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Abstract

We consider abstract social systems of private gntgpmade oh individuals endowed with non-paternalistic
interdependent preferences, who interact throughanges on competitive markets and Pareto-imprdvimg-
sum transfers. The transfers follow from a disttil®iliberal social contract defined as a redisttidn of initial
endowments such that the resulting market equilibrallocation is both: (i) a distributive optimurne(, is
Pareto-efficient relative to individual interdepend preferences) and (ii) unanimously weakly preféro the
initial market equilibrium. We elicit minimal cortéins for meaningful social contract redistribution this
setup, namely, the weighted sums of individualratependent utility functions, built from arbitrappsitive
weights, have suitable properties of non-satiatind inequality aversion; individuals have divergirnigws on
redistribution, in some suitable sense, at (inekisdistributive optima; and the initial market ddpium is not
a distributive optimum. We show that the relatinterior of the set of social contract allocatiomshen a simply
connected smooth manifold of dimensioid. We also show that the distributive liberal sbcontract rules out
transfer paradoxes in Arrow-Debreu social systéiis.show, finally, that the liberal social contra@tlds a
norm of collective action for the optimal provisiohany pure public good.
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1-Introduction
This article derives the global structure of thé ;fePareto-efficient distributions of
wealth and its subset of distributive liberal sbcantracts in abstract social systems made of
individuals owners endowed with non-paternalistiteidependent preferences, who interact
by means of competitive market exchange and Pargimsving lump-sum redistribution.
Wealth distribution is formally analogous to a ppublic good in the presence of non-
paternalistic utility interdependence (Kolm, 1968pchman and Rodgers, 1969; and the

subsequent literature on Pareto optimal redisiobuieviewed in Mercier Ythier, 2006, 6.1).

Pareto efficiency admits two distinct definitions this setup, namely, the Pareto
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André Gérard-Varet at Marseilles, June 2008, amdirss participants at the University of Strasboargl the
University of Paris Panthéon-Sorbonne for helpfuhments on earlier drafts of the paper. The usisalaimer
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efficiency relative to individuals’ preferences ceming their own consumption of market
commodities, hereafter calletharket efficiency and the Pareto efficiency relative to
individuals’ preferences concerning the whole atan of resources, calledistributive
efficiency The two definitions articulate consistently ireteense that the latter implies the
former, subject to a mild assumption of non-sairatof the partial preordering of Pareto
associated with individual preference relations roa#tocation. The second fundamental
theorem of welfare economics then applies to thgtive Pareto optima; that is, distributive
optima are Walrasian equilibria relative to suieabkctors of market prices and individual
endowments (Winter, 1969; Archibald and Donaldst®/6; and the subsequent literature
reviewed in Mercier Ythier, 2006, 4.1.2).

These facts open the possibility of consistentifcalating market exchange and
redistribution within a liberal social contract (iKn 1985; Mercier Ythier, 2009)The latter
is characterized below as the subset of distrieugigreto optima that are unanimously weakly
preferred to some initial Walrasian equilibrium.igmotion provides a norm for optimal
redistribution, defined in the ideal conditionspErfect contracting in market exchange and
social contract redistribution: from a given Walaasequilibrium that is not a distributive
optimum, Pareto-improving lump-sum transfers ardgomed on the initial distribution of
individual endowments so that the resulting Walmasequilibrium yields a distributive
optimum unanimously preferred to the initial Walagsequilibrium.

The distributive liberal social contract rules agnsfer paradoxes in Arrow-Debreu
social systems by construction.

While the focus of this article is the normativeasis of the redistribution of wealth,
it must be noted that the formal setup developéalbamplies, as a special case, an important

special case of the standard model of generalibguih with pure public goods (e.g., Foley,

! See also Kolm, 1987a; 1987b; 1996, 5; 2004, CBaand Mercier Ythier, 1998; 2006, 6.1.



1970; Conley, 1994). This formal equivalence olstamwith an assumption of weak
separability of individuals’ allocation preferencedative to their own private consumption
and a suitable reinterpretation of commodities {@@¢notes 4 and 18 below; also Mercier
Ythier, 2006, 3.3.3 and 6.1). The distributive fiddesocial contract, properly reinterpreted,
may therefore provide a norm of collective actiat only for optimal redistribution but also,
more generally, for the optimal provision of anpéyof pure public good.

This paper is organized as follows: Sections 2 anget and interpret the general
equilibrium framework for the analysis of Paretdiwyl redistribution. Section 4 discusses
the consequences of the public good characteristitise distribution of wealth in terms of
the price-supportability of distributive optima am@sociate notion of price equilibrium.
Section 5 first sets the regularity conditions #well-behaved set of liberal social contract
solutions to optimal redistribution, then examire@amples of degenerate solutions to the
same problem, and finally elicits sufficient comaliis on individual preferences for regular
distributive efficiency. Section 6 defines a notiminsocial contract equilibrium that yields a
determinate liberal social contract solution toimpd redistribution. Section 7 is a brief

conclusion. The proofs are collected in the Appendi

2-Pareto optimal redistribution in a general equilibrium setup?
We consider the following simple society of indivad owners, consuming,

exchanging, and redistributing commaodities.
There aren individuals denoted by an indéxunning in N :{1,...,n}, andl goods and
services, denoted by an indexunning in L ={1,...,I} .We letn>2 and| =1 in the sequel,

that is, we consider social systems with at leastagents and at least one commodity.

The final destination of goods and services isvirlial consumption. A consumption

2 This section is an abridged version of the seeyetbped in Mercier Ythier, 2007, 2009.



of individuali is a vector(x,,...,x ) of quantities of his or her consumption of comntiesi

denoted by. The entries ok are nonnegative by convention, corresponding toashels in
the abstract exchange economy outlined befsvallocation is a vectofx,,...,x,), denoted
by x.

Individuals exchange commodities on a completeesysof perfectly competitive
markets. There is, consequently, for each commdliyunique market price, denoted gy
which agents take as given (that is, as indepenfient their consumption or exchange
decisions). We lep=(p,..., ).

We make the following assumptions on commodityngtias: (i) they are perfectly
divisible (ii) the total quantity of each commodity is givence and for allgxchange

economywith fixed total resourcgsand equal to 1 (the latter being a simple chofognits of

measurement of commodities); (iii) an allocatioms attainable if it verifies thaggregate
resource constraint of the economy, specified a®we: ZEN X, <1 for all h. (This
definition of attainability impliedree disposa)

The vector of total initial resources of the ecomprthat is, the diagonal vector

(1...,2) of R', is denoted byo. The set of attainable allocatiofgUR?: > % <d is

denoted byA.

The society is a&ociety ofprivate property In particular, the total resources of the
economy are owned by its individual members. Thetial” ownership or endowment of
individual i in commodityh, that is, the quantity of commoditythat individuali ownsbefore

market exchangeis a nonnegative quantityy,. The vector (w,,...,&q,) of i’s initial
endowments is denoted hy. We haveZiDNcq = p by assumption. The distribution of

initial endowmenty«, ...,w, ) is denoted byw.

Individuals have preference preorderings concermafigcation, which are well



defined (i.e., reflexive and transitive) and contpleThe allocation preferences of every
individual i are assumeseparablein his own consumption, that iss preference preordering
induces a unique preordering idm consumption set for all We suppose that preferences can
be represented by utility functions. In particultue preferences of individuatoncerning his

own consumption, as induced by his allocation pesgfees, are represented by the (“private”,
or “market”) utility function u : R, -~ R, which we will sometimes also catiphelimity
function by reference to Pareto (1913 and 1916). Furthbe product function
(U ph,... .o Pr) (X% )— U (%),...4 (X ), where pr denotes theith canonical
projection (x,,...,x,) - X, is denoted byu. Finally, we suppose that individual allocation
preferences verify the following hypothesisrain-paternalistic utility interdependenceor

all i, there exists a “social” or “distributive” utilifunction w :u®" )— R, increasing in its
ith argument, such that the product functiogou:(x,....%)—- W(y(X),....4 (X))

represents’s allocation preferences. Whenewviés distributive utility is increasing in’s
ophelimity, it means that individualendorseg’s consumption preferences within his own
allocation preferences (“non-paternalism’or the sake of clarity, we reserve the terms
individual distributive utility functiorfor functions of the typ& andindividual social utility
function for functions of the typew o u. The termsindividual distributive preferenceand
individual social preferenceson the contrary, are used synonymously and datggn

individual preference relations concerning allamati in short, individual allocation

preferences.

% Note that non-paternalistic utility interdependemtees not implydistributive benevolengen the sense of
individual distributive utilities increasing in s@rothers’ ophelimities. It is compatible, in pauter, with the
distributive indifferenceof an individuali relative to any other individugl that is, the constancy afs
distributive utility inj’s ophelimity in some open subset of domaifR") (“local” distributive indifference of
relative toj) or in the whole of it (“global” indifference). Is compatible, also: with local or globdistributive
malevolence in the sense of individual distributive utilitiefecreasing in some others’ ophelimities; and,
naturally, with any possible combination of locanievolence, indifference or malevolence of anyvialdial
relative to any other.



Individual private utilities are normalized so tha(0) = O for all i. Naturally,

this can be done without loss of generality, duethte ordinal character of allocation

preferences.

We let w denote the product functiorfw,,...,w,):0 - (w(0),...,w (0)),
defined onu(R").

We use as synonymous the following pairs of priogerof the preference
preordering and its utility representatiossnooth(C', with r =1) preordering, and smooth

(C") utility representationsmonotone(resp. strictly monotone, resp. differentiablyicity
monotone) preordering andcreasing(resp. strictly increasing, resp. differentiabtyicgly
increasing) utility representationspnvex(resp. strictly convex, resp. differentiably stiic
convex) preordering anduasi-concave(resp. strictly quasi-concave, resp. differentrabl
strictly quasi-concave) utility representationseiftdefinitions are recalled for the sole utility

representations, in footnote 5 below.

A social system is a lisfw, u, p) of social and private utility functions of individls

and aggregate initial resources in consumption codities. A social system of private

property is a Iist(w, u,a)), that is, a social system where the total ressuafesociety are

owned by individuals and distributed between thesoeding to distributionw.*

* This formal definition of the social system ove@dawith an important special case of the standasdemof
general equilibrium with pure public goods. Patitithe setN of individuals into two subsets: the “rich”

{1....m} and the “poor’{m-1,...,n}, with 0O<m< n. Suppose that any rich individual is indiffereatthe
other rich and altruistic toward the poor, that\iﬁ(u(x)) =u (L,l( X)s War( Xer) oo H( >g)) with a strictly

increasingy; for all i <m; the poor are egoistic, that i (u( x)) = q( ),() for all i >m; and the poor have null

initial endowments, that isqy =0 for all i >m. Reinterpret, next, the private welfare of po@s any generic

pure public good of typg private utility functionuy; as the production function of public goagdand private
consumptiorx; as a vector of inputs of “private” commoditiés1{1,...,1} . We end up with the standard setup

for a general equilibrium with public goods prodddeom private commaodities, only distinguished frane
most general version of the latter by the asswnpgmbodied in the specification of individual isbaitility
functions, that preference relations are weaklyassge with respect to individual consumption oivate
commodities. Note that this separability assumpisotrivially verified when the private commoditg unique
(I = 1, the case considered in Mercier Ythier, 2008,3and 6, and in Conley, 1994).



Finally, the “grand coalition’N can redistribute initial endowments, that is, parf
lump sum transfers transforming some “initial” {ths, pre-transfer) distribution of initial

endowments w into another distribution of initial endowmentsw' (with

2@ =2 @ =P):

We now introduce the formal definitions of @mpetitive market equilibrium
(Definition 1), and adistributive liberal social contrac{Definition 4). These notions are
complemented by the two concepts of Pareto effogiamaturally associated with them, that
is, respectively, the Pareto-efficiency relativeinidividual private utilities (in shortmarket
efficiencyor market optimumDefinition 2) and the Pareto-efficiency relatite individual
social utilities (in shortdistributive efficiencyr distributive optimumbDefinition 3).

Definition 1: A pair (p, X) such thatp=0 is acompetitive market equilibriurfalso
called Walrasian equilibriumh with free disposal of the social system of prvagiroperty

(w,u,) if (i) xis attainable, and (iip,(1- D" x,) =0 for all h; (iii) and x maximizesy; in

{zOR.: >  Rz<), Rt foralli
Definition 2: An allocationx is astrong (resp.weal market optimunof the social

system (W, u, ,0) if it is attainable and if there exists no att&ileaallocationx’ such that
u(%") = y(x) for alli, with a strict inequality for at least onéresp.u (x’) >y ( x) for all
i). The set of weak (resp. strong) market optimévmfu,,o) is denoted by, (resp.P, O P,).

Definition 3: An allocationx is a strong (resp.weal distributive optimumof the

social systen{w, u,p) if it is attainable and if there exists no attdilesallocationx’ such that
W (u(X)) = vy( u( >§) for all i, with a strict inequality for at least one (resp.
w (u( X)) > vy( u( >§) for alli). The set of weak (resp. strong) distributive matiof (w, u, o)

is denoted by,, (resp.P, O P,).



Definition 4: Let (p, x) be a competitive market equilibrium with free displ of the
social system of private properfy, u,w). Pair (a), (P, X)) is adistributive liberal social
contractof (w,u,w) relative to market equilibriunfp, x) if (p’, X) is a competitive market

equilibrium with free disposal o(fw u,aj) such that (i) is a strong distributive optimum of

(w,u,p), and (i) w,(u(x)) = w( u %) for alli.

For the sake of brevity, the competitive market ildgium with free disposal of
Definition 1 will often be referred to a#/alrasian equilibriumor even simply asnarket
equilibrium Likewise, we will often refer to the distributiViberal social contract simply as

thesocial contract

Whenever a paifa, (p, x)) is a distributive liberal social contract v, u,w)
relative to market equilibriun{p, x), we also refer tav’ as adistributive liberal social
contract of (w,u,e) relative to (p,x) and tox as adistributive liberal social contract

solutionof (w,u,w) relative to(p, X).

Finally, we introduce two assumptions that will imaintained throughout the main
propositions.

Assumption 1 below summarizes the working hypotkest differentiability and
convexity. Its contents, notably the second paatative to distributive preferences are
discussed in detail in Mercier Ythier, 2009, 3. Tdwefinitions of corresponding standard
properties of utility functions, such as differextility, quasi-concavity, strict quasi-concavity,
and others, are recalled in the associated fogtmetle brief comments on their relations and

on some of their elementary consequerices.

® We use the following standard notations. L&t (z,..., 7) and 2 =(2, .., z,)OR", mz1: z= 2 if
z27 foranyi; z>2 if zz22 and z#2Z ; z»Z if z>7 foranyi; zZ is the inner product



Assumption 1% Differentiable convex social system: (i) For all i, u is (a)

continuous, increasing, and unbounded aboveCtbin R',, ; (c) differentiably strictly quasi-

concave inR'

++

and, in particular, differentiably strictly con@a in an open, convex

ZLZ z’; Z is the transpose (column-) vector of R™ ={zOR™ z=0} ; R™, ={zOR™ z>0} . Function
f =(f1,..., fq) 'V - RY, which is defined on an open sétJR™, denotes the Cartesian product of @&
real-valued functionsf,:V - R; df and @°f denote its first and second derivative respegtivélf (X),
viewed in matrix form, is thegxm (Jacobian) matrix whose generic en{gf; /0x;)(X), also denoted by

0, f,(X) (or sometimesﬁxj f, (X)), is the first partial derivative df with respect to itjth argument ax; the

transpose[afi(x)]T of theith row of 9f (X) is the gradient vector df atx; finally, 8°f,(X), viewed in
matrix form, is themx M (Hessian) matrix whose generic entriéd” f, 10%,0%,)(X), also denoted by

0% f,(X), are the second partial derivatives;aitx.

® Recall thaty; is defined onRL, the nonnegative orthant ®R'. we say that such a functionirgcreasing
(resp. strictly increasing) ifx > x' (resp. x >x’) implies u(x)>y(x). It is quasi-concaveif
u(x)zy(x) implies u (ax +(1-a) x’)z y(x)for any 1=a=0; strictly quasi-concave if
u(x)z y(x), x #x° implies u(ax+(1-a)x’)>uy(x) for any1>a >0; differentiably strictly

quasi-concaven an open, convex sa&t O R’ if its restriction toV is C® (that is, twice differentiable with
continuous second derivatives), strictly quasi-eaec and has a nonzero Gaussian curvature evergvimgr

0%u (%) [oy(x)1"
ou (x) 0

differentiably strictly concavén an open, convex sa&t OR' if its restriction toV is such that the Hessian

(or equivalently a nonzero determinant of the bordeHessian ( J for everyx in V);

matrix 62ui (x;) is negative definite for every in V. Note that the differentiable strict quasi-contawaf u; in
R', implies the existence of a differentiably stricttpncave C* utility representation of the underlying

preference preordering on any compact, convex safsg' . (Mas-Colell, 1985, 2.6.4) so that the second part
of assumption 1-(i)-(c) does not imply any additibrestriction, relative to the first part of thense assumption.

Note also that an increasing which also iglifferentiably strictly quasi-concave iR',, , must bedifferentiably

strictly increasingn R',, , that is, such thadu, (x) >0 everywhere inR', (hence strictly increasing i, ).

And note, finally, that in the special case of ag# market commodity (that is|l =1), we can let
u (%) =Log(1+ x) without loss of generality (asC* differentiable strictly quasi-concave” degeneraies
this simple case, toC? strictly increasing”).

Suppose, next, that utility representatigns bounded above and verifies all other Assumgtib+(i).
Let supy R )=b>a> q(p). Note thataDq(IR{'+):[O, b), sincey; is continuous and increasing. Define

£:[ob) - R, by: &(t)=t if t0[0,a) and &(t)=t+(t-a) exp(1/(b-1)) if tO[a,b). One verifies by
simple calculations thag is strictly increasing and thafou, is C*, unbounded above, and therefore represents

the same preordering asand verifies Assumption 1-(i). That is, there @&loss of generality in supposing
unbounded above.

Assumption 1-(i) notably implies thati: R" - R" is onto (sinceu; is a continuous, increasing,
unbounded above functioR', - [O,oo) for all i), so that the domaim(R") of individual distributive utility

functions coincides with the nonnegative orthaniR3f. The definitions above extend readily to functiensnd
W ou.



neighbourhood of {x OR',: x<4 in R',; (d) such that x>0 whenever
u () >O(: y (0)) (i) For alli, w; is (a) increasing in itgh argument and continuous; (b)

C?in R.,; (c) quasi-concave; (d) such that(a) > w(0) if and only if G>> 0. (iii) For all

i, W o U is quasi-concave.

The second assumption is tkdédferentiable non-satiation of the weak distrilwmeti
preordering of Paretpwhich supposes, essentially, that distributivdew@ence, if any, is
not so intense and/or widespread as to imply theletien of aggregate resources at
distributive optimum. Combined with Assumption 1, implies the positive aggregate
valuation of the private wealth and welfare of albividuals at distributive optimum
(Appendix: Theorem 3). That is, we suppose thaerwénce, if any, is dominated at social
optimum by positive self-valuation, possibly comdanwith distributive benevolence (if any).

Assumption 2: Differentiable non-satiation of the weak distributive preordering

of Pareto: For all x0S, and alldCu (A)nRY,, > 4ow (0)#0.

3- Selfishnessin the marketplace, altruism in the society

In this section, we briefly develop an interpredatof some of the key features of the
formal model of Section 2 in terms of their impticas for individual’'s market behaviour,
social contract redistribution, and their articidat

The separability of individual allocation preferesc relative to one’s own
consumption means, essentially, that the individoethaviour of demand and supply of
market commodities can be appropriately described Btable Walrasian demand function,
that is, a function whose variables (the “determigaof individual demand and supply) are
restricted to market prices and individual weattte (latter reducing, in the setup above, to the
value of individual endowment before or after sb@antract redistribution) and which is

homogeneous of degree 0 in these arguments (idividuals are not subject to “monetary

10



illusions”) and additive (i.e., individuals spenteir whole budget) and verifies the law of
demand (i.e., the Slutsky matrix is symmetric seefinite negativey.Notably, the stability
of the demand function means, in this context, thdividual market demand behaviour is
independent of others’ consumption.

Non-paternalistic interdependent utilities congstindividual preferences over the
distribution of private welfare. Private welfare determined by market prices and private
wealth through individual (stable) consumption prehces and associate Walrasian demand
or, equivalently, through individual indirect priea utility functions (see the precise
formulation of these notions in Section 4 belowheThon-paternalistic social preferences of
individuals, therefore, induce individual prefereacover both market prices and wealth
distribution® combining individual distributive utilities with niirect private utilities.
Accordingly, the associate distributive optima dsn characterized equivalently as feasible
allocations undominated with respect to individsalkial preferences or as price-wealth
competitive equilibria (that is, systems of markeites and wealth distribution supporting
market optima) undominated with respect to induicelividual preferences over prices and
wealth (Mercier Ythier, 2009, Theorem 3). Thereforthe lump-sum endowment
redistribution of the liberal social contract atfeandividual conditions of optimization
through two channels in this construct: endowmeutistribution itself and the changes in
equilibrium market prices that it induces. Theséea§ of social contract redistribution
involve two types of externalities: the public goexternalities generated by the changes in
the distribution of wealth, whose extent is detered by the extent of actual distributive

concerns in society, and the pecuniary externslienerated by induced changes in

" Standard microeconomic theory establishes the atprige of maximizing consumption utility subjectitear
budget constraint, minimizing expenditure subjeztprivate welfare objectives, behaving accordingato
Walrasian demand function, and behaving accordimgat Hicksian demand function, when individual
preferences are increasing and differentiablytstraonvex.

® This implies that we concentrate on the distributaspects of the general notion of liberal sociaitract of
Kolm, 1985. We abstract from alternative consideres, such as the treatment of consumption extitesl
which are considered in the general notion (seegxample, Kolm, 2004, p. 67, on the latter subject

11



equilibrium market prices (if any), which neceslyagiffectall individuals in society. If social
contract redistribution, as should normally be etpeé, actually implies changes in
equilibrium market price®,wealth distribution then necessarily has the attaristics of a
general (pure) public good in this setup, if not directlgraugh individual distributive
concerns (as may or may not be the case, depemndinge extent of the latter), at least
indirectly through induced pecuniary externalities.

The condition of unanimous weak preference of $@aatract equilibrium allocation
over initial equilibrium allocation (Definition 4i#f) implies an individual right of veto against
any change in initial endowment distribution. Thessential feature of the notion of
distributive social contract developed here intetpras a social contract foundation for
individual rights of private property, understoos iadividuals’ shares in aggregate social
resources and subsequent individual right of fredligcating one’s own share between the
alternative uses of own consumption and market axgé’ In view of the ubiquitous
externalities of social contract redistributionjntplies that sizeable redistribution will take
place within the distributive liberal social cordtanly if it receives a wide altruistic support
in society (notwithstanding conceivable odditiesl @omplexities briefly evoked in the next
paragraph). Obvious circumstances in which suctuistic unanimous agreement can be
reached are the cases of individual starvatioroociatexclusion from extreme poverty. Parts
()-(d) and (ii)-(d) of Assumption 1 together implynanimous strict preference for
redistribution in situations where the private Wealr welfare of some individual(s) are null.
Precisely, they imply that any allocation whereiatlividuals have a positive private wealth

and welfare is unanimously strictly preferred toy alocation where some individual’s

° Theoretical exceptions are well known and quitecijc, essentially, invariance of aggregate demend
redistribution (Bergstrom and Cornes, 1983; Beagstrand Varian, 1985) and, in the case of Walrasian
production economies, constant returns to scdiems’ production of market commodities.

19 The opportunity of including redistributive giftving, whether individual or collective, in thissti of
alternative uses of private wealth is open to fit@search. Presumably, private redistributivegjifing should

be crowded out by unanimous social contract reldigion in the multi-commodity setup, as it is etsingle-
commodity setup, and under essentially the samdittons (Mercier Ythier, 1998, Theorem 1).

12



private wealth is equal to O.

Logically (if not practically) interesting cases cdmplex redistribution patterns are
the so-calledransfer paradoxeswhere, for example, a “donor” transferring (ompleing)
part of her endowment ends up better off in termisher private welfare and/or a
“beneficiary” of transfers ends up worse off relatio this welfare criterion, as in the cases of
impoverishing transfers discussed in internaticnafle theory! In such cases, the “true”
donors are, of course, those whose private wellarenishes in transfers. The unanimous
agreement condition for liberal social contractisgtution implies that all individuals, and
notably “true donors,” should end up better offtemms of their individual social welfare
following the transfers (“paradoxical” or not). Ttha, true donors should be compensated for
their loss in private welfare by some satisfactioom their distributive preferences. It is
logically conceivable (if not psychologically plabke) that part of such compensations be
derived from the satisfaction of distributive mal®nce, some “true donors” enjoying the
loss in private welfare of other true donors whdme ®r he dislikes. Assumption 2, while
compatible with such psychological complexitiestteg individual level, rules them out as
possible driving force of redistribution at soctaintract level by supposing, essentially, that
self-appreciation and altruism together dominatelemmdence. That is, social contract
redistribution, if any, necessarily proceeds frooméhant distributive altruism among true
donors in this setup, as asserted in the formexgoaph. Notably, it can easily be shown that,
under Assumptions 1 and 2, the distributive libesatial contract necessarily reduces to

status quo if individuals are non-benevolEntNaturally, non-benevolence includes

! See, for example, the brief reviews of the trangfeblem in Kanbur, 2006, 3.1 and in Mercier Ythi2006,
4.3.

12 Sketch of proof: Suppose that a market optimuis not a distributive optimum, and consider a itinal of
malevolent true donors at Their distributive utilities are jointly decreagi in their private welfare at by
assumption. They are jointly non-increasing in ath@rivate welfare in some neighborhood ooy non-
benevolence. They are jointly increasing in theate welfare of all in some neighborhood of 0 bygémption
1. There must exist, therefore, a point of satimtid the associate partial preordering at somecation of

segment0,x] , which contradicts Assumption 2.
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distributive indifference as a special case; thathe distributive liberal social contract is the
status quo, and therefore, in particular, rulestmarnsfer paradoxes in Arrow-Debreu social
systems (see Example 3 in subsection 5.2 below).

The distributive liberal social contract, so coustt, rationally founds a distributive
welfare state by providing two rationales for statgervention in distribution matters: the
enforcement of the individual rights of private peoty constitutionally guaranteed in the
social contract, including a ban on the non-beravwoéndowment manipulations involved in
the transfer problem, and the solution of the dafiaciency issues raised by the public good
and pecuniary externalities of collective redisition. The same rational foundations extend
to the productive public sector (the productive fare state, so to speak), through the

reinterpretation of transfers and individual mosivitlined in footnote 4.

4- Thedistribution of wealth and welfar e as public goods

This section draws the consequences of the pulbid gcharacteristics of the
distribution of ophelimity or wealth in terms ofeHatter’s valuation by suitably defined
supporting prices at distributive optimum.

We denote byv; the indirect (private) utility function of an inddual i in the

following discussion. This function is defined irhet usual way, as the function
R, xR, - R such thatv,(p y)=maxy(x):x=0andpx<,} for any price-wealth
vector (p,ri)D]RL+ xR, . Under Assumption 1-(i), indirect private utilifynctions are >0
and C' overR',, xR, ; well defined and continuous ov&,, xR, with v, (p,0) = 0 for all
p>> 0; strictly increasing with respect to wealth; amasitively homogeneous of degree 0.

We let the distribution of money Weal(m,...,rn) be denoted by and the product function

(p.r) - (w(P.5).... v, (P.1,)) be denoted by.

We first recall the definition ofmarket price equilibriumand then proceed to the
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construction, on an analogous pattern, of a naif@ocial contract price equilibrium

Definition 5: Attainable allocatiorx is amarket price equilibriunwith free disposal

of (w,u,p) if there exists a vector of market prices 0 such thatp.(o->_ _ %) =0 and

x maximizesyi in {z OR',: pz < p ¥ foralli.
Under Assumption 1-(i), market price equilibriumeguivalent to market optimum, as

a consequence of the first and second theoremelfdne economics.

The Theorem 2 of Mercier Ythier, 2009, reproducedrheorem 3 of the Appendix

below, states that, under Assumptions 1 and 2wtk distributive optima ofw,u, p) can
be identified with the maxima sziDNM(WOU) in the set of attainable allocations
A={xOR": ziDN x <4 , the vector of weights/ running over the unit-simple®,. This

fact yields the following definition of aupported distributive optimum

Definition 6: A weak distributive optimunx of (W, u,,o) is supportedby vector
u#0 of R} if x maximizesziDN M (W ou) in the set of attainable allocations of the social

system.

The maxima of the “social-social’ welfare functiorEiDN,ui(wI oU) with strictly

positive weights are of special interest from anmative perspective because they take into
account, to some extent at least, the distribyirederences adll individuals. For this reason,
we label themnclusivedistributive optima below, defined formally asléois:

Definition 7: A weak distributive optimum isnclusiveif it is supported by a> 0
vector 4.

Supported distributive optima are identical to weakributive optima by Theorem 3.
The set of inclusive distributive optima is con&dnn the set of strong distributive optima as

an immediate consequence of definitions. The lattelusion is proper in general. (See the
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remark following Theorem 2 in Section 5 below.) \Wenote byP, the set of inclusive

distributive optima. We, therefore, haRe O P, [ P,, with generally proper inclusions.
Any weak distributive optimum is supported by dcsly positive vector of market
prices. A pair(,u, p) OR" xR', (with ¢#0) supporting any weak distributive optimuxis
defined up to a positive multiplicative constanttbg first-order conditions of Theorem 3-(ii)
and, therefore, can be chosen so that eithérS, or plS (but not both, except by
coincidence). Note that, in general, need not be unique for a givprwhile p necessarily is
unique for any giveny. If 4 >0, the term 140w (u(x))arj v(p px) of the first-order
conditions interprets as the marginal valuationjrgividual i, of individualj’s wealth. The
sum > 40w (u(x))arj v(p px) is the “social-social” marginal valuation 3§ wealth
at the distributive optimum. It is constant (= Meoj. The distinction of an “individual-

social” and a “social-social” marginal valuationioflividual wealth is a consequence of the

public good character of wealth distribution in sthi setup. The f.o.c.
Do MO W (u(x))arj y( p px)=1derived in Theorem 3 corresponds, in particularthie

Bowen-Lindahl-Samuelson condition for the optimiadvpsion of “public good”r,-.13
“Social-social” marginal valuations of an individisaophelimities are well defined at
any weak distributive optimum while a complete systof individual marginal valuations of
his and others’ ophelimities is well defined onty fnclusive distributive optima (because the
definition of a meaningful system of marginal vdloas of any individuali supposes a

positive supporting ). These facts and the normative reason for a apecnsideration of

inclusive distributive optima justify the introdumt of the two additional notions below,

¥ The fo.c. . 4o,w (u(x)))aq ( >J<)= p of Theorem 3-(ii) formally correspond, likewisey Bowen-

Lindahl-Samuelson conditions for “public goox’ For a detailed comment of the paradoxes assdcigth the
formal identification of private wealth with a pibbood, see Mercier Ythier, 2006, 6, notably pp6-300.
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which emphasize the inclusive outcomes of sociatreat redistribution.

Let 77, denotei’'s marginal valuation of's wealth, corresponding, according to the

former paragraph, to a term of the typ@,w (u(x))arj y(p px). This corresponds tis

Lindahl price of j’s wealth, in a scheme of Lindahl pricing of weatlistribution as a public

good. Note that7z, necessarily is positive at inclusive distributiaptimum under
Assumption 1, but that; could be negative (resp. = 0) for a pair of didtimdividualsi and
J, If (and only if) i is malevolent (resp. indifferent) tp at this optimum, that is, if

o, (u(x) <0 (resp. =0). We levz =(7,,...,77,) and 7=(73,...,7,

i n

) in the subsequent

discussion. We then define anclusive distributive liberal social contracind asocial

contract price equilibriunmas follows:

Definition 8: Pair (¢, (P, X) is aninclusivedistributive liberal social contracof
(w,u,w), relative to competitive market equilibrium witreé disposa(p, x) of (w,u,w), if
(p, X) is a competitive market equilibrium with free displ of (w,u,&J) such that (i)
w(u(x)) = W u ¥) and (ii)x is an inclusive distributive optimum dfw, u, p) .

Definition 9: Market price equilibriumx of (w,u,p) is asocial contract price
equilibrium of (W, u, a)), relative to competitive market equilibrium witreé disposa( p, x)
of (w,u,w), if (i) w(u(x)) = V\:( U )9) and (i) there exist§p', 77) such that (ap’ supports
X; ()Y, 7 =1 for all j; and (c) for alli, r=(p.x, .., p %) maximizes
r—w(v(p, r))in{rORY: mr<mr} .

The next theorem establishes the connections betweEse last two notions and
shows, as a by-product, that the set>»f() social contract price equilibria of a social yst

of private property, relative to a Walrasian eduilim x of the latter, is the set of inclusive
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distributive optima unanimously weakly preferrekto

Theorem 1: Let (w,u,p) verify Assumptions 1 and 2, and suppose, moredhet,
for all p>0 and all iON, function r — w,(v(p,r)) is quasi-concave inR!,. The

following propositions (i) and (ii) are then equlismat: (i) Allocation X = w is a > 0 social

contract price equilibriunof (W, u,a)), relative to competitive market equilibrium witreé
disposal(po,xo) of (w,u,w); (i) Endowment distributiones =X is both (a) an inclusive
distributive optimum of(W, u, ,0) and (b) an inclusive distributive liberal sociantract of
(w,u,w), relative to competitive market equilibrium witteé disposa( p°, x°) of (w, u,w).

In particular, the set af 0 social contract price equilibriaf (W, u, a)) relative to( p°, x°) is

equal to{xO R, : w( u( ¥) = V\( y 9()) .

The assumption that functions—w, (v(p,r)) are quasi-concave iR, does not

imply significant additional restrictions on inddual preferences, relative to the quasi-

concavity of distributive utility functionss, as established in the following proposition:
Proposition 1: Suppose tha{w,u) verifies Assumption 1, and leb, () (resp.
Dij’(r)) denote thgth principal minor of the bordered Hessiarvg{resp.r - w, (v( p, r))),
evaluated atd>0 (resp. r>0). Then, Dij’(r):(nkgjarkvk(p k) D; (v(p r)) for all
(p,r)>0, and alli andj. In particular, for alli: (i) principal minors D;’(r) verify the

necessary condition for the quasi-concavityrof. w, (v( p, r)) in R",; (ii) and if principal

minors D, (0) verify the sufficient condition for the quasi-cawity of w; in R",, then

+41

r—w (v( P, r)) is quasi-concave iiR", .

Note that, to conclude this section, the concepsatfial contract price equilibrium
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introduced above endorses the separation of aibocand distribution as autonomous
processes. There is not—and actually there cangetiip this setup any price system that
would simultaneously coordinate the allocation amstribution choices of individuals. The
reason for this is quite simple and, indeed, enmdmbdh the basic structure of the construct:
for any given endowment distribution, the systerhequilibrium market prices are entirely
determined by individual private preferences thtotige aggregate excess demand function
that the latter induce. Symmetrically, the coortoraof redistributive transfers by means of
Lindahl prices, if any, must be made on the basigiven market prices. We develop an

equilibrium concept of this type in Section 6.

5- Global propertiesof regular distributive efficiency

This section characterizes the global structureghef sets of inclusive distributive
optima and social contract price equilibria, whitbms from the characterization of inclusive
distributive optima as maxima of positively weigthtgums of individual social utilities in the
set of attainable allocations. We first elicit,snbsection 5.1, the regularity conditions on the
system of individual social preferences, ensuriraj the sets of inclusive distributive optima
and of social contract price equilibria are wellhéeed in terms of dimension and
connectedness. This general property is complemgnie subsection 5.2, with the
presentation of examples of social systems in wiigh social contract solution appears
degenerate for reasons rooted in their basic stmctthat is, in the initial endowment
distribution or in the system of individual socpkferences. Subsection 5.3, finally, provides
insights on the type of restrictions on individgakial preferences required to obtain a well-

behaved social contract solution.

5.1- Regular distributive efficiency

In this subsection, we notably concentrate on spoadencep S, - A defined by
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¢(u)= argmaxQ’  uw (u(x)) :x0 Al The correspondence is well defined, and its

values are contained irP,, when the social system verifies Assumption 1 d&hd

differentiable nonsatiation of the weak distribetigpreordering of Pareto (Theorem 3). We

summarize some of its elementary properties imthe proposition:

Proposition 2: Let (W, u,,o) verify Assumptions 1 and 2. TheR, is a nonempty and
compact subset &, and ¢ is a well-defined, upper hemi-continuous, compaatd convex-
valued correspondencg, - P,.

Correspondence will be viewed, consequently, as a correspondefice PR, from
there on. Letint S, denote the relative interior &8, (= § n R},). The restriction ofg to
Int S, appears as a natural candidate for a homeomorphis® — P, , provided notably
that ¢ (1) and ¢~ (x) be single valued for allzCJInt S, and allxO P, . This need not hold

true in general. The following notion of regulaswhibutive efficiency sets minimal sufficient

conditions forg to define such a homeomorphism.

Definition 10: The differentiable social systeffw,u,p) is regular with respect to
distributive efficiencyf (i) aw(u(x)) is nonsingular for alx 0 P, and (ii) ziDN H(WoU) is
differentiably strictly concave at akO¢ (), for all £OInt S, .

We show in Theorem 2 below that the second redyleoindition (differentiable strict

concavity) is sufficient for¢(/,1) to be single valued for aliJIntS, and that the first
regularity condition of Definition 10 (nonsinguly) is sufficient for ¢’1(x) to be single

valued for allxO P, .

The manifold structure of the set of inclusive disitive optima of differentiable

social systems and of the set of social contracepquilibria of differentiable social systems
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of private property then follow from the first rdgtity condition by means of the Regular

Value Theorem.
Theorem 2: (i) Let (w,u,p) verify Assumptions 1 and 2, and suppose {vat, o)
is regular with respect to distributive efficiendhen P, is a simply connected'G@nanifold

of dimension n-1, homeomorphic toIntS,. (ii) Suppose, moreover, that functions
r—w, (v( p, r)) are quasi-concave iR, for all p> 0 and alli ON . Then, for any initial
distribution w0 A and any competitive market equilibrium with freespbsal (p, x) of
(W, u,a)) such thatxJ P, , the relative interior of the set of social contrprice equilibrieof
(w,u,w) relative to (p,x) is a simply connected ‘Gnanifold of dimensionn-1, whose

inverse image by is a simply connected, open subsetrdfS, .

To conclude this first subsection, note that, astraightforward consequence of
definitions, if w, o u is strictly quasi-concave for ail(an assumption that we are not willing to
make in general, but that proves useful below fustrative purposes), thd) =P, . If,
moreover, the social system is regular with resgecdistributive efficiency, we have
P’ =Int P, by Theorem 2, so that, in particular, inclusigp O P, is proper in this case (see

Proposition 2). Theorem 2 then yields a simple gsoim representation of well-behaved
social contract solutions for 3-agents social systeillustrated in Figure 1. The Figure
exploits the following consequences of the assumptiof Theorem 2 and the strict quasi-

concavity of functionsw; o u.

From Assumption 1-(i}* u(A) is a convex subset of dimensionof u®")=R",

14 The convexity ofu(A) is a simple consequence of assumptions 1-(ijafiy —(c) and the normalization
u(0)=0. Functionx - u(x) is a homeomorphisn®, — u(R) as a consequence of Assumptions 1-(i)-(b) and -

(c) (e.g., Mas-Colell, 1985, 4.6.2) andCa diffeomorphismint P, - Int u( Fﬂ) as consequence of Assumption
1-(i) (Mas-Colell, 1985, 4.6.9). Equality(P) ={00d{ A: 0> (= 000 @ ) follows from the definition of
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function x — u(X) is a homeomorphismP, - u(P) and a C' diffeomorphism
IntP, - Intu(R), the set of market-efficient ophelimity distribatis u(P,)(= u(R))
coincides with the upper frontier ofA), that is, with sef00dy A: 0> 0= GO0 (0 A ,

and its relative interior is a smoot') hypersurface (that i3)-1 dimensional submanifold)
of R".
These facts and Theorem 2, then, imply th@®, ) is a smooth hypersurface &f"

contained in Intu(E;). The same  property applies, essentially, to

Intu(L)={a0u B)): W d> V\( L( 9())} , that is, to the interior of the set of ophelimity

distributions of inclusive social contract solutsoassociated with initial market equilibrium
allocation x°, when the latter is not a distributive optimumistiet is aC' hypersurface of
R" contained inu(P; ).

Introducing the additional assumption of strict sju@oncavity of functionsw ou
yields the following additional properties: the efimity distribution that maximizesy in P,
is unique andnt u(R,) = u(R,) (for uis a homeomorphisr®, - u(P), andIntP, = P, by

the strict quasi-concavity assumption).

In Figure 1, we denote by the maximum ofw in P, and byd° the ophelimity
distribution associated with some market equilibriallocation x° 0 P,. From the facts

above, u(R,) is the subarea of surfacetu(PR,), delimited by the continuous curves
oo :argmax(w(ﬁ),vy(g) 0 P} for all pairs {i,j} of distinct individuals of

N ={1,2,3. The set of ophelimity distributions associatedhwthe inclusive distributive

strong market optimum and the continuity of privateferences (as implied by Assumption 1-(i)-(ayhile
equality u( R) = u(P) follows from the strict monotonicity and continpitf private preferences (as implied by

Assumptions 1-(i)-(a) and -(c)); its global struetuof smooth n—-1 dimensional manifold follows from
Assumption 1-(i) by Mas-Colell, 1985, 4.6.9.
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optima of the social system is the relative inteiwd the former surface, that is, surface

u(R)\(GfO GO & @) . Finally, setu(Ln R",) is the subarea of the former delimited

by the indifference curves af, andw, through@®, andInt u(L) is its relative interior.

[Figure 1 approximately here]

5.2- Examples *°

The three examples that we develop in this sulmseaxhibit four cases of social
systems in which the distributive liberal sociahttacts, while well defined in the formal
sense of Definition 4, nevertheless appear degenarasome important respects. We first
briefly summarize their main characteristics anentiproceed to the detailed derivation of
their salient properties.

The social systems of the first two examples havepaesentative agent, in the sense
that they “behave” as single rational (i.e., prefere-maximizing) agents.

In Example 1, all individuals have the same saatdity function, although they may
differ in their private preferences. These unanisalistributive preferences make a
representative agent in the common sense of themothey also make a representative
agent in the abstract sense above, as its indiviolpi@mum is the unique social contract
solution, irrespective of the initial distributiorThis case of degeneracy stems from a
conspicuous violation of the first regularity cotain of Definition 10.

In Example 2, we develop two variants of socialteys from the same basic
Walrasian exchange economy with transferable (glusesar) private utility.

The assumption of transferable utility implies tbgistence of a representative
consumer, that is, the invariance of aggregate ddrt@redistribution.

In the first variant, the social system consistseidf-centred utilitarians. Distribution is

not a relevant object for the social contract ia #ense that, with these assumptions, any

5 This subsection owes much to my lecture notes fitms-Colell’s course on general equilibrium theaty
Harvard, notably the part relative to representationsumer theory.
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market optimum is a distributive optimum. The disitive liberal social contract then
translates into the maximization of aggregate weatt the one hand and the status quo in
distribution on the other hand. The social systemuled, so to speak, according to the views
of the representative consumer, which do not cdmavith any of the individual views of
actual consumers but which, in a literal sensenaide with their sum. This case of
degeneracy involves the violation of the secondleedy condition.

In the second variant, the social system is mada bé&nevolent Sovereign and his
egoistic subjects. Individual preferences verifg finst and second regularity conditions. The
degeneracy of the social contract proceeds fromatsumption that the Sovereign has
complete control over the numeraire. He implemecdgsisequently, his own optimum, with
the effect of precluding the achievement of anyusize social contract. The representative
agent, in this last case, is the Sovereign.

The social system of Example 3 has no represeatatigent. It is made of
unsympathetically isolated individuals, who are aamed only with their own wealth and
welfare. It identifies, therefore, with the Walrasi exchange economy that it contains. It
verifies all the assumptions of Theorem 2 and rteedrss exhibits, for obvious reasons, the
same type of trivial status quo social contractthadirst variant of Example 2 above.

Example 1: Unanimous distributive preferences

Let (w,u,p), verifying Assumption 1, be such that all indivadsl have the same

distributive utility function w . Distributive utility function w', then, is also the unique

“social-social” utility function of the social sysn, that is,ziDN uw =w forall zOS . We

suppose, moreover, that is strictly increasing and strictly concave. Tloeial system then

verifies all assumptions of Theorem 2, except tinst fregularity condition that, clearly

enough, is violated everywhere B’ . Functionw' has a unique maximum #, which we
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denote byx . One easily verifies thal,, P, andP, then degenerate to the singlet{oﬁ}.

The latter is also equal np(/,l) forall #OS,, so that¢‘1(x*) = §,. This example, therefore,

exhibits a simple (actually, a trivial) case of leitton of the properties of Theorem 2 derived
from the sole violation of the first regularity atition.
Example 2: Transferable private utility

In this example, it will be convenient to adopt thetup of Balasko, 1988; that is,

individual private preferences are defined a@ on the whole of R', monotone,
differentiably strictly convex and bounded fromdog| and the first commodity is selected as

the numeraire (that is, its price is normalized YoWalrasian demand and indirect ophelimity
functions are then well-define@ functions on{ pOR',: p =1} xR, and moreover, we
suppose that the restrictions of the latter {{pOR',: p =1} xR, are of the type
v.(p.r)=r+h(p); that is, we suppose that individuals’ privatefprences are quasi-linear

in the numeraire for nonnegative consumption bundte other words, we consider a special
case in the general class of exchange economiés traihsferable utility (Bergstrom and

Varian, 1985).

Roy’s identity and Walras Law readily imply thatgaggate deman{iDN f.(p, pw)
is invariant to redistribution; that isw — ZiDN f.(p, pw) is constant in the set of
nonnegative distributionscw such that ziDNcq:p. There is, consequently, a unique

equilibrium vector of market pricgs such thatzi p pa Fp (from Balasko, 1988,

fi
ON
3.4.4); that is, this economy has a unique systénequilibrium prices, independent of

distribution  w. In addition, aggregate demand ZEN f.(p,r) writes

(Lt 4D > PP =20, B (P, = 0, (D), hence is of the
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general typeG(p,I;+...+rn) so that the economy has a representative consdoner

nonnegative distributions (Balasko, 1988, 7.Ann.Bjnally, the set of market optima

associated ~ with  nonnegative  wealth  distributions(r,...,r,)0S reads:

{0+ 0o P@R (D), =080 ), (4, ,P@p (P ), =0, 8B, (1 +
zkmkzz PO, b.(p), -0, 8(P)): (1....r)0 S}, which is identical toS, up to a simple
one-to-one linear transformation. Abusing notatjome denote byP, the intersection of the

latter set withR" , that is, the set of nonnegative market optima.

We now turn to the assumptions on distribution.

In a first variant of the Example, we suppose th#t agents areself-centred

utilitarians, endowed with linear distributive itl function w, :0 - ZJDN a; 4 such that

O<ay=pB<a=a; for all i and all j#i. Matrix ow(0), then, is constant, positive,
symmetric, and has a positive dominant diagonale Bbcial system verifies the first

regularity condition, a$aw(0)| >0 for all G by positive diagonal dominance. But it violates
the second regularity condition, due to the lingaoif ZiDN,ui(vvi oU) in the numeraire. In
view of the characterization of the d@t of nonnegative market optima above, “social-sdcial

utility functions ziDN U (W ou) appear essentially as linear functions of theridistion of
wealth. In other words, individuals’ incomes arefeet substitutes inZiDN,ui(wI ou). One
easily verifies, in particular, that the set of rimaa of > (1/n)(w o u) in A (OR7) is the
whole setP,, as > (1/n)(wou) puts the same Weigr(tl/n)a+((n—1) /n),B on all

ophelimities. Denoting by, the set of nonnegative market optima, we theretuaee

P’ = P,, which contradicts the first property of Theorem 2
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Thus, distribution appears essentially irrelevamtaa object of social contract in this
social system. The sole basis for unanimous agneeime¢he concern for market efficiency,
that is, to use Marshall's terminology (as this igbsystem exhibits some of the main
characteristics of Marshall's static equilibriurth)e concern for the maximization of the sum
of private surpluses or, equivalently, for the nmaization of aggregate wealth (the “wealth of
nation,” in the words of Adam Smith). Moreover, et of allocations unanimously weakly
preferred to any givexx 01 P, reduces td x} . Therefore, the distributive liberal social coutra
naturally leads to status quo in this setup, itespf the existence of distributive concerns in
individual preferences.

The second variant of the Example is the macroasdcansposition of Becker’s
theory of family interactions (1974). It is illuated by Figure 2 for a 3-agents social system.

Agent 3 (say, Pharadh owns the numeraire (that I8, =1) and has a concave strictly
increasing, differentiably strictly concave R, distributive utility functionw,. All other
individuals are egoistic. The determinantdvi(Ci) reduces tdow(()| = d,wy( 0 # 0. The first

regularity condition holds true, therefore, in thescial system. The second regularity
condition is also verified by Proposition 3 of sebison 5.3 below. We denote by the
unique maximum of Pharaoh’s social utility in thet ef feasible allocations and suppose that
it is > 0. If one assumes, for simplicity, that the initidistribution w is a Walrasian

equilibrium, the achievement of Pharaoh’s optimumant supposes some redistribution of

wealth and numeraire from himself to all others.efifore, W(u(x*))>> V\:(L(a))) and

'® From Ramsey to Ramses |l, so to speak: Barro’s emiop paper of Becker’s in the 82nd issue of the JP
(1974) develops a macroeconomic analogue of thee gandel, where the representative agent is a dgnast
sequence of altruistically related generationss Toinstruct has often been compared, in subsetiigzature on
the same topic, with Ramsey’'s Mathematical ThednSavings (1928). It seems to me that, besides thei
undeniable practical virtues in terms of legibilaynd tractability, these models draw much of thddwious
power of seduction from their metaphorical resoeawith an archetype, nicely characterized by KailaRyi
under the label ofedistribution (and contrasted by him with the market on the lwened and with reciprocity on
the other handfhe Great Transformatigri944, Chap. 4; see also Max Weber, 1921).
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xOR,. Because Pharaoh has a complete control oveesuirces in numeraire, the natural

distributive outcome for this social system is ediion x . The latter is a distributive
optimum unanimously preferred to the initial Walass equilibrium. It corresponds,
consequently, to a distributive liberal social cant in the formal sense of Definition 4. This
social contract is not inclusive, and actually éhe@annot be any more exclusive social
contract, in a formal sense, than this one, as“doeial-social” utility function that it

maximizes coincides with the sole social utilitynétion of Pharaoh. Figure 2 displays the

variant of Figure 1 that corresponds to this camfigion of the social systemu(P)) is

represented by an isosceles triangle of b@seobtained fromS; by means of translation
(z, z, g)a(y kg( b), 7+ ;( ;) 2 *)))) G"':u(x*), 0°=u(w); the curve

connecting point€l®, o', andd” is Pharaoh’s indifference curve throug(la)); and the set
of ophelimity distributions associated with the lusive social contract solutions such that
w(u(x))> W uw)) is, consequently, the interior of surfaBeé’o’ .

[Figure 2 approximately here]
Example 3: Arrow-Debreu social system

Let (W,u,,o) verify Assumption 1, and suppose that individuaktrébutive

preferences are non-malevolent, such that pr for all i in {xOR": x > goforall },

where ¢ is a >0 real number that can be taken arbitratdge to 0. That is, all individuals are
indifferent to the private wealth or welfare of eth (universal distributive indifference) when
all individual consumptions are above sonse0 threshold close to 0. We interpret this

threshold as a survival or social minimum, and ediogly, we letw be such that
P’ 0{zO P: z> gpfor all J. This social system verifies all the assumptichgheorem 2,

and, notably in particular, Assumption 2 (from noatevolence and Assumption 1); the first
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regularity condition, sincéw(0) =1 for all G0 u(P,) ; and the second regularity condition,
for the differentiable strict concavity of all pate utility functions implies the differentiable

strict concavity ofx — ZiDN H“y(x) for all >0 (see Proposition 3 below). The social

system(w,u,p) then identifies, essentially, with the Walrasiawcteange economyu, o)

whenever the associate Walrasian equilibria makeh rform of the social minimum. In
particular, all market optima above the social mimm are distributive optima; that is,

{xOP: x>¢pforall  OR,, and, of course, the distributive liberal sociahiract implies

status quo at all Walrasian equilibrium meeting theorm; that s,

{zOP;: V\,(L( 3)2 v( (] )(} ={ k for all xO{zOR: z>egpforall §j by the strict

convexity of private preferences. As is well knoweneral Walrasian exchange economies,
such as characterized by Assumption 1-(i), do retehrepresentative agents in general

(Balasko, 1988, 7.Ann.3).

5.3- Regular social systems

This last subsection makes a brief first exploratud the restrictions on admissible
social systems required for a well-behaved libesatial contract solution to optimal
redistribution. Bysocial contract solutionwe mean any distributive optimum unanimously
weakly preferred to the initial market equilibriu(eee the end of Section 2) or also, by
extension, the set they constitute.

The social contract solutions are well behavedoatably, they are inclusive; they are
not, or not always, a status quo; and they makeplyg connected subset of the set of market
optima, of same dimension as the latter (that igJimensionn-1). We consider each of
these characteristics in turn and some of theitigagons for the underlying social systems.

Inclusiveness is a basic normative requirementjgded to provide a universal

foundation to the social contract by ensuring thiecéive inclusion of all individual
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preferences in the design of aggregate sociatyfilnctions. It notably implies the use of the
weak Pareto Principle (the weak distributive preorty of Pareto) for comparing allocations

and, consequently, of the strong Pareto optimuntHerdefinition of distributive optimum,
but actually demands still more than that (becalisénclusionP, 0 P, is proper, as noticed

in 5.1 above).

The variant of Becker’s social equilibrium analyaadExample 2 of subsection 5.2
suggests that the implementation of an inclusiv@as@ontract might require a sufficiently
balanced initial distribution or, at least, maydreatly eased by it. It should not be the case,
in other words, that a single agent or a groupgeh#s (say, for example, “the Rich”) are able
and willing to take advantage of their dominantipas at the initial allocation in order to
implement their own optimum and so performing arét interpretation of redistribution as
unilateral Charity from benevolent benefactorsdasgive and silent beneficiaries (see Mercier
Ythier, 2006, notably 3.3.3 and 6.2, for a discoissdf the theoretical literature on charitable

donations). Note that such exclusive social cotdgrace always accessible from any initial
market optimum xOP,. (Formally, 0P, n{zOR": W(L( 3)2 v( (] ){)} generally is

nonempty, as clearly appears in Figure 1.) Thesstant above, therefore, does not refer so
much to the logical possibility or impossibility ekclusive solutions as to the plausibility of
the selection of an inclusive outcome and the génararacteristics of the social system,
which condition the latter. A reasonably balanaatial distribution certainly is a favourable
circumstance. A pervasive awareness of the robsstoenferred to social contract by
universal participation is another, still more imgamt than the former. It seems reasonable to
think that the real counterpart of the abstractomoof liberal social contract studied in this
article, if any, supposes both of them and theitualureinforcement, in its state of maturity at
least.

The second condition for a well-behaved social @mtis that it explains effective

30



redistribution, that is, that the social contramution is not or not always the status quo. In a
minimal interpretation of this requirement, thigpases that some market optima at least are

not distributive optima,; that is, formally, thatclasion B, [I P, is proper. The latter supposes

in turn that preferences exhibit some taste foistatution such as, for example, some degree
of inequality aversion, at the individual level adurse (see the social system of the Homo
Economicus of Example 3) but also at the aggrelgatd (see the Marshallian social system
of Example 2). The second regularity condition c#fiDition 10 essentially supposes the
latter, that is, a taste for averaging exhibitedthoy positively weighted sums of individual
social utility functions at associate inclusivetdimitive optima. We establish below that, for
two complementary reasons, this regularity conditioes not impose any serious restrictions

on non-malevolenindividual distributive preferences.

First of all, the set of smoottC{ ), monotone preference preorderings]lbiﬁ\{o} that

are differentiably strictly convex i\ is open and dense in the set of smooth monotone

distributive preference preorderings & \{O}, as a consequence of Mas-Colell, 1985, 8.4.1,

and its elements admit utility representations #ratdifferentiably strictly concave i as a
consequence of Mas-Colell, 1985, 2.6.4. In otherdap the strict concavity of utility
representations in the set of admissible allocatigna generic property of smooth convex
monotone social preferences at the individual ldvehce also at the aggregate level.
Nevertheless, the genericity argument above iscootpletely satisfactory because,
first, it is mute on non-monotone (that is, malevi) social preferences and, second, it
derives the strict concavity of the “social-sociatility function from the strict concavity of
individual social utility functions. The latter rot realistic, due to the large-scale character of
the object of preferences (inter-individual weatlistribution in the whole society) and the
distributive indifference that it seems normally itoply within widespread parts of their

domain of definition. Fortunately enough, it carsigabe established (see Proposition 3
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below) that theconcavityof individual distributive utility functions andstrict concavityof
private utility functions inA, which are much easier to defend, suffice forgniet concavity

of positively weighted sums of individual social utilities i, provided that individual
distributive utility functions are non-decreasimgp-malevolence) and increasing in his own
ophelimity.

The violation of the second regularity condition thre first variant of Example 2,
therefore, is not robust, for it appears as a apumesece of the joint use of linear distributive
utility functions and quasi-linear private utilitfunctions. Robust difficulties with this
regularity condition, if any, will stem from didbttive malevolence.

Proposition 3: Suppose that for al|l u, is strictly concave inpr A andw is concave
in u(A), non-decreasing and increasing initts argument. The”ZiDNM(W. ou) is strictly

concave imAfor all > 0.

The third condition for a well-behaved social cawotrsolution concerns the global

structure of the solution set as a simply connesttdof dimensiom -1 (Theorem 2-(ii)).
The latter obtains as a simple consequence ofaime properties of the s&, of inclusive
distributive optima (see Step 3 of the proof of diteen 2).

The simple connectedness Bf means, essentially, that this set has no “holEise’
set of market optimaP, also is simply connected (Balasko, 1988, 3.2 ar®). 3This
mathematical property is suggestive of the possibdf performing redistribution along a
continuous path of minimal length iR, orP,", by means of continuous adjustments in the

distribution of endowments (see Balasko, 1988, 3, further developments of this
interpretation). It follows from the first and sexbregularity conditions of Definition 10 (see

Step 1 of the proof of Theorem 2).

The dimensional propertgdim P, = n—1 states that the set of inclusive distributive
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optima has the maximum dimension consistent witkclugion P, O P, (since
dimIntP, = n-1). This corresponds to a property of non-degeneractythe strict

(mathematical) sense. The first regularity condii®the minimal sufficient condition for the
latter, as appears clearly from Step 2 of the pajoTheorem 2. This regularity condition

supposes, essentially, that individuals have dingrgiews on desirable redistribution at any

inclusive distributive optimum. More formally, thews of matrixaw(u(x)) at x( P, are the
Jacobian vector®w, u(x( ))pointing in the direction of the best (local) istdbutions from
u(x) from the perspective of individual The first regularity condition, therefore, states
equivalently, that the families of Jacobian vectfee/( U %) : i} have maximal rank for

any nonemptyl [1 N at any inclusive distributive optimum. Hence, thterpretation above.
The need for this regularity condition is a direcnsequence of the public good
character of private wealth and welfare distribogioin this setup. The condition is

automatically verified, for example, and can therefremain implicit in the social system of

the Homo Economicus of Example 3x & u(x) is a homeomorphisnP, - u(F;) for

monotone strictly convex private preferences, agab-known. See footnote 14 above.) The
very existence of a distributive liberal social trant, if any, supposes a balance between (i)
on the one hand, some degree of conformity in iddeds’ tastes for redistribution, which
must be sufficient to imply unanimous agreemenatingt to some acts of redistribution at
least and (ii) on the other hand, divergencesdividual views relative to distribution, which
must be sufficient to make a contractual solutioeamngful, as opposed to the more
centralized modes of collective action that wouldgeed from the exact conformity of
individual distributive preferences in large subseftN (with the social system of Example 1
as a limit case). This balance of the social cehtdeduces quite naturally from actual

characteristics of individual preferences, whicimomonly balance propensities to redistribute
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associated with altruistic feelings, empathy, arsgeof distributive justice, on the one hand,
against care for one’s own wealth and welfare enathher hand.

A major, if not unique, source of divergence ofdiundual views on
redistribution is self-centredness, which considtan individual placing a greater importance
on his own wealth than on the individual wealthotifers. The following Proposition derives,
from this simple basic pattern, two assumptionshensystem of individual social preferences
that imply the first regularity condition, nametie distributive indifference to the wealthjer
which supposes that every individual puts, so &akpa “null weight” on the wealth of any

other individual at least as rich as himself at amglusive distributive optimum, and the
positive diagonal dominancef the Jacobian matrix of — w(v(p, r)) at any inclusive
distributive optimum. These results should only wewed as simple indications about a
possible line of research for obtaining generalrat@rizations of systems of preferences

compatible with the first regularity condition. Teeappears to be room for substantial

improvements on this topic, quite clearly.

Proposition 4: Let (w,u,p) verify Assumption 1, and suppose that, for any kvea

price-wealth distributive optimum (p,r)>0 such that f(p,r)OR;, (i) either

oW (v(p r))=0 for all pair of distinct individuals(i,j) such thatr, <r, or (i) matrix
ow(v(p,r))0,v(p,r) has a positive dominant diagonal. The(rw, u,,o) verifies the first

regularity condition of Definition 10.

6- Social contract equilibrium

To conclude the formal developments of this artiele very briefly return to the
notion of social contract equilibrium.

The set of social contract solutions addressed leexees, when it is well behaved, a

substantial amount of mathematical indeterminatative to distribution, as measured by the
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dimension € n-1) of the manifold of price-wealth social contraquéibria or, equivalently,

by the dimension of the set of supporting vectdraveights of the associate “social-social”
utility functions (Theorem 2-(i)}/ A natural solution for removing this remaining
indeterminacy in our setup is Lindahl equilibriumpnstrued as a process of social
communication that uses Lindahl pricing to elicitdacoordinate individual preferences
relative to distribution treated as a public gobtkrcier Ythier, 2004, defines the notion and
analyzes its existence and some of its determipaoperties in the one-commodity cdée.

We extend that analysis to the present setup innDeh 11 below and establish, as a
corollary of Theorem 1, that it actually yields arclusive social contract solution. The
associate wealth distribution, moreover, is unanwishp strictly preferred to the wealth
distribution induced by the initial market equiilom allocation evaluated at social
equilibrium market prices, when the initial markeuilibrium allocation is not itself an

inclusive distributive optimum. These propertiessotial equilibrium hold true provided that
indirect individual social utility functionsr — w;(v(p,r)) exhibit suitable properties of

preference for averages at social equilibrium nigokiees.

We letM denote sefr=(r, ..., 77,) O R": Y m =1forallj}.

iON

" Note that indeterminacy in the sense above doepreolude a substantial explanation power of ition, as
measured by the ratio of the magnitude of hypeaserfi(L), computed from the relevant integral, relative to

the magnitude of hypersurfacgP,) or u(P) (see Figure 1 and the corresponding remarks viilg the proof

of Theorem 2). In other words, the set of sociaitact solutions could represent a very small foscof the set
of Pareto-efficient distributions in the distribegi sense and, a fortiori, in the market sense. fright be the
case, notably, if the initial market allocatiorclese to the set of distributive optima or, equévidly, if the value
of the transfers of the social contract represargmall fraction of the total value of the equiliton allocation.
This could very well be the case in practice, asugee redistribution seems to represent only a Isfrzation of
aggregate market wealth in real economies.

'8 This notion of Lindahl equilibrium reduces to #tandard notion in the general equilibrium modehvaiublic
goods of footnote 4 above, when there is a singl@af@ commodity. This simple fact is establishedViercier
Ythier, 2006, Theorem 16-(i). The footnote 70 oé ttame reference also translates into this setepe(gl
equilibrium with public goods and a single privatmmodity). Foley’s 1970 proof that his notion afe with
public goods contains the Lindahl equilibria. Nat&t the Foley-core necessarily is contained in s of
distributive liberal social contract solutions whéme private commodity is unique (Mercier YthieQ0B,
footnotes 62and 69).
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Definition 11: (77,p’,x )OMx §x A is asocial contract equilibriumof (w,u,w),
relative to competitive market equilibrium with éredisposal (p°, x°) of (W, u,a)), if
(i) w(u(xX))=w U R)); (i) X is a market price equilibrium supported Ipy; (iii) for all i,

r'=(p .X,...,p % ) maximizesr -~ w,(v(p,r)) in{rOR: mr<m(p .x,...p X)}.

The notion differs from the social contract pricguéibrium of Definition 9 by
maintaining the initial market equilibrium allocaitix’ in the specification of the right-hand
side of individual “budget constraints.” It shamggh the former the fundamental feature of
endorsing the separation of allocation and distitiou as autonomous processes of
coordination of (i) on the one hand, individual demns relative to market demand,
coordinated by market prices for given distributiand (ii) on the other hand, individual

choices relative to distribution, coordinated bypdahl shares for given market prices.

Corollary: Let (W, u,a)) verify Assumption 1, and suppose that, for@all S, and all

GOuWANRY,, > uow(0)z0 and, for all p>0 and all iON, function

r - w(v(p 1)) is quasi-concave iR",. If (77,p’,X) is a social contract equilibriurof
(w,u,w), relative to competitive market equilibrium witreé disposalp®, x°) of (w, u,w)
such thatx > 0, then endowment distributiony = X is both (a) an inclusive distributive
optimum of (w,u,p) and (b) an inclusive distributive liberal sociantract of (w,u,w),
relative to competitive market equilibrium with éredisposal (p°, x°) of (W, u,a)). If,
moreover, xX°’0P, and r — w(v(p,r)) is strictly quasi-concave for ali, then
wW(u(X)) > WY p,( p. %eers P-X))).

In closing, let us pose an interesting open queside noted above that the liberal

social contract ruled out transfer paradoxes inowrDebreu social systems. The transfer

problem is intimately associated with the role n€dme effects in the determination of
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aggregate demand (Guesnerie and Laffont, 1978)ait be said, therefore, that the rational
control that the liberal social contract exerts rovikee distribution of wealth imposes
restrictions on income effects that are sufficikenéliminate transfer paradoxes in such social
systems. Then the following question arises ndtur&loes the rational control of wealth
distribution within the liberal social contract géneral (well-behaved) social systems, in the
indeterminate variant of Definition 4 or in the eehinate variant of Definition 11, imply
systematic restrictions on the size or directionngbme effects, and if this is the case, with
what consequences for market functioning (the lawleanand, the stability of equilibrium,
transfer paradoxes, etc.)? A positive answer wopkeh new perspectives for the study of the
relations between allocation, distribution, and thenamics and regulation of economic
equilibrium in a setup richer, if not more tracebthan the models of representative agent
that have been developed on this subject in the3ldyears or so (notably, by real business

cycle theory).

7- Conclusion
This article has examined the rational foundatidntlee distributive (and, by

extension, productive) welfare state on the libswalial contract. The latter deduces from the
unanimous agreement of individual members of spcies follows from their actual
preferences and rights, including their common eome relative to the distribution of wealth.
We notably elicit general conditions over prefeesand rights that make the liberal social
contract an interesting, non-trivial solution te thublic good problem of redistribution. The
analysis relies, in the main, on the precise foatioh of the integration of (rational) social
contract redistribution with (competitive) markegudibrium. It introduces new questions
concerning the implications of the rational contoblwealth distribution in social contract
redistribution for market functioning (especialthhe combination of income effects in the

determination of aggregate demand) and, consequdaotlthe interaction of the allocation,
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distribution, and regulation branches of publiafice.

Appendix:
A-1- First-order conditionsfor distributive efficiency
For the reader’s convenience, we reproduce belswhaorem 3, the characterization

of weak distributive optima derived in Mercier Yehj 2009, Theorems 1 and 2 and proofs.

Theorem 3. Let (W,u,,o) verify Assumptions 1 and 2. The following three
propositions are then equivalent: Xi)s a weak distributive optimur(w, u,,o); (i) x is >0,
such that ) x =p, and there exists(y,p)0§ xR, such that, for all jON,
Do MO W (u(x))=1/arj\{( np ?<)> 0 and (D 40w (u(x)))aq ( >1()= g (i) there

exists /S, , such thak maximizes) 4 (w o) in A

A-2-Proofs
Proof of Theorem :1The last part of Theorem 1 is a simple consequefche first
part and Definition 8. Let us prove the first pangt is, ()= (ii).

(i) We first prove that (i} (ii). Let X be a >>0 social contract price equilibrium
relative to competitive market equilibrium with érelisposa( p°, x°) of (W, u, a)) . Thenx is
a market price equilibrium by Definition 9. It isgorted by a> 0 system of market prices
p’, such that),  x =p. Sincex is >0, we havedu,(x) =9, v,(p’,p .x)p for alli.
Moreover, for alli, there exists, OR,, such thatd,w (v(p, r*))arjvj (p.f)=ym forall

JON, by the first-order conditions for a>0 maximum of r _>vvi(v(p*,r)) in

* *

{rORY,:/mr <mr’} (wherer = (p Xy e P X )). Dividing both sides of the f.o.c. by,

adding ovei for any givenj, and using the fact thzf‘iDN 7, =1 by Definition 9, one gets the

38



set of Bowen-Lindahl-Samuelson conditionEiDN (1/v,)o,w(v(p,r ) (p.f)=1 for

all j. Letting u= (1/1/1,... ,l/Vn) and combining the findings above, we arrive at the
following: X" is >0, such that)_ _ x = p, and there existé,u, p*) OR?, xR',, such that,
for all jON, > 40w (u(x*))>0 and > uoWw (u(x*))aq ( >]<) = p. The
conclusion follows from Theorem 3 with a suitabtemalization of .

(i) We now prove the converse (i) (i). Let endowment distributionrw be an

inclusive distributive optimum ofw, u, 0) and an inclusive distributive liberal social camutr
of (W, u,a)) relative to competitive market equilibrium withe& disposal(po, x°) of
(W, u,a)). From Theorem 3 and the definition of an inclusdistributive optimum,w is
>0, such thatziDN «w =p, and there exists a0R", and a uniquep O S, such that, for
all jON, > 10w (u(a)*))>0 and ) 40,w (u(a)*))aq (cq) = p . Consequently,
we know thatew is a market price equilibrium with free disposél(av, u, o), supported by
p, and thatarjvj(p*, P« )=1/D KO, vy( L(a))) for allj. Let r’ =(p*.a{ er P W, );
= po,w(vV(p, f))ari\( (p,f) for all (i,j). Then zimﬂij =1 for all j. And for all {,j),
oW (V(p,1)a, v (P, P)=(1/y4)m , with 1/ 4 > 0.

At this stage, we have proved that: there exissysiem of market pricep >0,

which supportsw as a market price equilibrium (Qf/v, u,,o), and a system of Lindahl prices
77, such thatrg, = pd,w (V(p, r*))arj\( (p,f) forall (,j); Zimﬂij =1 for all j; and, for all
i, r’ verifies the first-order necessary conditionsddocal maximum of - w, (v( P, r)) in

{rOR}: 7z.r < /z.r’} . There remains to establish thatu(w )) > V\(( u( >?)) for alli andr’
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is a global maximum of - w;, (v( p, r)) in{rORY: 7z.r <mzr’} foralli.
Endowment distributionw being a market price equilibrium (ﬁf/v, u,,o) necessarily

is the unique Walrasian equilibrium aIIocation(tw, u,cJ) under Assumption 1-(i) (Balasko,

1988, 3.4.4}° The definition of a liberal distributive socialmtoact then readily implies that
w (u(e)) 2 w(u R)) for alli.

Finally, the functionsr - w, (v(p*,r)) being quasi-concave iR", by assumption,
the first-order necessary conditions for a local ximam of r - w, (v( P, r)) in

{rOR}: z.r </zr’} are also sufficient conditions for a global maximwf the same

program as a consequence of the Theorem 1 of AarmhEnthoven, 1961.

Proof of Proposition 1The bordered Hessian &f — w (0), evaluated ati> 0, is

0*w (0) [ow( Q1"

matrix H; (0) =(6W(0) 0

J. The bordered Hessian of - w, (v(p,r)), evaluated

O*(wov)(p 1) [B(we(p il

at r>0, is matrix Hi’(r):(a( oD 0
wov)(p 1

]. The generic entry of

0%(w, ov)(p,r), which is located on the j-th row and k-th colunmi H,(r), is
aﬁkvvi(v(p,r))arjvj(p,rj)a,kvk(p,rk). The generic entry of o(w ov)(pr, ) (resp.
[0(w, oV)(p,r)]"), which is located on the k-th column (resp. jaiwv) of H,’ (r) , With k< n
(resp.j<n),is 9, w (v(p,r))o, v, (p.r,) (resp.o;w (v(p,r))arjvj (p,r;)). The multilinearity
of the determinant then implie@ij’(r):(ﬂksjarkvk(p 1))2D, (v(p r)) The marginal

ophelimities of wealthd, v, (p,r, )being >0 for all k, Dij’(r) is equal to O if and only if

19 See the Appendix of Mercier Ythier, 2007, for aatission of the relations between our Assumpti@md
Balasko’s setup and associate conditions for @ tednsposition of Balasko’s results into our setup
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D, (v(p.1)) =0 and, otherwise, has the same signDggv(p,r)). The second part of the

proposition is a simple consequence of these auaisof Theorem 3 of Arrow and Enthoven,

1961.

Proof of Proposition 2The continuity of functionsziDN H(wou) forall xOS and
compactness of A readily implies that ¢ is well defined; that is, that
argmax{ZiDN,uivvl(u(x)) :xO A} is a nonempty subset & for all #OS,. The convex-
valuedness ofg is a straightforward consequence of the conveaiftyset A and quasi-
concavity of functionsw ou for all i. PW=DM]S1¢(/J) by Theorem 3. It will suffice,
therefore, to establish th&raphg is closed (see Mas-Colell, 1985, A.6). L((;lq,xq) be a
converging sequence of elements®@faph¢, and denote b;(/,l, x) its limit. We want to
prove that/,1=¢(x). From Theorem 3 and the continuity of functio®ws , u,, and du; for
all i: x is =20, such that ZiDin =p, and there existspOR', such that, for all
(i,))ONxN, > ud,w(u(x)ay(x)= k. # belongs toS, by closedness of the latter,

so thaty > 0. Thereforex verifies the first-order necessary conditionsdoveak maximum
of w in A. The f.o.c. is also sufficient, by Assumption ldahheorem 1 of Arrow and

Enthoven, 1961. Therefore [ B,, and the conclusion then comes as a simple coesequ

of Theorem 3.
Proof of Theorem:2The proof proceeds in three steps.

(i) In Step 1, we prove thaffhe restriction ofg to IntS, is a homeomorphism
IntS, -~ P with a C inverse; in particularP, is simply connected
We first prove that the second regularity conditimplies that¢(,u) is single valued

forall xOIntS,. Let #OIntS,. We suppose that(4) contains two distinct elementsand
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X', and derive a contradiction. The definition ¢fand the quasi-concavity of functiomso u
together imply that W( (ax+(1-a) )) wW Y )= W ¢ %) for all real numbers

a0[0,1 . The second regularity condition readily implieattthe € functionsw o u are all

strictly concave in some neighbourhoddof x in R" . For a <1 sufficiently close to 1, we

must therefore have/v( (ax+ 1-a) ))>> V\( Y ))) But ax+(1-a)x O A, due to the

convexity of the latter set. Therefore[J¢() , the contradiction.

We next prove that, for anyO P, , ¢‘1(x) is single-valued and’C
From Theorem 3x0 P, is a0 market price equilibrium supported bysa0 price

systemp, which is unique up to a positive multiplicativenstant. Letp’ denote the unique

supporting price system afthat belongs t&. Theorem 5 implies that for anyD¢‘l(x),
there exists a unique price systenp , proportional top” with ¢ OR_, , such that, for all
JON, Y udw (u(x) =170, y(ap.a p.x).

The homogeneity of degree 0 of indirect ophelimiiynctions implies that
9.V, (,Bap*,,é’ap*.>§)=(1/,8)6,j Y(a p.a b'?‘) for all B>0 (positive homogeneity of
degree -1 of the derivative). Letting ,B:Orlvl(a p*,ap*.xt) and applying f.o.c.
ou,(x,) =0,1V1(a' p.ap. >g)a p, one gets 9. (ap*,ap*.ﬁ)larl\{(a p.ap. 1() =
ariv]. (0u, (x,),0u,(x,).x;) forall j>1.

Dividing f.o.c. 3" wiowi(u())=1/9, v, (ap,ap x) by f.o.c. D pwiow(u(x) =
1/6r1v1(ap*,ap*.x1) for all j >1, and using the result of the former paragrapte gets the
following equivalent system oh-1 equations: (1} =~ wowi(u(x))> wiowi(u(x)=

1/(3rl,vj (0u, (x,),0u,(X,)-x;) . Multiplying both sides byziDN wiowi(u(x)) and rearranging,
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one finally getsziDN w(@,-vvi(u(x))-(llari V; (0u, (%,),0u, (%;).X; ) )01wi(u(x)))=0, j>1.

Denote by B(X) the nxn matrix obtained from Jacobian matrdw(u(x)) by
substracting column-vecto(ilarjvj (aul(xl),aq(&).)f))alvx( L( 3{) from the first and j-th
columns ofaw(u(x)) for all j>1 and byC(x) the nx(n-1) matrix obtained fromB( x)
by deleting its first column. The system of f.cobtained at the end of the former paragraph
writes in matrix formz.C(x)=0 or, equivalently,[C(x)]T " =0, which, for any giverx,
characterizes the kernel of the transposé:()f(). The first regularity condition of Definition
10 and the multilinearity of the determinant implgw(u(X)|=|B %|#0, hence rank
C(x) =rank C( x)]T = n- 1. Therefore, dim KerneI[C(x)]T =n-(n- 3= that is, the
kernel of [C(x)]T is a homogeneous line d&", which moreover admits & 0 directing

vector  because ¢~*(x)O Kernel [C(x)]T. lts intersection with hyperplane
{zOR": Y z=0} reduces, consequently, {®} . This implies, in turn, that therxn
matrix D(x) obtained fromB(x) by substituting the transpose of the unit diagawoai-
vector (1,...,1) of R" for its first column is nonsingular, famnkD (x) = rank[D(x)]T =
n-dim Kerne[D(x)]T = n-dim{ZOR" :)" 7= 0}n Kernel[ ¢ ))]T = 1. Therefore,
equation 4D (x)-(1,0,...,0 = C, viewed as a linear equation jm for any fixed xO P, ,
admits a unique solutiors (1,0....,0 [D(x)]_l. We can letg™*(x) =(1,0,... ,0 [D(x)]_l.
Moreover, ¢ is C' by Assumptions 1-(i)-(b) and 1-(ii)-(b) tQutility functions) and the
implicit function theorem applied to functidR" xR, - R": (x,x) - x#.D(x)-(1,0,..,9

at any point(4,x)0 S, x B such thatwOg¢™(x).
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From there on, the restriction ¢f to Int S, is denoted by’ .
Theorem 3 and the definition of inclusive distriat optimum readily imply that

¢(IntS,)= B . Function ¢', therefore, is a one-to-one mappihgt S, -~ P with a C
inverse. We now prove that is continuous. Let sequengé converge toy in IntS,. The

compactness ok implies that sequencg’ (,uq) admits a converging subsequencd.ir.et x

be the latter's limit. The continuity of,x) — ZiDN,uiw(u( x)) implies that inequalities

D W (u(¢’(,uq))) > U vy( uf z)) which hold true for all pair%,uq,¢'(,uq)) and
all zO A by definition of ¢, extend to the limit pai(, x) . That is,x = ¢’ ().

Finally, IntS, is simply connected, as a convex set. ThereRyre; ¢’ (Int Sh) IS

simply connected as homeomorphic to the formers Thimpletes the proof of the first step.

(ii) In Step 2, we prove tha®.” is a C' manifold of dimensiom—1.

Let g denote the C' function R7,xIntP, -~ R" defined by
9(x, x)= u.D(X)-(1,0,..,9 (see Step 1 above). Under Assumption 14G}P, is a C
manifold of dimensiom -1 (Mas-Colell, 1985, 4.6.9). Functiap therefore, is a Efunction
on a C manifold of dimension2n-1, mapping into aC* manifold of dimensiom. From
Theorem 3,Graphg '= g™ (0). 9,9(# x)=D(x), which is a nonsingulanxn matrix at
any xOP, by the first regularity condition (see Step 1). fEfere, rankag(y,x): n
everywhere inGraph¢ ’; that is, O is a regular value gf The Regular Value Theorem (see

Mas-Colell, 1985, H.2.2) then implies th@raphg¢ ' is a C manifold, whose dimension is

equal to dim(R}, xIntP)-dimR"=n-1. Finally, denote by h.g @ local c

diffeomorphism R"™ — Graphp ' at some point(,u,x) of Graphg ', pr, the projection
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Graph¢ '~ P, defined by pr,(x,x)=x; and ® function P, — Graph¢ ' defined by
P (x)= (¢"1(x), x) . Note thatpr, is C”, while ® is C' by Step 1 of this proof. Therefore,
przoh(”’x) is a local ¢ diffeomorphism R"* - P’ at (,u,x), whose € inverse is
(h(#yx))‘lo @ . This completes the proof of Step 2.

(i) In Step 3, finally, we prove the second pafrfTheorem 3.

Let L denote the set of social contract price equililmia(w, u,w) relative to the
Walrasian equilibrium(p, x) of the latter, and suppose thatlR,. From Theorem 1,
LaRY, =R, n{zOR": w(u )= W { X} . The continuity ofw andu and the openness
of P," then imply thatintL is equal td®, n{zOR": vv( u j)>> v( (] )(} . Since xOP,,
open sef{zOR": W( uf @) > V\( y ))} is nonempty.P,; n{zOR": V\:(L( 3)2 v( (] ){} is
nonempty by Mercier Ythier (2009) Theorem 1-(ii)héFefore, so isintL (since P, is
open). Functionsw o u being quasi-concave, s¢z(0R": W( u( z))>> V\( y >)} is convex

and is, therefore, an open convex subseR®f hence is a simply connect&f manifold of

dimensionin. P, is a simply connected'@nanifold of dimensiom-1< nl by Steps 1 and
2 above, and so is its intersection witaOR"": W( uf 3) > V\( y >)} . That is, IntL is a
simply connected Esubmanifold oP.", of the same dimension as the latter. Consequently
¢~ (IntL) is a simply connected, open subsetrifs, .

Proof of Proposition 3For any pair of distinct attainable aIIocatio("bs x’) and any
0<a <1, we haveu(ax+(1-a) X)>au( Y +(1-a) Y X) sincey, is strictly concave in

prA for all i and x is different from x’ for at least onei. Therefore,
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w(u(ax+(1-a) X)) = w(a( +(1-a) { ¥) for alli, with a strict inequality for any,
such thaty (ax+(1-a)x)>ay(R+(1-a) y( X by the monotonicity assumptions, and
w (au()+(1-a) u x)) zaw( () +(t-a) W § 3) by concavity for ali. Hence:
w(u(ax+(1-a) X)) >aw | §)+(1-a) f{ { §). Therefore, for any w0

pw(u(ax+(1-a) x))> auw( | ) +(1-a)u. v § 3).
Proof of Proposition 4 (i) Let (W, u,,o) verify the first assumption, and suppose,
without loss of generality, that >r,>...2r_ . Thenow ¢ f r ))is a triangular matrix, whose

sub-diagonal entries are all = 0. Therefqﬂw(v(p r))| rl o,W (v(p,r)), which is > 0 by

N i
Assumption 1-(ii)-(a). The conclusion follows frothe equivalence of weak price-wealth

distributive and weak distributive optimum (Theor8jn

(i) Let (W, u,,o) verify the second assumption. Note the generitydatated on the
i-th row and j-th column of matridw(v(p,r)).0,v(p,r) is 6jvvi(v(p,r)).0rjvj(p,rj). The
multilinearity of the determinant, therefore, ingdi that |6W(v( p1)o,v(p r)| =
([0 v.(p.))owv( p n), where [1.0:Vi(p.r)) is >0. The diagonal dominance
assumption implies the}ﬂw(v(p,r)).@,v(p,r)| is > 0. Therefore|0w(v(p,r))| is >0, and the

conclusion follows from the equivalence of weakcepfwealth distributive and weak

distributive optimum as above.

Proof of Corollary Let (77,p,X) be a social contract equilibriumf (w,u,w),
relative to competitive market equilibrium with érelisposal(p°, xX°) of (W, u, w), such that
X >0, and denote” =(p .X,...,p X, ). Functionr - w (v(p,r)) being strictly increasing

in r, the budget constraint must be satiated at any isf maxima in
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{rORY: mr < (p".%,...,p X )}. Therefore,z.r' =m.(p' X ,...p X ), andr” also is a
maximum ofr — w (v(p,r)) in {rOR}: z.r <7.r’} . Hence,x is a> 0 social contract
price equilibrium of(w, u,a)), relative to competitive market equilibrium witreé disposal
(p°, x°) of (W, u,a)), and the first part of the Corollary follows frothe application of
Theorem 1.

Suppose that, moreoverx’ 0P, , and r - w (v(p,r)) is strictly quasi-
concave for ali. We havew(u(X))= w\ p,( p. %,.... p-%))), r" being a maximum of
r-w(v(p,r) in {rORY: mr <m(p.xX,...,p X )} for all i by definition of a social
contract equilibrium. Suppose thet(u( X)) = w(\Y p,( p. %,..., p-%))) for somei, and let
us derive a contradiction. The strict quasi-congaef r — w, (v(p , r)) implies that any strict
convex combinatiorar” +(1-a)(p' X ,...p X ), 0<a <1, is strictly preferred by to both
rand (p'.x),...,p X ) (since w (v(p, 1)) = w(ux))= w(\{ p.( p%..., px))). Since,
moreover,ar’ +(1-a)(p’ X ,....p X O {rOR, :zr<7z.(p X,...p X)), r cannot be a
maximum ofr — w (v(p,r)) in {rOR": 7z.r <.(p".x,...,p .X)}, which yields the sought

for contradiction.
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Figure i

Distributive liberal social contracts in the private utility space
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Figure 2

Becker’s social system and the distributive liberal social contract
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