply similar logic. This is because nature just follows p, and does
not change its behavior in the sequence. For simplicity, we skip the possibility.



Consider by, at u such that p(u,b) > 0. Then, there exist a player i’s strategy o; such that
0;i(s;) = big(s})/ Les; big(si) for any s; € S; and a player i”’s strategy oy = by,. Since by, is
not lexicographically dominated in the neighborhood of » in I', and Ag \ S; does not have any
impact on Hy in u, the player i"’s mixed strategy oy is not lexicographically dominated at ©.
Thus, oy is not weakly dominated (hereafter dominated). In a two-player normal-form game,
it is known that, if oy is not dominated, there exists a completely mixed 6; making oy optimal
(For example, see Appendix B of Pearce (1984)). Because of Lemma 1, for any € € (0,1), oy
is optimal for (1 — €)o; + €6;. Therefore, there exists a sequence of completely mixed strategy
profiles 0¥ — o that makes player i’’s strategy 6, optimal. Any sequence bf@ which satisfies
ok(si) = bfg(si) / Lses; bfg(sg) for all s; € S; satisfies the requirement in Lemma 2 for u such that
p(u,b) > 0.

Second, consider an unreached information set u such that p(u,b) = 0. Since by, is not lex-
icographically dominated and Ag \ S; does not have any impact on Hy in u, the player i'’s mixed
strategy oy is not dominated in I (@, u). Then, there exists a completely mixed strategy & which
justifies oy. Therefore, any sequence bf?@ which satisfies o;(s}) = bfg(sﬁ) [ Yses; bf@(s,-) for all
s; € S; satisfies the requirement in Lemma 2 for u such that p (u,b) = 0.

Third, for the optimality of b;s, we consider a two-player normal-form game I (@) involving
an agent of player i at @ and an incomplete dictator D who selects the combination of local strategy
atany u € U\ {@}. There exist at most two decision nodes in each path, and so there is a bijection
from a mixed strategy of the dictator in I (@) to the combination of by, in I" both of which give
an identical outcome distribution against b,i3. Op is a mixed strategy that represents a combination
of by, for all pair of i/ € I and u € Uy \ {@}. Since by is lexicographically undominated in T,
the player i’s (unique) mixed local strategy in I'(@) corresponding to b;g is lexicographically
undominated, and so b, is not dominated. From Pearce (1984) and Lemma 1, there exists a
sequence of completely mixed strategy profiles GL’?, — op in which the player i’s mixed strategy is
optimal in I(@). Therefore, by using the bijection, there exists a sequence of completely mixed
strategy profiles b* that makes b optimal.

A.3 Proof of Theorem 1

Consider a lexicographically undominated strategy profile b.

In the following discussion, we assume that player 1 makes a decision at @.'4 In the follow-
ing proof, ac(x) denotes the unique action ag € Ag that induces x € X in the game tree K. ac(z)
denotes the unique action ag € Ag such that ag induces z € Z in the game tree K.

First, we focus on @. Since b, g is lexicographically undominated, there exists a sequence of
completely mixed strategy profiles b* — b such that H, (b* /b ) = Hy (b*/ b’LQ) forany b} € By o
(Lemma 2). Since H;(b*/ b’l’g) depends only on b¥, such that u € U\ {@} and does not de-
pend on b’f’g, bllc,ﬁ is optimal for any b* /b’l’@ where b 5 € B g. Throughout the rest of this

proof, without further explanation, we consider a sequence of completely mixed b* such that
H, (b* /b1 g) 2 H(b"/b] ) for any b) 4 € By g.
Second, we focus on u € U\ {@} and i € I such that u € U;. H;(b*/b],,u|p*) depends on

i’

141f the initial player is nature (player 0), we can apply similar logic. Nature’s action is governed by the fixed
distribution p, and hence does not vary along the perturbation sequence. We therefore omit this case for simplicity.



p,’j which is consistent with b’]‘ @- Since each bj, 1s not lexicographically dominated, there exists

a sequence (b¥, p*) such that ¥ — b and p* € CO(b*) which justifies b;,. Then, there exists a
sequence of the ratios bX glac(x))/ p(u,b*) for each x € u. SR(k,u,x) denotes the ratio.

Consider a sequence of completely mixed strategy profiles and beliefs (' k p! k) — (b, p) where
p’* € CO(b™*). Then, from the sequence, we can calculate a sequence of the non-zero realization
probabilities for each u € U \ {@} which converges to p(u,b). Denote the realization probability
of u at the kth element in the sequence by o (k,u). Since each choice is connected to a unique node
and a unique information set (if the following information sets exist), we can disjointly decide the
ratio of each choice at @ with which the sequence makes the realization probability converge to
p(x,b) and the ratio for the optimality is satisfied by the following way: For each x € u, we decide
b’l‘vg(ac(x)) such that b]i@(ac(x))/a(k,u) = SR(k,u,x). Then, we get b’l‘g — b} g and each by, is

optimal to b]]"g. Forany i’ € I and u € Uy \ {@}, b, = b/* and so b; ¢y is optimal in the sequence. For

>

any choice at @ connected to an outcome z € Z, we set b% glac(z)) = b’lk@(ac(z)). The constructed
b* satisfies b* — b, and each b;, is optimal in the sequence, so b is perfect.

A.4 TImplication for Games with Uncountably Many Actions

Unlike perfect equilibria based on completely mixed strategy profiles, we can apply lexicographic
domination to games with uncountably many actions. By Theorem 1, when we consider a short
game with uncountably many actions, if each local strategy is lexicographically undominated, we
can interpret this strategy profile as a “perfect equilibrium”.

Consider a short game with three players. Player 1 selects a number a,; € A,; = [2,3]U[4,5],
and then if a,; < 3, Player 2 selects a number a,, € A,» = [2,3], and otherwise Player 3 selects a
number a,3 € A,3 = [4,5]. Player 2 and 3 observe Player 1’s choice before making their decision.

When Player 1 and the subsequent player select a unique number, all players obtain 1. If either
Player 1 or the next player selects a noninteger, and if the opponent selects an integer, the former
obtains 0, and the other players obtain 1. Otherwise, all players obtain 0.

Since any integer lexicographically dominates any noninteger, each player can select only inte-
gers in each lexicographically undominated strategy profile. Player 1 can choose any local strate-
gies selecting only integers. After Player 1’s integer, Player 2 or 3 selects the number Player 1
selected. In the other information sets, Player 2 and 3 can select any local strategy selecting only
integers. This approach rejects uncountably many other subgame-perfect equilibria consisting of
vulnerable nonintegers.

A.5 Proof of Theorem 2

For the sake of contradiction, suppose that a lexicographically undominated strategy profile b is
not perfect. This implies that, by Definition 2, at least one b;,, is strictly inferior in each completely
mixed strategy profile around b. Because b;, is not lexicographically dominated, by considering
agent-dictator games as in Appendix A.2, we can find a sequence of completely mixed strategy
profiles converging to » under which b;, is optimal. Thus, due to linearity, when we consider a
combination consisting of such a sequence for each local strategy, our initial assumption implies



that at least a conflict!” arises among these sequences.

Such a conflict cannot occur between a sender’s local strategy and a receiver’s local strategy.
This is because each player’s payoff depends only on the opponents’ local strategies. Therefore,
we discuss the possibility of conflicts separately within the local strategies of each role.

Such a conflict cannot occur among receivers’ local strategies. The receiver’s expected payoff
at each information set depends on the probability of a subset of senders’ action, and there are
no overlaps among the subsets. As we discussed in the initial paragraph of this proof, for each
local strategy at each u, at least a sequence of completely mixed strategy profiles b* in which the
local strategy is optimal converges to b. We focus on a receiver’s information set u and consider
a sequence of completely mixed strategy profiles ¥ converging to b. Because the sequence con-
verges to b, for each b¥ , there exists b such that the realization probability of all x € u such that
p(x,b) = 0 is lower than the probability in b¥. Consider a new completely mixed strategy profile
b’ such that p(x,b') = p(x,b) for all x € u and the probability difference p(x,b¥ ) — p(x,') is
assigned to the sender’s local strategy in such a way that the ratio of each choice is identical to the
local strategy in b. Apart from this modification, b’ is identical to b . In ¥/, the local strategy at u
is optimal. In addition, b’ is weakly closer to b than b We repeat this process for all u, and all
receivers’ local strategies in the information sets are optimal at the end. Thus, for any completely
mixed strategy profile b¥ . we can construct another completely mixed strategy profile in which all
receivers’ local strategies are optimal while reducing the distance to b.

Under the invariance condition and the NB boundary-action condition, such a conflict cannot
occur among sender’s local strategies. When the set of lexicographically undominated choices at
each sender’s information set in b does not overlap, we can independently modify future errors
after each sender’s information set, similar to the receiver’s case above.

Thus, only cases where the set of lexicographically undominated choices at each sender’s infor-
mation set in b shares a subset of signals are relevant. However, when the invariance condition and
the NB boundary-action condition hold, by adjusting the perturbation on strategy profiles, we can
make the changes in the expected payoff of local strategies identical among senders who share the
lexicographically undominated signals. For example, if a game includes an NB boundary action,
by assigning a relatively high probability to the action, we can make the change in the sender’s
payoff for each choice positive and identical. Any other effects of the receiver’s choice on the
sender’s payoff are dominated by the possibility of the extreme action. The boundary action can
play the similar role. Therefore, the initial assumption contradicts the invariance condition and the
NB boundary-action condition in simple signaling games.

A.6 Signaling Games with Theorem 2

We examine when our results apply to simple signaling games. Following Spence (1973), suppose
the receiver determines the wage of senders and the sender’s payoff is additive in the wage.'® Under
these conditions, the type-invariance condition holds. Unlike Spence (1973), after the sender sends
a signal, the receiver decides the wage. Assume A, C R, and |A,| = 2. In this setting, @, which is
the highest wage in A, is a boundary action.

ISWe say that one sequence conflicts with another if the two sequences are not identical. If there exists a sequence
of completely mixed strategy profiles that makes every local strategy in b optimal, then no conflict arises in the present
context.

16The sender’s payoff is a function @(z,s) plus the expected wage after sending s.



Whether an action is never-best or not depends on the receiver’s payoff function. When wages
are moderately higher, workers may make a greater effort, leading to increased production and
thus benefiting the receiver. However, such a gain is bounded above in reality, so a is typically
dominated by other choices.

The following simplified game tree'’, Game 1, is useful for understanding why we discuss an
NB action. This game tree represents a simple signaling game where T = {H,L}, A, = {a,d’,a}
and S = {3,5',s} where a > d' > a.

To understand the NB requirement, for simplicity, we suppose that the receiver is indifferent
among all outcomes. When a type-t sender sends a signal s, if the receiver selects a, the sender
obtains payoff @(t,s) +a for any t € T and s € S. We make the following assumptions:

o(t,s) > o(t,s') > o(t,5) forallt € T, (12)
o(H,5)+a=o(H,s')+d > o(H,s)+a, (13)

and
o(L,s)+a=o(L,s)+d > o(L,3)+a. (14)

This game has the following lexicographically undominated strategy profile b: the type-H
sender sends §, the type-L sender sends s’, and the receiver selects a after observing §, a’ after
observing s’, and a after observing s. However, this profile b is not perfect, because either type of
sender has an incentive to deviate from their prescribed strategy in any completely mixed strategy
profile sufficiently close to b.
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