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Abstract

In this note we introduce an egalitarian solution, called the dual egalitarian solution, that is
the natural counterpart of the egalitarian solution of Dutta and Ray (1989). We prove, among
others, that for a convex game the egalitarian solution coincides with the dual egalitarian
solution for its dual concave game.
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1 Introduction

Often a situation involving several persons who can obtain benefits by cooperating can be for-
mulated in terms of a cooperative savings game with transferable utility. Examples of such
classes of games are bankruptcy games (O’Neill (1982) and Aumann and Maschler (1985)),
sequencing games (Curitlal. (1989)), market games (Shapley and Shubik (1969)), and linear
production games (Owen (1975)). Moreover, some interesting classes of these games men-
tioned above are convex, i.e., an agent contributes more to the benefits of a coalition when the
coalition becomes larger.

A decision making situation involving several persons can sometimes also be formulated in
terms of a cooperative cost game. Among the cost games that can be found in the literature
are airport games (Littlechild and Owen (1973)) and minimum cost spanning tree games (Bird
(1976)). These games satisfy the property of concavity, i.e., the marginal burden of an agent to
the costs of a coalition decreases when the coalition becomes larger.

In this note we start with recalling the definition of the egalitarian solution, a solution con-
cept for cooperative games introduced by Dutta and Ray (1989). This solution unifies the two
conflicting concepts of individualistic utility maximization and the social goal of equality. The
egalitarian solution is a singleton or the empty set. For convex games Dutta and Ray (1989)
describe an algorithm to locate the unique egalitarian solution, and they show, in addition, that
it is in the core of the game. Finally, they prove that for convex games the egalitarian solution
Lorenz dominates all other allocations in the core. For an extensive discussion on the egalitarian
solution we refer to Dutta and Ray (1989).

If a game is concave but not additive, then the egalitarian solution of Dutta and Ray (1989)
is empty. Therefore, we define, along the lines of Dutta and Ray (1989), a dual of Lorenz
domination and construct a dual egalitarian solution. We show that Lorenz domination and
dual Lorenz domination are equivalent. Furthermore, the dual egalitarian solution is either a
singleton or the empty set. After that, we study the relations with the egalitarian solution of
Dutta and Ray (1989) and the core of the game. Next, we introduce an algorithm similar to
that of Dutta and Ray (1989) to calculate the dual egalitarian solution for concave games. We
show that the dual egalitarian solution is in the dual core of the concave game and that the dual
egalitarian solution Lorenz dominates all other allocations in the dual core.

Our main result is that for a convex game the egalitarian solution coincides with the dual
egalitarian solution for its dual (concave) game. Similar duality results are provided by Funaki
(1994) and concern, among others, the core, the Shapley value (Shapley (1953)), and the prenu-
cleolus (Schmeidler (1969)). To this series we can also add the modified nucleolusl{&udh
(1997)) and the--value (Tijs (1986)).

The work is organized as follows. Section 2 deals with notation and definitions regarding
cooperative games with transferable utility. Moreover, we recall the definition of the egalitarian
solution of Dutta and Ray (1989). In Section 3 we introduce the dual egalitarian solution and
present the relations with the egalitarian solution. Finally, we prove that for a convex game the
egalitarian solution coincides with the dual egalitarian solution for its dual (concave) game.



2 Preliminaries

A cooperative game with transferable utility (game, for short) is a (¥irv), where N =
{1,...,n} is the player set and the characteristic function, which assigns to every sdbset
S C N avaluev(S), with v(0) = 0.

A game(N,v) is calledconvexf

v(SU{i}) —v(S) <v(T U{i}) —o(T) forallSCT C N andi e N\T,

andconcavdf the reverse inequality holds.
Thecoreof a game N, v) is defined by

C(N,v):={z e R": Y z;=v(N)and > z; > v(S) forall S C N},

iEN €S
and itsdual coreis defined by

C*(N,v):=={z e RV : Y a;=v(N)and >z, <v(S) forall S C N}.

1EN ieS

A game is called (dual) balanced if and only if its (dual) core is non-empty.SLe¢ a non-
empty subset ofV. The game(S, vs) (or (S,v), for short) is called a subgame @V, v). A
game is called totally (dual) balanced if and only if the (dual) cores of all subgames are non-
empty.

Thedual gameof a game(V, v) is the gamé N, v*), wherev* is defined by

v*(S) :=v(N) —v(N\S) forall S C N.

It is easily shown that’' (N, v) = C*(N, v*).

Next, we recall the definition of the egalitarian solution of Dutta and Ray (1989). For this we
need some more notation, most of which is due to Dutta and Ray (19899. lheeta non-empty
subset of{1,...,n}. We denote the cardinality ¢f by |S|. To avoid unnecessary notational
complications we denote anyc R® by z = (z, . .. ,|5|). For two vectors: andy in R®, we
write x = y if all their components are equal, and> y if z; > y; foralli = 1,...,|S|, with
strict inequality for some. For anyz € R”, we denote byi the vector obtained by permuting
the indices ofr such thatt; > i, > --- > I5. Forz € R andT C S, we denote the
projection ofz onR” by z(T") = (),

Let (N,v) be a game. An allocatian € R is feasiblefor S if .. z; = v(S). TheLorenz
map £ is defined on the domain

k
A= {A . A C R* for somek, and there exista € R such thatz z; = Nforall x € A} )

=1

15 C N denotes thaf is a subset ofV andS ¢ N denotes tha$ is a strict subset aV.



For each setl € A, FA is the set of all allocations id that areLorenz undominatedithin
A. Formally,

EA := {x € A: thereisnoy € A suchthaty?_, §; < S27_, #; for all
j =1,..., k, with strict inequality for some} .

The Lorenz cords defined inductively as follows. The Lorenz core of a singleton coalition
is defined byL({i},v) := {v({i})}. Now suppose that the Lorenz cores for all coalitions of
cardinality & or less have been defined, whére< k£ < n. The Lorenz core of a coalition of
sizek + 1 is defined by

L(S,v) = {a: € RY : 2 is feasible forS, and there is n@ c S and
y € EL(T,v) such thaty > z(7)} .

If 2 € R® and there isI’ ¢ S andy € EL(T,v) such thaty > z(T), then we say thay
Lorenz-blockgL-blocks)z. We shall also say in this case that.-blocksz. Furthermore, note
thatC'(S,v) C L(S,v).

Dutta and Ray (1989) called the set of Lorenz undominated allocations in the Lorenz core
of (N,v), i.e., EL(N,v), theegalitarian solution They proved that/!L(N,v) is either empty
or a singleton. If it is non-empty, then its unique element is callecgfaditarian allocationof
the gameg NV, v). For convex games Dutta and Ray (1989) describe a finite algorithm to locate
the unique egalitarian allocation. Moreover, they showed that the egalitarian allocation is an
element of the core dflV, v) and that it Lorenz dominates all other core allocations.

3 The dual egalitarian solution

In this section, we will introduce a dual of the egalitarian solution of Dutta and Ray (1989),
thereby following closely the ideas of Dutta and Ray (1989) concerning egalitarianism. Theo-
rem 3.2 shows that the dual egalitarian solution is either a singleton or the empty set. After that,
we study the relations with the egalitarian solution of Dutta and Ray (1989) and the core of the
game. Next, we introduce an algorithm similar to that of Dutta and Ray (1989) to calculate the
dual egalitarian solution for concave games. We show that the dual egalitarian solution is in
the dual core of the concave game and that the dual egalitarian solution Lorenz dominates all
other allocations in the dual core. Finally, we present our main result: for a convex game the
egalitarian allocation is equal to the dual egalitarian allocation for its dual (concave) game.

For starters, we need some extra notation.4.€t {1,...,n}. For anyz € R, we denote
by z the vector obtained by permuting the indicesraduch thatz; < 7, < --- < 7jg). Let
(N,v) be a game. Thdual Lorenz mapD is defined on the same domain as the Lorenz map
E,ie.,

k
A= {A . A C R* for somek, and there existd € R such thatz z; = MNforallz € A} )
i=1
Foreach suchset € A, DA isthe set of all allocations iA that aredual Lorenz undominated
within A. Formally,



DA := {:c € A: thereis noy € A suchthaty)_, 7; > S27_, 7, for all
j=1,..., k, with strict inequality for somg} .

Thedual Lorenz coreof a singleton coalition is defined by*({:},v) := {v({i})}. Now
suppose that the dual Lorenz cores for all coalitions of cardinaldy less have been defined,
wherel < k < n. The dual Lorenz core of a coalition of siket+ 1 is defined by

L*(S,v) = {:c c RY : z is feasible forS, and there is n@ c S and
y € DL*(T,v) suchthaty < z(T)}.

If z € R® and there i€ C S andy € DL*(T,v) such thaty < z(T), then we say thaj dual
Lorenz-blockg L*-blocks)z. We shall also say in this case thatL*-blocksx. Furthermore,
note thatC*(S,v) C L*(S,v).

We call the set of dual Lorenz undominated allocations in the dual Lorenz cdrg, of),
i.e., DL*(N,v), thedual egalitarian solution Next, we will show thatDL*(N,v) is either
empty or a singleton. Hence, 1 L*( N, v) is non-empty, its unique element will be called the
dual egalitarian allocationof the game NV, v). But first we show that the operatofs and £
coincide.

Lemma 3.1 The operatord) and F coincide.

Proof. Let A € A. Then there is a coalitio¥ = {1,...,k} and a numbeir € R such
that % ,z; = Mforall - € A. Letz € A. Consider the vectors and z. Recall that
21> 2> - > zpandz; < Zp < --- < z.. ltis easily verified that forall = 1,... &k we
haveéz- = ,7:’k,i+1.

Letz,y € A. From the observation above aftf_, 7; = A = X%, y; it follows that the
following conditions are equivalent:

j j
> g, > z;forallj =1,..., k with a strict inequality for somg <
=1 =1

<.

M)~

y; >y z;forallj =1,..., k— 1with a strict inequality for somg¢ <

]

k
S 5i< Y zforallj=1,....k — 1 with astrict inequality for somg <
i=j+1 i=j+1

I
—

1

k k
> Greiv1 <Y &gy forall j =1,... &k — 1 with a strict inequality for somg <
=741 =741

J J
> g <> @ forallj=1,...,k — 1 with a strict inequality for somg <



From this it immediately follows thabA = FA. O

From Lemma 3.1 it follows that dual Lorenz domination coincides with Lorenz domination.
Henceforth, we will use the notatiadfi instead ofD. The proof of the next Theorem is omitted
since it runs completely analogously to the proof of Theorem 1 of Dutta and Ray (1989).

Theorem 3.2 There is at most one dual egalitarian allocation.

The following examples from Dutta and Ray (1989) give an idea about the relations between
the egalitarian solution, the dual egalitarian solution, and the core of the game.

The game(N,v) in the first example (Example 1 from Dutta and Ray (1989)) is totally
balanced game with'L(N,v) = 0, but EL*(N, v*) # 0.

Example 3.3 Let N = {1,2,3}, v({i}) =0foralli € N, v({1,2}) = v({1,3}) = v(N) =1,
andv({2,3}) = 0. Dutta and Ray (1989) showed thaL (N, v) = (). Using thatZ* ({1, 2}, v*)
= (1,0), L*({1,3},v*) = (1,0), andL*({2, 3}, v*) = 0 one easily verifies that*(N, v*) =
(1,0,0) and, henceEL*(N,v*) = {(1,0,0)}. Note that the gaméV, v) is not convex, since
v({1,2}) —v({1}) =1>0=0({1,2,3}) —v({1,3}). ¢

The game(N,v) in the second example (Example 2 from Dutta and Ray (1989)) is not
convex. It holds that’ L(N, v) # 0, EL*(N,v*) = 0, andC(N, v) = 0.

Example 3.4 Let N = {1,2,3},v({1}) = 0,v({2}) = v({3}) = 1, v({1,2}) = v({1, 3}
1.4, andv({2,3}) = v(N) = 2.2. Dutta and Ray (1989) observed that.(N,v) = {(0, 1.
1.1)} andC(N,v) = 0. Itis easy to verify thatvL*({1},v*) = {(0)} and EL*({2}, v*)
EL*({3},v*) = {(0.8)}. Sincev*(N) = 2.2, it follows that EL* (N, v*) = 0. ©

=l
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Finally, we consider Example 3 from Dutta and Ray (1989). In this example we have a
non-convex gaménN, v) with EL(N,v) = EL*(N,v*) # 0, C(N,v) # 0, andEL(N,v) N
C(N,v) =0,

Example 3.5Let N = {1,2,3,4},v({i}) = 0foralli € N, v(N) = 2,0({2,3}) = 1.05,
v({3,4}) = 1.9, and for all otherS, v(S) is the minimal superadditive function compatible
with these values. Dutta and Ray (1989) observedAHgtN, v) = {(0.05,0.05,0.95,0.95)} &
C(N,v) # (). One can verify thallL* (N, v*) = EL(N,v). ¢

Next, we describe an algorithm for locating the (unique) dual egalitarian allocation in a
concave game. The algorithm is analogous to the algorithm of Dutta and Ray (1989) for locating
the egalitarian allocation in a convex game. Denoteaherage worthof coalition S with
respect to a characteristic functiohby

v'(S)
S|

a(S,v") =
Let (N, w) be a concave game. Defing := N andw; := w.

5



STEP 1: LetT) be the largest coalition with thewestaverage worth in the gameV, w;).
Define
i (N,w) := a(Ty, w) foralli € T;. (1)

7

STEP k: Suppose thdl, ..., T,_, have been defined recursively afidu --- UT,_; # N.
Define a new game with player s&f, := N\(T} U---UTy_1). For all subcoalition§” C
Ny, definewy (T') := wg—1(T—1 UT) —wy_1(Tx—1). The game N, wy) is concave since
(Nx_1,wy_1) is concave. Defind}, to be the largest coalition with the lowest average
worth in this game. Define

z; (N, w) = a(Ty, wg) forall: € Tj. (2)

We remark that the concavity of the garf€;, w;) ensures that there is a largest coalition
with the lowest average worth ifiVy, wy,). Let z* be the allocation defined by equations (1)
and (2).

Theorem 3.6 In a concave gamgV, w), z* as constructed by the algorithm above is the unique
dual egalitarian allocation. Moreover;* is in the dual coreC* (N, w) and Lorenz dominates
every allocation in the dual core.

The proof of Theorem 3.6 is omitted since it runs completely analogously to the proofs of
Theorem 2 and 3 of Dutta and Ray (1989).

From Examples 3.3, 3.4, and 3.5 it follows thaL.(N, v) does not need to coincide with
EL*(N,v*). For convex games, however, they do coincide. This is our main result:

Theorem 3.7 For a convex gaméN, v) it holds thatE'L(N,v) = EL*(N,v*).

Proof. Let (IV,v) be a convex game. Dutta and Ray (1989) showedAH&tN, v) C C(N,v)

and that the unique egalitarian solution Lorenz dominates all other core allocaticd/in).

Note also thafV, v*) is a concave game, and hence, according to Theorem 3.6, we have that
EL*(N,v) C C*(N,v*). Moreover, the unique dual egalitarian solution Lorenz dominates all
other dual core allocations i*(N,v). Now the Theorem follows from the observation that
C(N,v) =C*(N,v*). O

Given Theorem 3.7 it is not difficult to axiomatically characterize the dual egalitarian solu-
tion on the class of concave games. The procedure runs along the lines of Funaki (1994) and
consists of dualizing the axioms that characterize the egalitarian solution. We refer to Funaki
(1994) for the details. Thus, dualizing the axioms in Dutta (1990) and Ktipgd. (2000) yields
characterizations of the dual egalitarian solution. Since this procedure is straightforward we
have omitted it.

We conclude with the following open question: if for a gafné v) it holds thatF' L (N, v) #
fpandEL*(N,v*) # 0, thenEL(N,v) = EL*(N,v*)? We know by Theorem 3.7 that(ifV, v)
is convex this is true. Note also that by Example B.b(N,v) and EL*(N,v*) can be both
non-empty for non-convex gamey’, v).
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