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Abstract
This paper studies the effects of environmental policy on the farmer's soil optimal
management. We consider a dynamic economic model of soil erosion where the intensity use
of inputs allows the farmer to control soil losses. Inputs use induces a pollution which is
accentuated by the soil fragility. We show, at the steady state, that environmental tax induces
a more conservative farmer behavior for soil, but in some cases it can exacerbate pollution.
These effects can be moderated when farmer introduces abatement activity.
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1 Introdu tion
Soil erosion is a

riti al issue for agri ulture in developed

ountries as well as in developing

ountries. Some empiri al studies (for instan e Papendi k, et al., 1985 or Troeh et al.,
1991) show that

rop yields de rease with soil depth in the long run. With a xed amount

of agri ultural land, this diminution of agri ulture yields is generally

ompensated by an

in reasing use of fertilizers, whi h involves pollution of surfa e and ground water. Hen e,
any environmental poli y that aims at redu ing pollution emissions may be required to
take into a
by

ount the ee t of soil erosion.

This paper fo uses on these two features

onsidering an optimal farm management model and by examining the relationships

between

rop produ tivity, input use, pollution ows and the soil

1

hara teristi s . It thus

des ribes the optimal farmer's behavior and dis usses about the ee ts of an unit tax as
environmental poli y.
The problem of soil degradation is inherently a dynami

one, involving both tempo-

ral and intertemporal trade-os, as in standard resour e management models. However,
the main dieren e with other renewable resour es lies in the intrinsi
Natural regeneration of soil is

dynami s of soil.

onsidered as xed and insigni ant with respe t to the

time horizon of human's life and soil erosion is a natural degradation pro ess whi h is
drasti ally amplied by intensied agri ulture a tivity. Conversely, the rate of soil loss,
hara teristi s of the soil prole,

limate and

rop grown de ide how mu h soil erosion

lowers the produ tivity of land (see M Connell, 1983, Saliba, 1985, Barbier, 1990, Grepperud, 1997 or Goetz, 1998 for further details on soil dynami s).
However, soil erosion is not only a problem of resour e degradation, it also
negative externalities like sedimentation or water pollution.
and ground water) is a quite
sour e pollutions.

auses

Water pollution (surfa e

omplex pro ess sin e it involves both point and non-point

The dieren e between them is not so apparent sin e all pollutants

are emitted at a dis rete point and are gradually dispersed to varying degrees as they
are spread through the environment. From a poli y point of view, the

ru ial distin tion

between point and diuse sour es relies on their ease of identi ation and sus eptibility
to monitoring.

Ex ept Loehman and Randhir (1999) and Hediger (2003), there is no

paper whi h integrates optimal soil

onservation and pollution externality. But neither

of them studies expli itly the ee ts of the environmental poli y on the asymptoti

soil

management. Here, we ll into this gap by developing a model of intertemporal e ien y
of soil management with a point pollution and an environmental tax.
1 The soil hara teristi s in ludes the depth, the texture, the fertility as well as other quality indi ators
of soil. This generi

term works as the farmer's

apital sto k.

1

The remainder of the paper is organized as follows. The model is laid out in se tion
2.

In se tion 3, the optimal

onditions are derived and the dynami s of the model is

analyzed. The environmental poli y ee ts on soil management are examined in se tion
4. This se tion also

onsiders the

ase of abatement expenditures whi h aims at redu ing

dire t emissions. Finally, Se tion 5, summarizes the main ndings.

2 The model
The model setup is provided by the standard approa h of Goetz et al. (2000) and Hediger
(2003). Let
and

yt ,

ut

be an index of inputs (the

the physi al yield of

ultivation intensity),

rop per he tare at date

t.

zt ,

the overall soil depth

The agri ultural produ tion

fun tion is given by:

yt = f (ut , zt ),
where

f

is dened in su h a way that

(1)

f (0, z) = f (u, 0) = 0, fu > 0, fz > 0, fuu < 0,

fzz < 0, fuz = fzu > 0 and [fuu fzz −(fuz )2 ] > 0.

Dynami s of the soil depth

zt

is des ribed

by the following state equation:

żt = g − h (ut , zt ) , z0 > 0
where

g is the pedogenesis rate, arbitrarily taken as

given,

(2)

onstant due to the length of geologi al

h(u, z), the erosion fun tion, whi h hara terizes the magnitude of soil losses.
h is su h that hu > 0, hz < 0, huu > 0, hzz > 0, hzz huu − (hzu )2 > 0 and

y les and
Fun tion

huz = hzu < 0.
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We assume that the asymptoti

Inada

onditions hold for

f

and

h.

In addition to soil erosion, the agri ultural a tivity generates surfa e and ground
water pollution. In territory where a tivity is intensive, this has resulted in phosphorus
a

umulation in surfa e runo and soil erosion

water. A

an a

ording to Hediger (2003), pollution ow

elerate the eutrophi ation of surfa e

et

is dened by:

et = γh(ut , zt ) + η(ut ),
where

γ >0

is the ( onstant) soil pollutant

the rate of surfa e runo, su h that

η >0
′

(3)

ontent, or the soil xation rate and

and

η > 0.

The farmer is assumed to be pri e taker. Its net in ome at date

t

writes:

πt = pt f (ut , zt ) − cut − τ et ,
where

pt

marginal

(4)

is the output pri e, set equal to 1 without any loss of generality,
ost of input use and

τ,

η(ut ),

′′

c, the (

onstant)

the ( onstant) unit taxation of any positive emission.

2 Comments and geologi al meanings of these properties an be found in Troeh

2

et al. (1991).

3 Farmer's program and dynami analysis
The farmer's de ision problem

onsists in

hoosing the input level that maximizes the

sum of the instantaneous prot ows (4), dis ounted at a rate equal to the interest rate

r > 0,

subje t to (2) and (3). Denoting by

of soil, the stati

and dynami

λt

the

o-state variable, i.e. the shadow

ost

3

optimal ne essary

onditions write :

fu = c + λhu + τ [η ′ (u) + γhu ],

(5)

λ̇ = (r + hz )λ − fz + τ γhz .

(6)

From (5), along any optimal traje tory, the marginal agri ultural in ome must be
equal to the marginal

u

using

ost of

ultivation whi h is threefold: (a) the marginal

units of input, (b) the marginal

( ) the marginal

ost of

ost of

ultivation in terms of soil erosion,

ultivation in terms of pollution taxation,

(r + hz ) reads as the marginal return rate of soil and it is
Then, (r + hz )λ is the marginal return of holding a unit of non(6),

term

(fz − τ γhz )

urrent marginal rent of soil

λhu ,

τ [η ′ (u) + γhu ].

In

4

assumed to be positive .
ultivated soil. The other

λ

ost of soil in terms of pollution taxation.

grows over time as long as it is more protable for

farmer to let the soil non-exploited rather than to
The dynami s of the system

ultivate it.

an be represented within a

1

(z, λ)

n

diagram. Let

2
IR+∗

D1

be

o

| ż = 0 . For any
(z, λ) points where ż = 0, formally D = (z, λ) ∈
h(u, z) = g so that z and u are onstant sin e g is onstant and fun tion h

the lo us of the

(z, λ) ∈ D1 ,

of

is the marginal gain of using a unit of soil as input, i.e. the marginal

produ tivity of soil redu ed by the marginal
Then,

c

ost

is time independent. From (5), the equation of the

D1 -demar

ation

urve and its slope

write:

fu (u, z) − c − τ [η ′ (u) + γhu (u, z)]
hu (u, z)
hu fuz − [fu − c + τ η ′ (u)]huz
.
=
(hu )2

λ(z) |ż=0 =
λ′ (z) |ż=0
where

[fu − c + τ η ′ (u)]

of erosion.
Hen e, the

is this part of the marginal prot that ex ludes the

(7)

(8)

ontribution

(λ + τ γ)hu , whi h is positive for any λ.
reasing in the (z, λ) plane and dynami s of z is

From (5), this last term equals

D1 -demar

ation

urve is in

3 From now, the time argument is suppressed for notational onvenien e.
4 The farmer an invest a marginal unit of soil at rate r on a nan ial market rather than use it as
input. This harvesting results in a diminution in the soil depth and in an in rease of erosion by

hz .

Then, the marginal return of soil is redu ed by the ee t of erosion and the net return rate of soil is

(r + hz ),

where

rate, we

an assume

r > 0 and hz < 0.
(r + hz ) > 0.

Sin e the erosion magnitude is very small

3

ompared with the interest

as follows:

(a)

z

is

onstant along the

D1 -

urve, (b)

z

de reases for any

(z, λ)

below

D1 - urve, ( ) z in reases for any (z, λ) above the D1 - urve. Similarly, dene D2 ,
o
n
D2 = (z, λ) ∈ IR2+∗ | λ̇ = 0 . From (6) the equation of the D2 - urve and its gradient are,

the

respe tively:

fz (u, z) − τ γhz (u, z)
r + hz (u, z)
(r + hz )fzz − (rγτ + fz )hzz
=
.
(r + hz )2

λ(z) |λ̇=0 =
λ′ (z) |λ̇=0
Sin e

(r + hz )

is positive, then

λ′ (z) |λ̇=0

is negative so that the

The optimal dynami s of shadow pri e is the following: (a)
demar ation
any

(z, λ)

urve, (b)

D

above the

2

λ

de reases for any

(z, λ)

below the

D2 -

(9)

(10)
urve is de reasing.

λ is onstant along the D2 D2 - urve, ( ) λ in reases for

- urve.
[Figure 1 here℄

(z, λ) is depi ted by Figure 1, in whi h E1 denotes the steady∗ ∗
∗
Formally, let (u1 , z1 , λ1 ) be the the stationary values of (u, z, λ). This

The optimal dynami s of
state of the system.
triplet is

5

hara terized by the following system of equations :

g = h(u∗1 , z1∗ )

(11)

[r + hz (u∗1 , z1∗ )] λ∗1 = fz (u∗1 , z1∗ − τ γhz (u∗1 , z1∗ )

(12)

hu (u∗1 , z1∗ )λ∗1 = fu (u∗1 , z1∗ ) − c − τ [η ′ (u∗1 ) + γhu (u∗1 , z1∗ )]

(13)

Equation (11) means that optimal erosion must be balan ed by pedogenesis to maintain a

onstant soil depth. Sin e (12) equalizes the marginal return of holding a unit of

non- ultivated soil (left hand side) and the marginal

ontribution of soil in the farmer's

prots (right hand side) then, at the stationary equilibrium, the farmer is indierent to
ultivate soil or not suggesting a

onstant marginal rent of soil. Similarly, from (13), the

marginal benet in terms of soil

onservation the farmer is expe ted to earn by redu -

ing its input use by one unit (left hand side) must be equal to the marginal prot he is
expe ted to earn by in reasing its input use by one unit (right hand side).

4 The environmental poli y ee t
4.1

Dis ussion on

First, as from (7) and (8),

τ
λ(z) |ż=0

de reases and

of the unit tax results in an upward shift of the
5 It is easy to see that

γhu (u∗1 , z1∗ )]

≥ 0.

Under

D

λ′ (z) |ż=0

1

in reases with

-demar ation

τ,

a redu tion

urve with a lower slope.

(u∗1 , z1∗ , λ∗1 ) exists if and only if r + hz (u∗1 , z1∗ ) > 0 and fu (u∗1 , z1∗ ) − c − τ [η ′ (u∗1 ) +
∗ ∗
∗
these onditions, (u1 , z1 , λ1 ) is proved to be a saddle point.
4

Se ond, from (9) and (10),

λ(z) |λ̇=0

in reases and

diminishing tax involves a downward shift of the

λ′ (z) |λ̇=0

D2 -demar

de reases with

ation

τ

so that a

urve with a more steep

slope. Su h moves are illustrated in Figure 2.

[Figure 2 here℄

E2

The stationary point

refers to the optimal

τ = 0.

mental poli y, i.e. when

Its

ontrol problem without any environ-

omparison with

E1

reveals the positive ee t of the

taxation on the stationary soil depth: at the steady state, the environmental tax indu es
a more

onservative farmer's behavior for soil management and the soil

onservation in-

reases as the environmental poli y be omes restri ting for the farmer. This global ee t
an be broken down as follows. From (2), erosion must be equal to pedogenesis at the
steady-state. If the stationary soil level in reases, then the stationary input use must also
in rease in order to maintain erosion
a more

onstant. Hen e, the environmental poli y results in

onserved soil and an higher intensity of input use. At the stationary equilibrium,

the farmer

an partially

While the ee t on

ompensate the tax sur harge by improving the agri ultural yield.

z

is

learly identied, the ee t on

e

is ambiguous. To see that,

dierentiate totally the emission fun tion:

∆e = η ′ (u) ∆u + γ [hu ∆u + hz ∆z] .

(14)

Then the tax may prompt the farmer to diminish pollution emissions if and only if:

−γhz
∆u
< ′
,
∆z
η (u) + γhu
where
soil

−γhz

and

[η ′ (u) + γhu ] denote respe

tively the marginal (negative)

onservation and the marginal (positive)

pollution. Hen e, the tax

(15)

ontribution of

ontribution of input use in the emission of

auses pollution to de rease if the in rement of soil

due to the tax is important enough to balan e the in rement of pollution
an in rease in the input use.

onservation
oming from

In other words, the environmental poli y a ts for soil

onservation as well as emission redu tion only if the indire t soil ee t overrides the
dire t input ee t.

4.2

Dis ussion on

γ

As dis ussed in (15), the environmental ee t of emission taxation is proved to be ambiguous.

In parti ular, it depends on

γ,

whi h
5

an be seen as a fragility index of soil

fa ed to pollution. In Figure 3, we de ompose the global ee t of pollution to stress the
ontribution of soil erosion and the
soil

ontribution of dire t pollution (surfa e runo ) on

onservation.

[Figure 3 here℄

γ = 0,

When the indire t ee t of soil erosion on pollution emissions is null, i.e.

D

1

-demar ation

urve shifts upward and keeps the same slope whereas the

D

2

the

- urve shifts

6

downward and have a more steep slope . We obtain a new steady-state whi h is denoted
by

E3 in Figure 3.

γ,

the more taxation a ts as a regulator poli y of environmental externalities by redu ing

The less the emission fun tion depends on soil erosion, i.e. the smaller is

pollution emissions and the less this environmental poli y favors the soil

onservation in

the long run.

4.3

Pollution abatement

Let us assume now that the farmer
the level

vt

an invest into abatement te hnologies. He

of investment whi h will have an abatement ee t on pollution

from the surfa e runo. We

η(ut )/(1 + vt ),

where

rate. The marginal
fun tion writes

1/(1 + vt )

reads as a

ost of abatement

leaning up fa tor and

b>0

is

vt

oming only

t

is

as the abatement

onstant. Then, the instantaneous prot

πt = f (ut , zt )−cut −bvt −τ et and the pollution emission fun

rst order

hoose

onsider that net pollution from surfa e runo at date

et =
Stati

an

η(ut )
+ γh(ut , zt ).
1 + vt

tion be omes:

(16)

onditions of the new farmer's program are:

"

#

η ′ (u)
fu − c = λhu + τ
+ γhu ,
(1 + v)
η (u)
τ
= b.
(1 + v)2
Condition (17) has the same interpretation than (5).

Equivalently, (17) writes

v = [τ η (u) /b]

− 1:

(18)

Condition (18) equalizes the

marginal benet of abatement expenditures and the marginal

1/2

(17)

ost of this abatement.

the optimal abatement intensity is an

in reasing fun tion of the tax and the intensity of input use and a de reasing fun tion of
its marginal

ost of abatement

6 Although the assumption

γ=0

b.

Sin e dynami

is not realisti , it is

optimal

onsidered here for te hni al

it might determine the boundary of the solution spa e in Figure 3.

6

ondition (6) is un hanged, the
onvenien es sin e

abatement poli y ae ts the dynami s of
the

D1

representative

a

and not the dynami s of

λ.

The equation of

urve be omes:

λ (z)a |ż=0 =
where subs ript

z

fu (u, z) − c − τ

h

η ′ (u)
1+v

+ γhu (u, z)

hu (u, z)

means that abatement eort a ts as a

i

,

(19)

ontrol variable. After develop-

ments and simpli ations, we obtain:

λ (z)a |ż=0 = λ (z) |ż=0 +
where

λ(z) |ż=0

v
1+v





τ η ′ (u)
> λ (z) |ż=0 ,
hu

is dened by (7). Hen e, the ee t of abatement expenditures in addition

to an environmental tax is the following: from the

D

1

(20)

-demar ation

urve shifts upward whereas the

D

ase without pollution abatement, the

2

-demar ation

urve shifts downward,

as illustrated in Figure 4. Then, abatement expenditures involve a diminution of the stationary

onservation of soil. This ee t is proportional to

de reases as

v

v/ (1 + v) and soil

onservation

in reases.
[Figure 4 here℄

The trade-o between intensity

ulture and soil

use in reases pollution emissions whereas soil

onservation remains the same: input

onservation de reases them. Hen e, the

abatement expenditures and the environmental tax on pollution emissions have opposite
ee ts. Abatement allows the farmer to redu e its emissions if and only if the resulting
ee t on pollution of a diminution in the input use overrides the ee t on pollution of
a diminution of the soil

onservation. That

an illustrated by dierentiating totally the

emission fun tion:

"

#

η ′ (u)
η (u)
∆e =
+ γhu ∆u −
∆v + γhz ∆z,
(1 + v)
(1 + v)2
where

(1 + v) = [τ η (u) /b]1/2

tions, it

and

∆v = (τ /2b) [τ η (u) /b]−1/2 η ′ (u) ∆u.

(21)

After simpli a-

omes:



η ′ (u)
∆e = 
2

τ η ′ (u)
b

!−1/2



+ γhu  ∆u + γhz ∆z.

(22)

The rst term of the right hand side of (22) is negative sin e the term in bra kets
is positive and

∆u

is negative in the

ase of an in rease in abatement expenditures (see

Figure 4). The se ond term is positive sin e
expenditures

hz < 0

and

∆z < 0.

As a result, abatement

ontributes in the diminution of pollution if and only if:

−γhz
∆u
.
>  ′  ′ −1/2
η (u) τ η (u)
∆z
+ γh
2

b

7

u

(23)

5 Con lusion
The study of environmental poli y ee ts in agri ultural
from optimal soil management.

This is due to the

ontext

an not be disso iated

ru ial relationship between, rst,

observed pollution and se ond, the weakening level of soil and the level of
By

onsidering the pedologi al

ultivation.

hara teristi s of soil and environmental externalities, we

show that environmental tax indu es two ee ts in the long run: (a) a more

onservative

farmer's behavior in the soil management and (b) an in rease in the input use at the
steady-state.

To

ompensate the s al fees, the farmer improves his agri ultural yield

by preserving higher depth soil at the steady-state. This allows the farmer to use more
input in the long run at the risk of in reasing pollution emissions. Therefore, these ee ts
depend on the
this

ontribution of soil erosion into the nal emission of pollutants. The smaller

ontribution, the larger is the positive ee t of environmental poli y on pollution and

the smaller is the

onservation of soil in the long run. Finally, the same me hanism

be obtained with abatement expenditures.

an

Then, the e ien y of su h environmental

instruments (tax and abatement) to redu e pollution may be moderated by

onsidering

not only the ow of emissions, but also the dynami s of soil erosion.
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Figure 3: Soil erosion as pollution sour e.
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