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41 Lqwurgxfwlrq

Prqghuhu dqg Vkdsoh| +4<<9, vshfli| d vlpsoh dgmxvwphqw surfhvv wkdw frqyhujhv
wr d Qdvk htxloleulxp ri d srwhqwldo jdph lq d �qlwh qxpehu ri vwhsv1 Lq wkhlu surfhvv/
zkhqhyhu wkh vwudwhj| sur�oh lv qrw d Qdvk htxloleulxp/ lw lv dvvxphg wkdw rqh sod|hu
ghyldwhv wr d vwudwhj| wkdw pdnhv khu ehwwhu r�1 Xqlodwhudo ghyldwlrqv wkdw lqfuhdvh wkh
sd|r� ri wkh ghyldwru udlvh wkh ydoxh ri wkh srwhqwldo/ zkloh xqlodwhudo ghyldwlrqv wkdw
ghfuhdvh wkh sd|r� ri wkh ghyldwru orzhu lw1 Khqfh/ rqfh d Qdvk htxloleulxp lv uhdfkhg
+wkhuh duh qr pruh vhoi0lpsurylqj/ xqlodwhudo ghyldwlrqv, wkh surfhvv whuplqdwhv dqg
wkh srwhqwldo ixqfwlrq zloo eh dw d pd{lpxp lq wkh vhqvh wkdw lwv ydoxh fdqqrw eh
lqfuhdvhg e| ydu|lqj dq| vlqjoh sod|hu*v vwudwhj|1

Zkloh xvhixo iru lqwhusuhwlqj Qdvk htxloleulxp/ wklv uhvxow grhv qrw vxssruw wkh
xvh ri srwhqwldo pd{lpl}dwlrq dv d uh�qhphqw1 Wkh Qdvk htxloleulxp uhdfkhg e| wkh
vlpsoh dgmxvwphqw surfhvv ri Prqghuhu dqg Vkdsoh| +4<<9, pljkw qrw pd{lpl}h wkh
srwhqwldo ixqfwlrq ryhu lwv hqwluh grpdlq ri vwudwhj| sur�ohv1 Wr wklv hqg/ zh frqvlghu
d prgl�fdwlrq ri wkh vlpsoh dgmxvwphqw surfhvv wkdw doorzv iru h{shulphqwdwlrq1
Zh dvvxph wkdw vwduwlqj iurp dq| vwudwhj| sur�oh/ sod|huv duh zloolqj wr ghyldwh wr
dowhuqdwlyh vwudwhjlhv wkdw duh dw ohdvw dv jrrg dv wkhlu suhvhqw rqhv1 Rxu surfhvv
lv ghvfulehg irupdoo| ehorz1 Zh uhihu wr lw dv d zhdn dgmxvwphqw surfhvv ehfdxvh
sod|huv pd| ghyldwh wr vwudwhjlhv wr zklfk wkh| duh lqgl�huhqw1

Wkh zhdn dgmxvwphqw surfhvv rshudwhv rq d frqvwdqwo| fkdqjlqj vhw ri ghyldwruv
zkr duh deoh wr vzlwfk wr d gl�huhqw vwudwhj| dqg eh dw ohdvw dv zhoo r�/ kroglqj �{hg
wkh vwudwhjlhv ri wkh rwkhu sod|huv/ dv wkh| zhuh ehiruh wkh ghyldwlrq1 Wkh qrqhpswl0
qhvv ri wklv vhw/ dw hdfk vwhs ri wkh surfhvv/ lv fuxfldo1 Iru 60sod|hu frrshudwlrq0
irupdwlrq jdphv wkh vhw ri ghyldwruv lv qrqhpsw| dw dq| qrq0srwhqwldo pd{lpl}lqj
sur�oh1 Wklv zloo qrw eh wuxh iru jdphv wkdw kdyh vwulfw orfdo pd{lpd ri wkh srwhqwldo
ixqfwlrq +l1h1/ vwulfw Qdvk htxloleuld,1 D vwulfw orfdo pd{lpxp ri wkh srwhqwldo ixqf0
wlrq h{lvwv li wkhuh lv d vwudwhj| sur�oh wkdw grhv qrw joredoo| pd{lpl}h wkh srwhqwldo/
exw iurp zklfk doo xqlodwhudo ghyldwlrqv pdnh wkh ghyldwruv vwulfwo| zruvh r�1 Dq
h{dpsoh ri vxfk d jdph lv d vwdqgdug/ wzr0sod|hu frruglqdwlrq jdph +vkrzq ehorz
zlwk lwv srwhqwldo ixqfwlrq,1

O U
W 4/ 4 3/ 3
E 3/ 3 5/ 5

Srwhqwldo Ixqfwlrq '
O U

W 4 3
E 3 5

Li sod|huv �qg wkhpvhoyhv dw wkh Qdvk htxloleulxp +W/O, wkhq qhlwkhu lv zloolqj wr
frqvlghu d xqlodwhudo ghyldwlrq/ hyhq wkrxjk d vhtxhqfh ri xqlodwhudo ghyldwlrqv zrxog
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ohdg +lq wzr vwhsv, wr wkh pxwxdoo| suhihuuhg/ srwhqwldo0pd{lpl}lqj rxwfrph14 Lq
zkdw iroorzv/ pd{lpxp ru pd{lpl}lqj lv xvhg lq wkh joredo vhqvh/ ryhu doo vwudwhj|
sur�ohv1

Wkh zhdn dgmxvwphqw surfhvv pd| lqyroyh udqgrp vhohfwlrq ri erwk ghyldwruv dqg
ghyldwlrqv1 Zh vkrz wkdw wkh surfhvv frqyhujhv zlwk suredelolw| rqh wr wkh vhw ri
srwhqwldo0pd{lpl}lqj vwudwhj| sur�ohv ri 60sod|hu frrshudwlrq0irupdwlrq jdphv1 Wkh
zhdn dgmxvwphqw surfhvv fdq eh dssolhg wr ?0sod|hu frrshudwlrq0irupdwlrq jdphv
E? : �� xqghu plog frqglwlrqv/ dv zh h{sodlq ehorz1 Wkh zhdn dgmxvwphqw sur0
fhv4/4v frqyhujhv wr wkh vhw ri srwhqwldo0pd{lpl}lqj vwudwhj| sur�ohv iru frrshudwlrq0
irupdwlrq jdphv edvhg rq d vxshudgglwlyh fkdudfwhulvwlf ixqfwlrq1 Krzhyhu/ zh fdq
qhlwkhu hvwdeolvk qru uxoh rxw frqyhujhqfh ri wkh zhdn dgmxvwphqw surfhvv wr wkh vhw
ri srwhqwldo pd{lpl}huv iru qrq vxshudgglwlyh jdphv zlwk pruh wkdq 6 sod|huv1

51 Qrwdwlrq dqg gh�qlwlrqv

Ohw � ' i�c 2c ���c ?j dqg gh�qh wkh vwudwhj| vhw ri sod|hu � wr eh �� ' i7 � � m
� 5 7j� D vwudwhj| Z� 5 �� lv d vhw ri sod|huv +lqfoxglqj klp ru khuvhoi, zlwk zkrp
sod|hu � zlvkhv wr irup olqnv1 Ohw � ' ��M���� Jlyhq Z ' EZ�c Z2c ���c Z?� 5 �/ d
olqn ehwzhhq sod|huv � dqg � irupv li � 5 Z� dqg � 5 Z��

5 Wkh xqgluhfwhg elodwhudo
olqn ehwzhhq sod|huv � dqg � lv ghqrwhg � G �� Wkh vhw ri doo +xqgluhfwhg, elodwhudo
olqnv ehwzhhq sod|huv lv u ' i� G � m �c � 5 �j� D frrshudwlrq vwuxfwxuh lv d olvw ri
xqgluhfwhg elodwhudo olqnv lq u1 Jlyhq d vwudwhj| sur�oh Z/ wkh uhvxowlqj frrshudwlrq
vwuxfwxuh lv jlyhq e| wkh ixqfwlrq } G � $ u zkhuh }EZ� ' i� G � m � 5 Z� dqg � 5 Z�j�

Jlyhq d vwudwhj| sur�oh wkh sd|r�v duh ghwhuplqhg dv iroorzv1 Iluvw/ lw lv dvvxphg
wkdw dq| frdolwlrq kdv d ydoxh wkdw lv h{suhvvhg e| d fkdudfwhulvwlf ixqfwlrq � G 2� $ U
wkdw lv }hur0qrupdol}hg +l1h1/ �Ei�j� ' f iru doo � 5 �,1 Vhfrqg/ sod|huv wkdw duh
hlwkhu gluhfwo| ru lqgluhfwo| frqqhfwhg e| wkh frrshudwlrq vwuxfwxuh uhvxowlqj iurp wkh
vwudwhj| sur�oh fdq frrshudwh1 Sod|huv* sd|r�v duh wkhq ghwhuplqhg e| wkh P|huvrq
ydoxhv +vhh P|huvrq/ 4<::,1 Wkh P|huvrq ydoxh iru wkh frdolwlrqdo jdph E�c �� zlwk
frrshudwlrq vwuxfwxuh } lv ghqrwhg �E�c }� ' E��E�c }���M� �

6 Lw fdq eh frqvwuxfwhg
xvlqj wkh Vkdsoh| ydoxh +vhh Vkdsoh|/ 4<86,1 Wkh Vkdsoh| ydoxh ri wkh frdolwlrqdo

4Vwrfkdvwlf surfhvvhv ri wkh w|sh frqvlghuhg e| Ndqgrul/ Pdlodwk/ Ure +4<<6, dqg \rxqj +4<<6,
zloo frqyhujh wr wkh pxwxdoo| suhihuuhg rxwfrph lq wklv vlpsoh h{dpsoh1 Rxu jrdo lv wr vhh zkdw
rxwfrphv fdq eh uhdfkhg zlwkrxw udqgrp plvwdnhv1

5Wklv phwkrg ri ghwhuplqlqj d frrshudwlrq vwuxfwxuh iroorzv P|huvrq +4<<4/ ss1 77;, dqg Tlq
+4<<9,1

6Zh xvh j erwk dv d pdsslqj dqg d jhqhulf frrshudwlrq vwuxfwxuh1
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jdph E�c �� lv ghqrwhg �E�� ' E��E����M� c zkhuh

��E�� '
[

7G7��

E?� m7m�-Em7m � ��-

?-
d�E7�� �E7q��o�

Ohw �E�� ' E��E����M� � Jlyhq d frrshudwlrq vwuxfwxuh } � u dqg d frdolwlrq 7 �
�c 7*} ghqrwhv wkh sduwlwlrq ri 7 lqwr frqqhfwhg frpsrqhqwv1 Ohw �} ghqrwh wkh
fkdudfwhulvwlf ixqfwlrq ghwhuplqhg dffruglqj wr

�}E7� '
[

-M7*}

�E-�c 7 � ��

P|huvrq +4<::, vkrzv wkdw �E�c }� ' �E�}�� Sod|hu �*v sd|r� ixqfwlrq lq wkh frrshudwlrq0
irupdwlrq jdph lv L�EZ� ' ��E�c }EZ��c iru Z 5 �� Wkdw lv/

L�EZ� '
[

7G7��

E?� m7m�-Em7m � ��-

?-
d�}EZ�E7�� �}EZ�E7q��o� +4,

Qrwh wkdw L�EZ� ' L�EZ
�� li }EZ� ' }EZ��1 Wkh frrshudwlrq0irupdwlrq jdph lv wkh

vwudwhjlf0irup jdph K ' i��c L�j�M� �
Gh�qlwlrq 4 +Prqghuhu dqg Vkdsoh|, D srwhqwldo iru d jdph K lv d ixqfwlrq
� G � $ U vxfk wkdw iru dq| � 5 �c Z 5 �c dqg Z�� 5 ��c

L�EZ
�
�c Z3��� L�EZ� ' � EZ��c Z3��� � EZ��

K lv d srwhqwldo jdph li lw kdv d srwhqwldo1

Uhpdun 41 Dq dvvljqphqw/ EL���M� ri sod|huv* sd|r�v vdwlv�hv frpsrqhqw h!flhqf|
li iru dq| Z 5 � dqg iru dq| 7 5 �*}EZ�c

S
�M7

L�EZ� ' �E7�� E| Wkhruhp 4 dqg

Sursrvlwlrq 5 ri Tlq +4<<9,/ wkh P|huvrq ydoxhv duh wkh rqo| zd| ri dvvljqlqj wkh
sod|huv* sd|r�v wkdw vdwlvi| frpsrqhqw h!flhqf| dqg pdnh wkh frrshudwlrq0irupdwlrq
jdph d srwhqwldo jdph1

61 Zhdn dgmxvwphqw surfhvv

Zh vhhn d vlpsoh g|qdplf dgmxvwphqw surfhvv wkdw frqyhujhv wr srwhqwldo0pd{lpl}lqj
vwudwhj| sur�ohv1 Wkh surfhvv zh vshfli| lv d prgl�fdwlrq ri wkh vlpsoh dgmxvwphqw
surfhvv vshfl�hg e| Prqghuhu dqg Vkdsoh| +4<<9,1 Rxu prgl�fdwlrq lv wr doorz sod|0
huv wr h{shulphqw lq fdvhv zkhuh qr vwulfwo| vhoi0lpsurylqj xqlodwhudo ghyldwlrq fdq

6



eh irxqg dqg wu| rwkhu vwudwhjlhv wkdw duh dw ohdvw dv jrrg dv wkh fxuuhqw rqh1 +Wklv
lv vrphwlphv uhihuuhg wr dv dgglqj �guliw1�,

Dw hdfk vwdjh ri wkh surfhvv gh�qh wkh vhw ri ghyldwruv wr eh doo wkrvh sod|huv
zkr fdq ghyldwh wr d gl�huhqw vwudwhj| wkdw/ kroglqj �{hg wkh vwudwhjlhv ri wkh rwkhu
sod|huv/ zrxog ohdyh wkhp dw ohdvw dv zhoo r� dv wkh| zhuh ehiruh wkh ghyldwlrq1 Wkhq
zh kdyh wkh iroorzlqj=

Zhdn Dgmxvwphqw Surfhvv= Vxssrvh wkh lqlwldo vwudwhj| sur�oh lv qrw d srwhqwldo
pd{lpl}hu1 Udqgrpo| vhohfw rqh sod|hu iurp wkh vhw ri ghyldwruv1 Doorz khu wr ghyldwh
wr d gl�huhqw vwudwhj| wkdw jlyhv khu d sd|r� wkdw lv dw ohdvw dv jrrg dv khu fxuuhqw
rqh1 Li vkh kdv pruh wkdq rqh vxfk vwudwhj|/ kdyh khu vhohfw rqh dw udqgrp1 Uhshdw1

Xqghu wkh zhdn dgmxvwphqw surfhvv/ wkh wudqvlwlrq suredelolw| iurp d jlyhq vwudw0
hj| sur�oh wr dq| rwkhu rqh ghshqgv rq wkh jlyhq vwudwhj| sur�oh/ exw qrw rq wkh
vwudwhj| sur�ohv uhdfkhg lq wkh suhylrxv vwhsv1 Wklv phdqv wkdw wkh surfhvv lv d
Pdunry fkdlq zkrvh vwdwh vsdfh lv wkh vhw ri vwudwhj| sur�ohv1 Wkxv wr vkrz wkdw wkh
surfhvv frqyhujhv zlwk suredelolw| rqh iurp dq| lqlwldo vwudwhj| sur�oh wr wkh vhw ri
srwhqwldo pd{lpl}huv/ lw vx!fhv wr vkrz wkdw wrjhwkhu srwhqwldo pd{lpl}huv irup wkh
rqo| hvvhqwldo fodvv ri wkh xqghuo|lqj Pdunry fkdlq1 Wkh zhdn dgmxvwphqw surfhvv
grhv qrw uhtxluh wkdw ghyldwruv vhohfw rswlpdo vwudwhjlhv1 Pdnlqj wklv dvvxpswlrq
zrxog eh �qh iru wkh frqyhujhqfh uhvxow vkrzq ehorz1

71 Uhvxow iru 60sod|hu frrshudwlrq0irupdwlrq jdphv

Wkh iroorzlqj gh�qlwlrqv duh xvhixo iru hvwdeolvklqj frqyhujhqfh ri wkh zhdn dg0
mxvwphqw surfhvv1

Gh�qlwlrq 5 +Prqghuhu dqg Vkdsoh|, D sdwk lq � lv d vhtxhqfh � ' EZfc Z�c ���c Z6�
ri vwudwhj| sur�ohv vxfk wkdw iru hyhu| � � � wkhuh h{lvwv d xqltxh sod|hu ghqrwhg ��
vxfk wkdw Z� ' EZ���c Z

�3�
3��

� iru vrph Z��� 5 ��� zlwk Z��� 9' Z�3�
��

+sod|hu �� lv wkh rqo|
ghyldwru iurp Z�3� lq Z���

Gh�qlwlrq 6 D sxuh lpsuryhphqw sdwk +SLS, lv d sdwk � ' EZfc Z�c ��c Z6� vxfk wkdw
iru � � �c L��EZ

�� � L��EZ
�3��� Li wkh lqhtxdolw| lv vwulfw iru dw ohdvw rqh ghyldwru/ wkh

sdwk lv fdoohg d vwulfw SLS1

Uhpdun 5+l,1 E| wkh vhohfwlrq fulwhuld ri wkh zhdn dgmxvwphqw surfhvv/ li wkh lqlwldo
vwudwhj| sur�oh ri d �qlwh SLS lv uhdfkhg e| wkh dgmxvwphqw surfhvv/ wkhq wkh hqwluh
SLS zloo eh uhdol}hg zlwk srvlwlyh suredelolw|1
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Uhpdun 5+ll,1 E| Wkhruhp 51; ri Prqghuhu dqg Vkdsoh| +4<<9,/ li wkhuh lv d vwulfw
SLS iurp vwudwhj| sur�oh Z wr dqrwkhu vwudwhj| sur�oh Z�/ wkhq wkhuh fdqqrw eh dq|
SLS iurp Z� wr Z�

Wkhruhp 41 Iru }hur0qrupdol}hg/ 60sod|hu frrshudwlrq0irupdwlrq jdphv wkh zhdn
dgmxvwphqw surfhvv frqyhujhv iurp dq| vwudwhj| sur�oh wr wkh vhw ri srwhqwldo0pd{lpl}lqj
vwudwhj| sur�ohv zlwk suredelolw| rqh1

Surri1 Wkh surri xvhv wkh iroorzlqj wkuhh idfwv wkdw dsso| wr dq| 60sod|hu
frrshudwlrq0irupdwlrq jdph1 Dgglwlrqdo qrwdwlrq lv qhhghg1 Jlyhq dq| frrshud0
wlrq vwuxfwxuh }c ZE}� ' EZ�E}�c Z2E}�c Z�E}�� ghqrwhv d vwudwhj| sur�oh vxfk wkdw
Z�E}� ' i� m � G � 5 }j ^ i�jc iru � ' �c 2c �� Wkdw lv/ ZE}� lv wkh vwudwhj| sur�oh
vxfk wkdw hyhu| sod|hu rqo| sursrvhv wr irup olqnv zlwk wkrvh zkr duh olqnhg zlwk wkh
sod|hu lq }�

Idfw 41 Iru dq| Z 5 � zlwk Z 9' ZE}EZ��c wkhuh h{lvwv d �qlwh SLS iurp Z wr ZE}EZ���

Surri ri Idfw 41 Zlwkrxw orvv ri jhqhudolw|/ dvvxph wkdw Z� 9' Z�E}EZ��c iru doo � 5
i�c 2c �j� Kdhulqjhu +5335, vkrzv d srwhqwldo ixqfwlrq iru wkh frrshudwlrq0irupdwlrq
jdph lv

� EZ� '
[

7\�

E?� m7m�-Em7m � ��-

?-
�}EZ�E7�c +5,

iru Z 5 �17 Revhuyh wkdw � EZ� ' � EZE}EZ���� Vhw Z�
� ' Z�E}EZ��c Z

2
2 ' Z2E}EZ��c dqg

Z�
� ' Z�E}EZ��� Wkhq/ }EZ�� ' }EZ2� ' }EZ��c zklfk lpsolhv wkdw � ' iZfc Z�c Z2c Z�j

zlwk Zf ' Z lv d SLS18

Idfw 51 Wkhuh h{lvwv d vwulfw SLS iurp dq| qrq srwhqwldo0pd{lpl}lqj vwudwhj| sur�oh
wr d srwhqwldo0pd{lpl}lqj rqh1

Surri ri Idfw 51 Ohw Z eh dq| vwudwhj| sur�oh wkdw grhv qrw pd{lpl}h wkh srwhqwldo1
E| Idfw 4/ zh pd| dvvxph Z ' ZE}EZ��� Zkhq m}EZ�m ' �c vd| }EZ� ' i� G �jc
wkh h{lvwhqfh ri d vwulfw SLS iurp Z wr d srwhqwldo pd{lpl}hu lv vwudljkwiruzdug
xqohvv vwudwhj| sur�ohv surgxflqj i� G &c � G &j duh wkh rqo| srwhqwldo0pd{lpl}huv19

7E| Ohppd 51: ri Prqghuhu dqg Vkdsoh| +4<<9,/ srwhqwldov iru d jlyhq srwhqwldo jdph duh xqltxh
xs wr dq dgglwlyh frqvwdqw1

8Zh zloo frqwlqxh wr dvvxph �3 lv wkh jlyhq vwudwhj| sur�oh � lq wkh sdwkv vshfl�hg ehorz1
9Wklv lv vr ehfdxvh iru doo rwkhu fdvhv d sdwk fdq eh irxqg vr wkdw rqo| wkh odvw ghyldwru fkdqjhv

wkh frrshudwlrq vwuxfwxuh dqg khqfh lqfuhdvhv wkh srwhqwldo1
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Vxssrvh wklv lv wkh fdvh1 E| +5,/ wkh gl�huhqfh ehwzhhq wkh srwhqwldo dw vwudwhj|
sur�ohv surgxflqj wkh frrshudwlrq vwuxfwxuh i� G &c � G &j dqg Z� ' E�c�c�� lv
�
S
�Ei�c �j�� Vlqfh Z� lv qrw srwhqwldo pd{lpl}lqj wklv lpsolhv �Ei�c �j� 	 f� Lw iroorzv
wkdw � ' iZfc Z�c Z2c Z�j zlwk Z�

� ' i�c &jc Z2
� ' i�c &jc dqg Z�

& ' � lv d vwulfw SLS
iurp Z wr d srwhqwldo pd{lpl}hu1

Zkhq m}EZ�m ' f wkh h{lvwhqfh ri d vwulfw SLS iurp Z wr d srwhqwldo pd{lpl}hu
iroorzv iurp wkh uhdvrq vwdwhg lq Irrwqrwh 9 xqohvv Z� ' E�c�c�� lv wkh rqo|
srwhqwldo0pd{lpl}lqj vwudwhj| sur�oh1 Vxssrvh lw lv1 E| +5,/ wkh gl�huhqfh ehwzhhq
wkh srwhqwldo dw wkh vwudwhj| sur�oh Z� dqg vwudwhj| sur�ohv surgxflqj wkh frrshudwlrq
vwuxfwxuh i� G &c � G &j lv �

S
�Ei�c �j�c iru � 9' � 9' &� Vlqfh Z� lv wkh rqo| srwhqwldo0

pd{lpl}lqj vwudwhj| sur�oh/ �Ei�c �j� : f iru � 9' �1 Lw iroorzv wkdw � ' iZfc Z�c Z2j
zlwk Z�

� ' i�c �j dqg Z2
� ' i�c �j lv d vwulfw SLS iurp Z wr Z2� Vlqfh }EZ2� ' i� G �jc

e| wkh deryh uhvxow iru m}EZ�m ' �c wkhuh h{lvwv d vwulfw SLS iurp Z2 wr d srwhqwldo
pd{lpl}hu1 E| frpelqlqj wkh vwulfw SLS iurp Z wr Z2 zlwk rqh iurp Z2 wr d srwhqwldo
pd{lpl}hu/ zh rewdlq d vwulfw SLS iurp Z wr d srwhqwldo pd{lpl}hu1

Zkhq m}EZ�m ' 2c iru lqvwdqfh vxssrvh }EZ� ' i� G �c � G &jc wkh h{lvwhqfh ri d
vwulfw SLS iurp Z wr d srwhqwldo pd{lpl}hu iroorzv iurp wkh uhdvrq vwdwhg lq Irrwqrwh
9/ xqohvv wkh srwhqwldo0pd{lpl}lqj vwudwhj| sur�ohv rqo| surgxfh rqh ru pruh ri wkh
iroorzlqj frrshudwlrq vwuxfwxuhv= i� G &jc i� G �c � G &jc i� G &c � G &j� Vxssrvh �uvw wkdw
i� G &c � G &j ru i� G �c � G &j duh lqfoxghg1 Lq wkh iruphu fdvh/ �Ei�c �j� 	 �Ei�c &j��
Wkxv � ' iZfc Z�c Z2j zlwk Z�

& ' � dqg Z2
� ' i�c &j lv d vwulfw SLS iurp Z wr d

srwhqwldo pd{lpl}hu1 Lq wkh odwwhu fdvh/ zh kdyh �Ei�c &j� 	 �Ei�c &j�c dqg khqfh
� ' iZfc Z�c Z2j zlwk Z�

� ' � dqg Z2
& ' i�c &j lv d vwulfw SLS iurp Z wr d srwhqwldo

pd{lpl}hu1 Wkh uhpdlqlqj gl!fxow fdvh lv zkhuh vwudwhj| sur�ohv surgxflqj wkh
frrshudwlrq vwuxfwxuh i� G &j duh wkh rqo| srwhqwldo pd{lpl}huv1 Lq wklv fdvh/ }hur0
qrupdol}dwlrq dqg +5, lpso| �Ei�c &j� : f� Qrz frqvlghu d sdwk � ' iZfc Z�c Z2c Z�j
zlwk Z�

& ' �c Z2
� ' �c dqg Z�

� ' i�j� Wkhq/ }EZ�� ' }EZ� zklfk/ e| +4,/ lpsolhv
L&EZ

�� ' L&EZ�( }EZ
2� ' i� G 2c � G �c 2 G �j zklfk/ e| +4, dqg wkh idfw wkdw �Ei�c &j� :

fc lpsolhv L�EZ
2� : L�EZ

��( dqg }EZ�� ' i� G &j zklfk/ vlqfh Z� lv d srwhqwldo
pd{lpl}hu dqg Z2 lv qrw/ lpsolhv L�EZ

�� � L�EZ
2� ' � EZ�� � � EZ2� : f� Wkxv/ � '

iZfc Z�c Z2c Z�j lv d vwulfw SLS iurp Z wr d srwhqwldo pd{lpl}hu1
Vxssrvh m}EZ�m ' �/ zklfk phdqv Z ' Z� � Iluvw frqvlghu wkh fdvh lq zklfk vwudwhj|

sur�ohv surgxflqj d wzr0olqn vwuxfwxuh/ vd| i� G �c � G &jc duh srwhqwldo pd{lpl}lqj1 E|
+5,/ wkh gl�huhqfh lq srwhqwldo dw Z dqg dq| vwudwhj| sur�oh Z� surgxflqj i� G �c � G &j
lv �

S
�Ei�c &j�� Vlqfh Z lv qrw srwhqwldo pd{lpl}lqj dqg Z� lv/ �Ei�c &j� 	 f� Wkxv/

� ' iZfc Z�j zlwk Z�
� ' i�c �j lv d vwulfw SLS iurp Z wr d srwhqwldo pd{lpl}hu1 Qh{w

frqvlghu wkh fdvh zkhuh vwudwhj| sur�ohv surgxflqj d rqh0olqn vwuxfwxuh duh srwhqwldo

9



pd{lpl}lqj1 Fkrrvh �c � 5 � vxfk wkdw �Ei�c �j� ' 4@ 
�7�'2

�E7� dqg ohw 	Z 5 � eh vxfk

wkdw }E	Z� ' i� G �j� Wkhq/ 	Z lv srwhqwldo pd{lpl}lqj dqg wkxv � E	Z� : � EZ�� Lw
iroorzv iurp +4, dqg +5, wkdw L&EZ� ' � EZ��� E	Z� 	 f� Vlqfh L&E	Z� ' f zh frqfoxgh
wkdw � ' iZfc Z�j zlwk Z�

& ' i&j lv d vwulfw SLS iurp Z wr d srwhqwldo pd{lpl}hu1
Ilqdoo|/ frqvlghu wkh fdvh zkhuh vwudwhj| sur�ohv surgxflqj wkh }hur0olqn vwuxfwxuh duh
wkh rqo| srwhqwldo pd{lpl}huv1 Lq wklv fdvh/ +5, dqg }hur0qrupdol}dwlrq lpso| wkdw
� EZ�� ' f iru doo Z� 5 � vxfk wkdw }EZ�� ' > dqg �E7� 	 f iru m7m ' 2� Frqvlghu d
sdwk � ' iZfc Z�c Z2j zlwk Z�

� ' i�c &j dqg Z2
& ' i&j� Wkhq/ }EZ�� ' i� G &c � G &j dqg

}EZ2� ' >� Vlqfh �Ei�c �j� 	 f dqg L�EZ
�� � L�EZ

f� ' � EZ�� � � EZf� ' ��
S
�Ei�c �j�c

sod|hu � lv pdgh vwulfwo| ehwwhu r� lq wkh pryh iurp Zf wr Z�� Ixuwkhupruh/ vlqfh
� EZ2� : � EZ�� dqg L&EZ

2��L&EZ
�� ' � EZ2��� EZ��c sod|hu & lv pdgh vwulfwo| ehwwhu

ri lq wkh pryh iurp Z� wr Z2� Wklv hvwdeolvkhv wkdw � lv d vwulfw SLS iurp Z wr d
srwhqwldo pd{lpl}hu1

Idfw 61 Wkhuh h{lvwv d �qlwh SLS ehwzhhq dq| wzr srwhqwldo0pd{lpl}lqj vwudwhj|
sur�ohv1

Surri ri Idfw 61 Ohw Z dqg Z� eh dq| wzr srwhqwldo0pd{lpl}lqj vwudwhj| sur�ohv1
Zh zloo dvvxph }EZ� 9' }EZ�� vlqfh rwkhuzlvh/ e| Idfw 4/ lw lv dozd|v srvvleoh wr vshfli|
d sdwk iurp Z wr Z� wkdw nhhsv wkh srwhqwldo frqvwdqw1 Qrwh �uvw wkdw ehfdxvh erwk
Z dqg Z� duh srwhqwldo pd{lpl}huv d SLS/ li rqh h{lvwv/ iurp Z wr Z� fdqqrw lqyroyh
d vwulfw lpsuryhphqw iru dq| ghyldwru1 Vlqfh wkh lqyhuvh ri d SLS zlwkrxw vwulfw
lpsuryhphqw lv dovr d SLS/ zh qhhg rqo| frqvlghu wkh fdvh zkhuh m}EZ�m � m}EZ��m �
Zkhq m}EZ�m ' m}EZ��m wkhuh duh rqo| wzr srvvlelolwlhv> }EZ� ' i� G �j dqg }EZ�� ' i� G
&j ru }EZ� ' i� G �c � G &j dqg }EZ�� ' i� G �c � G &j1 E| +5,/ �Ei�c �j� ' �Ei�c &j� lq
wkh iruphu fdvh dqg �Ei�c &j� ' �Ei�c &j� lq wkh odwwhu fdvh1 Wkxv/ d SLS iurp Z wr Z�

lv jlyhq e| � ' iZfc Z�c Z2j zlwk Z�
& ' i�c &j dqg Z2

� ' i�c &j lq wkh iruphu fdvh/ dqg
Z�
� ' � dqg Z2

& ' i�c &j lq wkh odwwhu fdvh1
Zkhq m}EZ�m 	 m}EZ��m c irxu fdvhv ghvhuyh vshfldo dwwhqwlrq= +l, }EZ� ' i� G �jc

}EZ�� ' i� G �c � G &j( +ll, }EZ� ' i� G �jc }EZ�� ' i� G &c � G &j( +lll, }EZ� ' i� G �c � G &jc
}EZ�� ' i� G 2c 2 G �c � G �j( dqg +ly, }EZ� ' >c }EZ�� ' i� G 2c 2 G �c � G �j� Lq fdvh
+l,/ L&EZ� � L&EZ

�� ' � EZ� � � EZ��� Wkxv/ vlqfh � EZ� ' � EZ��c L&EZ� ' L&EZ
��� E|

+4, dqg }hur0qrupdol}dwlrq L&EZ� ' f dqg wkxv L&EZ
�� ' f� Khqfh/ � ' iZfc Z�c Z2j

zlwk Z�
� ' � dqg Z2

& ' i�c &j lv d SLS iurp Z wr Z�1 Lq fdvh +ll,/ iru erwk Z dqg Z�

wr eh srwhqwldo pd{lpl}lqj lw pxvw eh wuxh wkdw �Ei�c �j� ' f( rwkhuzlvh/ e| +5,/ wkh
srwhqwldo fdq eh lqfuhdvhg iurp Z� e| dgglqj wkh olqn � G �� Wkxv/ � EZ� ' � EZ�� ' fc
dqg � ' iZfc Z�c Z2c Z�j zlwk Z�

� ' i�c &jc Z2
� ' i�c &jc dqg Z�

& ' � d SLS1 Lq fdvh +lll,/
�Ei�c &j� ' f dqg vr � ' iZfc Z�c Z2j zlwk Z�

� ' � dqg Z2
& ' � lv d SLS1 Ilqdoo|/ lq

:



fdvh +ly,/ }hur0qrupdol}dwlrq dqg +5, lpso| doo frdolwlrqv kdyh d ydoxh ri }hur1 Khqfh/
dq| sdwk iurp Z wr Z� lv d SLS1

Idfw 5 hvwdeolvkhv wkdw iurp dq| qrq srwhqwldo0pd{lpl}lqj vwudwhj| sur�oh wkhuh lv
d �qlwh/ vwulfw SLS wr d srwhqwldo0pd{lpl}lqj vwudwhj| sur�oh1 Idfw 6 vkrzv wkdw wkhuh
lv d SLS ehwzhhq dq| wzr srwhqwldo0pd{lpl}lqj vwudwhj| sur�ohv1 Frpelqlqj Idfwv
5 dqg 6/ wkhuh lv d vwulfw SLS iurp dq| qrq srwhqwldo0pd{lpl}lqj vwudwhj| sur�oh wr
dq| jlyhq srwhqwldo0pd{lpl}lqj vwudwhj| sur�oh1 E| Uhpdun 5+ll,/ vwduwlqj iurp dq|
srwhqwldo0pd{lpl}lqj vwudwhj| sur�oh wkhuh grhv qrw h{lvw dq| SLS wr d qrq srwhqwldo0
pd{lpl}lqj vwudwhj| sur�oh1 Ehfdxvh ri wklv dqg e| Uhpdun 5+l,/ zh frqfoxgh wkdw
hyhu| srwhqwldo pd{lpl}hu lv dffhvvleoh iurp dq| vwudwhj| sur�oh/ exw vwudwhj| sur�ohv
wkdw duh qrw srwhqwldo pd{lpl}huv duh qrw dffhvvleoh iurp dq| srwhqwldo pd{lpl}hu1
Wklv lpsolhv wkdw wkh vhw ri srwhqwldo0pd{lpl}lqj vwudwhj| sur�ohv lv wkh rqo| hvvhqwldo
fodvv ri wkh krprjhqhrxv Pdunry fkdlq jlyhq e| wkh zhdn dgmxvwphqw surfhvv1 E|
Wkhruhp 71: ri Vhqhwd +4<;4,/ wkh Pdunry fkdlq dqg khqfh wkh dgmxvwphqw surfhvv
frqyhujhv iurp dq| jlyhq vwudwhj| sur�oh wr wkh vhw ri srwhqwldo0pd{lpl}lqj vwudwhj|
sur�ohv zlwk suredelolw| 41

81 q sod|huv

Zh frqfoxgh zlwk d glvfxvvlrq rq dsso|lqj wkh zhdn dgmxvwphqw surfhvv wr q0
sod|hu frrshudwlrq0irupdwlrq jdphv1 Iluvw/ zh hvwdeolvk d uhvxow iru vxshudgglwlyh
jdphv1

Wkhruhp 51 Iru vxshudgglwlyh/ }hur0qrupdol}hg/ ?0sod|hu frrshudwlrq0irupdwlrq
jdphv wkh zhdn dgmxvwphqw surfhvv frqyhujhv iurp dq| vwudwhj| sur�oh wr wkh vhw ri
srwhqwldo0pd{lpl}lqj vwudwhj| sur�ohv zlwk suredelolw| rqh1

Surri1 Lq wklv fdvh/ doo srwhqwldo0pd{lpl}lqj vwudwhj| sur�ohv duh sd|r� htxlyd0
ohqw wr wkh srwhqwldo0pd{lpl}lqj vwudwhj| sur�oh Z� ' E�c ���c �� +vhh Tlq/ 4<<9 dqg
Volnnhu hw do1/ 5333,/ zklfk lv lwvhoi d srwhqwldo pd{lpl}hu1 Pruhryhu/ ehfdxvh wkh
dgglwlrq ri qhz olqnv lv qhyhu ghwulphqwdo wr wkh ghyldwlqj sod|hu lq vxshudgglwlyh
jdphv/ wkh vhtxhqfh ri xqlodwhudo ghyldwlrqv Z�

� ' �c Z2
2 ' �c ���c Z?? ' � +ljqru0

lqj fdvhv zkhuh Z�� douhdg| htxdov �, gh�qhv d SLS wr Z� iurp dq| vwudwhj| sur�oh1
Khqfh/ Z� lv dffhvvleoh iurp dq| vwduwlqj vwudwhj| sur�oh zlwk vwulfw lpsuryhphqw li
wkh vwduwlqj vwudwhj| sur�oh lv qrw srwhqwldo pd{lpl}lqj1 Ixuwkhupruh/ Z� lv dffhvvl0
eoh iurp dq| vwduwlqj vwudwhj| sur�oh zlwkrxw vwulfw lpsuryhphqw li wkh vwduwlqj sur�oh
lv douhdg| srwhqwldo pd{lpl}lqj1 Wklv lpsolhv wkdw wkh vhw ri srwhqwldo0pd{lpl}lqj

;



vwudwhj| sur�ohv lv wkh rqo| hvvhqwldo fodvv ri wkh krprjhqhrxv Pdunry fkdlq jlyhq e|
wkh zhdn dgmxvwphqw surfhvv1 Khqfh/ wkh dujxphqw xvhg lq wkh surri ri Wkhruhp 4
iru Pdunry surfhvvhv dssolhv1

Iru qrq vxshudgglwlyh jdphv/ zh kdyh qr jhqhudo frqyhujhqfh uhvxowv/ exw zh duh
deoh wr vwdwh frqglwlrqv iru wkh qrq hpswlqhvv ri wkh vhw ri ghyldwruv dw hdfk qrq
srwhqwldo0pd{lpl}lqj vwudwhj| sur�oh1 Wklv lv fuxfldo iru wkh dssolfdwlrq ri wkh zhdn
dgmxvwphqw surfhvv1 Li wkh lqlwldo vwudwhj| sur�oh lv vxfk wkdw wkhuh h{lvwv � 5 �
zlwk Z� 9' � wkhq vrph sod|hu � 5 �qZ� fdq hlwkhu fkdqjh khu vwudwhj| sur�oh wr
Z�� ' Z�qi�j +li � 5 Z�, ru fkdqjh khu vwudwhj| sur�oh wr Z�� ' Z� ^ i�j +li � *5 Z�, dqg
khu sd|r� zloo qrw fkdqjh1 Vwduwlqj iurp wkh +qrq srwhqwldo0pd{lpl}lqj, vwudwhj|
sur�oh Z� wklqjv duh pruh frpsolfdwhg1 Zh uhtxluh wkdw vrphrqh fdq euhdn d olqn
+ru pxowlsoh olqnv, dqg eh qr zruvh r�1 Wklv zloo eh wuxh surylghg wkhuh h{lvwv d
sod|hu � dqg d frdolwlrq 7� ( i�j vxfk wkdw

[

7\7�G7��

E?� m7m�-Em7m � ��-

?-
d�Ei�j� n �E7qi�j�� �E7�o � f� +6,

Wkh fkdqjh lq �*v sd|r� iurp ghyldwlqj iurp Z� wr wkh vwudwhj| Z�� ' E�q7��^ i�j lv
jlyhq e| wkh gl�huhqfh lq sod|hu �*v P|huvrq ydoxh xqghu wkh frpsohwh judsk }EZ� dqg
wkh judsk fuhdwhg e| wkh ghyldwlrq/ }EZ��c Z3��� Vlqfh }EZ� ' }EZ�� ^ i� G � m � 5 7�j
wkh gl�huhqfh ehwzhhq wkh P|huvrq ydoxhv iru sod|hu � uhgxfhv wr wkh h{suhvvlrq lq
+6,1 Wkh lqhtxdolw| lq +6, lv d irup ri zhljkwhg vxedgglwlylw| wkdw qhhg rqo| h{lvw iru
rqh sod|hu dqg rqh frdolwlrq1
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