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Abstract

In a paper on the measurement of the flatness of an income distribution Berrebi and Silber
(1989) showed how it was possible to derive from the Gini index a measure of the degree of
Kurtosis of a distribution whose definition made it quite similar to the more famous Pearson
measure of Kurtosis. This note shows that it is possible to derive from the index of flatness
proposed by Berrebi and Silber (1989) a measure of bipolarization that has all the important
properties one would like a bipolarization index to have.
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1. Introduction 

 

In a critical review of the concept of Kurtosis, Balanda and MacGillivray (1988) wrote that “it is 

best to define kurtosis vaguely as the location- and scale-free movement of probability mass from 

the shoulders of a distribution into its centre and tails.” As stressed by Wuensch (2007) “if one 

starts with a normal distribution and moves scores from the shoulders into the center and the tails, 

keeping variance constant, kurtosis is increased.  The distribution will likely appear more peaked in 

the center and fatter in the tails.”  

In a paper on the measurement of the flatness of an income distribution Berrebi and Silber (1989) 

showed how it was possible to derive from the Gini index a measure of the degree of Kurtosis of a 

distribution whose definition made it quite similar to the more famous Pearson measure of Kurtosis. 

The purpose of this note is to show that it is also possible to derive from the index of flatness 

proposed by Berrebi and Silber (1989) a measure of bipolarization that has all the important 

properties one would like a bipolarization index to have. Section II recalls the main results obtained 

by Berrebi and Silber (1989) while Section III proves the link between their measure of the flatness 

of a distribution and the concept of bipolarization. 

 

2. On the Measurement of the Flatness of an Income Distribution: 

 

Pearson’s (1895) famous Kurtosis index is defined as 
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(1) 

                                                                             

where, in our case, xi  would be the income of individual i, n the total number of individuals and x  

the average income in the population. 

 

Expression (1) may be also expressed as 
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(2) 

 

Assuming that ni xxxx KK ≥≥≥ 21  , Berrebi and Silber (1989) have proposed an alternative 

measure of Kurtosis defined as 
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(3) 

 

where m is the median of the income distribution. 

The similarity between (2) and (3) is clear. In Pearson’s (1895) formulation the central value of 

reference is the arithmetic mean of the distribution while in the formulation suggested by Berrebi 

and Silber (1989) the central value is the median. But note that in both formulations the gaps with 

respect to the central value are given a higher weight in the numerator than in the denominator. 
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Berrebi and Silber (1989) have however shown that (3) could also be expressed as 

∆

∆+∆
=

PR
GK

4

1
 

(4) 

where ∆, ∆R and ∆P are respectively the mean difference of the whole distribution, of the 

distribution of the “rich” individuals, the latter being defined as those with an income higher than 

the median income, and of the “poor” individuals, the latter being defined as those with an income 

lower than the median income. More precisely ∆, ∆R and ∆P are defined as 
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3. The Link Between The Index of Flatness and the Measurement of Bipolarization: 

 

Let us now define an index PG as 

 

GG KP −=1  (8) 

 

Since the income distributions of the “rich” and of the “poor” do not overlap, it can be shown (see, 

Nygärd and Sandström, 1981) that in such a case 

 

BPR ∆+∆+∆=∆ ))(4/1(  (9) 

 

where ∆B  is the between groups mean difference, the groups representing the “poor” and the “rich” 

as they were defined before. It is in fact easy to prove (see, Berrebi and Silber, 1989) that, since 

these two groups are of equal size, the between groups mean difference ∆B , which assumes that all 

the “rich” earn the average income Ry of the “rich” and all the “poor” earn the average income Py of  

the poor, may be expressed as 

 

))(2/1( PRB yy −=∆  (10) 

 

Combining (4), (8) and (9) we end up with 
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∆∆+∆−∆+∆+∆=↔ /))])(2/1(()))(4/1[(( PRBPRGP   

 

∆∆+∆−∆=↔ /))])(4/1(([ PRBGP  (11) 

 

))])(4/1((/[))])(4/1(([ PRBPRBGP ∆+∆+∆∆+∆−∆=↔  (12) 

 

Expression (12) shows clearly that PG  will decrease when the within groups dispersion increases, 

that is, when ∆R or ∆P increases. In addition, since the weight of ∆B in (12) is greater in its 



 3 

numerator than in its denominator, it is also easy to see that PG will increase when the between 

groups dispersion increases. 

These are however the two principal features of a bipolarization index which are often called, in the 

literature, the axioms of Non-Decreasing Spread and Non-Decreasing Bipolarity (see, Esteban and 

Ray, 1994, Wolfson, 1994 and 1997, Wang and Tsui, 2000, Chakravarty and Majumder, 2001 and 

Chakravarty et al., 2007)  

We should also remember that the Gini index G for the whole income distribution, the between 

groups Gini index GB, the Gini index GP among the “poor” and the Gini index GR among the “rich” 

may be respectively be expressed (see, Kendall and Stuart, 1969, for a general definition of the Gini 

index) as 

 

)/)(2/1( yG ∆=  (13) 

 

)/)(2/1( yG BB ∆=  (14) 

 

)/)(2/1( PPP yG ∆=  (15) 

 

)/)(2/1( RRR yG ∆=  (16) 

 

Finally, in the case of non-overlapping groups, the overall Gini index may be expressed (see, Silber, 

1989b) as 

 

WB GGG +=  (17) 

 

where GW  refers to the within groups Gini index and is written, in our case, as 

 

RRRPPPW GsfGsfG +=  (18) 

 

where fP ,fR , sP and sR refer respectively to the population shares of the groups of poor and rich and 

to the income shares of these two groups. Since we assumed that  

 

2/1== RP ff  (19) 

 

and since in our case 

 

)/)(2/1( yys PP =  (20) 

 

and 

 

)/)(2/1( yys RR =  (21) 

 

we end up, combining expressions (18) to (21) with 

 

RRPPW GyyGyyG )/)(4/1()/)(4/1( +=  (22) 

 

If we combine now expressions (11), (14), (15), (16), (17) and (22) it is easy to show that we will 

end up with  
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GGyyGyyGP RRPPBG /]))/)(4/1()/)(4/1[(( +−=   

 

GGGP WBG /)( −=↔  (23) 

 

Note first the relative similarity between the definition of the bipolarization index PG  given in (23) 

and the polarization index PW proposed by Wolfson (1992) which was defined as 

 

)/)(( myGGP WBW −=  (24) 

 

Second note also the similarity between the polarization index suggested by Kanbur and Zhang 

(2001) who defined their index PKZ as 

 

)/( gggBKZ IwIP Σ=  (25) 

 

where IB refers to any between groups inequality index, Ig to the corresponding inequality index 

within group g and wg to the weight of group g (generally a population weight but in the case of the 

Gini index it has to be the product of the population and income weight of group g, as indicated in 

Silber, 1989). In other words in the case of the Gini index, PKZ would be defined as 

 

WBKZ GGP /=  (26) 

 

which is an unbounded index at the difference of the index PG proposed in this paper. 

Note also the link between the indices PG and PKZ when the latter is defined on the basis of the Gini 

Index. Combining (17), (23) and (26) we derive that 

 

)1/()1(]1)//[(]1)/[()/()( +−=+−=+−= KZKZWBWBWBWBG PPGGGGGGGGP  (27) 

 

Clearly both indices move in the same direction since 0/ >∂∂ KZG PP . 

 

4. Conclusion: 

 

We have attempted in this note to show that, at least in the case of two non-overlapping groups of 

equal size, there was a clear link between the concept of bipolarization and that of the kurtosis of an 

income distribution. The analysis was limited to the case of two non-overlapping groups of equal 

size. It seems that the definition of the polarization index PG could be easily extended to that of 

several non overlapping groups but the existence of a link in such a case with the concept of 

kurtosis remains to be proven. The extension of the use of the index PG to the case of overlapping 

groups is probably more problematic and additional work is certainly required before some 

conclusions may be drawn. 
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