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ABSTRACTJr

The difficulties associated with the appraisal of the determinacy properties of a three-
dimensional system are circumvented by the introduction of a new geometrical argument.
[t first ]orings about a complete and easy-to-use typology of the eigenvalues moduli in
discrete time three-dimensional dynamical systems and then provicles a new apparatus for
assessing from a geometrical stanclpoint the emergence of local bifurcations. The argument is
then applied through an extensive characterisation of the sta]oility properties of two simple
benchmark models of intertemporal economic analysis that are augmented ]oy comparison
utility arguments.
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Consumption Cornpiernentarities in Suboptimai Economies

I - INTRODUCTION

The difficulties associated with the appraisai of the local (ieterrninacy properties of a three-
dimensional discrete time (iynamicai system have iong deterred a more Wi(iespreaci use of the
associated setups in economic tiieory. This contribution is intended to introduce a range of
grapilicai methods based upon the eiernentary geometrica,i properties of a range of triangles
over the piane that ougiit to signiiicantiy case the appraisai of such systems. Having iorougiit
about a compiete and easy-to-use typoiogy of the eigenvaiues rnO(iuii, it then illustrates the
regar(is in Wilicil, for some third-order (iynarnicai systems, this also corresponds to a new
apparatus for assessing from a geometrieai stan(ipoint the emergence of local bifurcations.

The current contribution essentiaiiy borrows from a range of earlier ones due to Grandmont [17]
and Cran(irnont, Pintus & de Vilder [19]. As tiley reconsider the role of factors su]ostituta]oiiity
in competitive economies, these authors have come to introduce a tractable grapiiicai way of
assessing local uniqueness or local indeterminacy for (iynarnicai systems of order two. Their
approacii is based upon a grapilicai partition of the piane defined from the two coefficients
of the second-order characteristic poiynomiai associated with a two-dimensional (iynamicai
system in the neigiiioouriioori of the steaciy state. duch a partition is then cornpiete(i iay
drawing the critical loci associated to real and cornpiex eigenvaiues with unitary rnociuius,
these loci featuring boundaries between staioiiity and unstaioiiity zonas. A given economy
— a set of fundamental preferences and technoiogicai parameterisations — was then to be
understood as a point over that piane whilst the appraisai of its local (iynarnics summarised to
the localisation of this point. Letting one of its iouiiciing parameters vary gives rise to a iamiiy
of economies, narneiy a curve over that piane the localisation of which provi(ied insigiits about
the associated quaiita,tive ciianges un(iergone ]oy the (iynamicai properties of the economy. The
crux interest of this construction for economic theory stems from its expiicit consideration of
rneaningiui and generic concepts without iiaving to resort to SpeCiﬁC parametric formulations.
Anciioring the argument on originai formal (ieveiopments to assess the stai)iiity properties
of three-dimensional dynamicai systems, the current contribution will argue that most of the
key—ieatures that unoieriay the sirnpiicity and the convenience of the two-dimensional approacil
can be recovered in the three-dimensional case.

Looi(ing for an appraisai of unrestricted economic setpus tiirougin the reference to linear critical
loci and basic notions of piane geometry, two iiey difficulties however quici(iy emerge as ioeing
associated with the conceivaiaiiity of such an approacii for a three-dimensional ciynarnicai
system. F irstiy, the intricacies of three-dimensional grapiis and the intrisic subtelities of the
geometry of a three-dimensional space. Seconciiy, the uprise of a nonlinear critical locus that
iiappens to describe the occurrence of eornpiex eigenvaiues with unitary modulus — this was
one of the iiey—ingre(iients of the two-dimensional construction. The first of these issues shall
be circumvented iay appreiiending the originai three-dimensional space — the coordinates
of which emerge from the three coefficients of the third-order characteristic poiynorniai —
tiirougil a collection of sections defined aiong a given coordinate and thus of two-dimensional
pianes. Fortunateiy enougii, such an approacii also recovers linear definitions for the critical
loci and thus overcomes the second major oiiiqicuity of the appraisai of staioiiity issues within
a three-dimensional space. A direct byproduet states as the sirnpiieity of the typoiogies it
allows for the moduli of the eigenva,iues and thus for the uncierstan(iing of the boundaries
between unstabiiity and staiaiiity areas within a three-dimensional (iynarnicai system. Two
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generic ranges of threefold typoiogies of the number of moduli inside the unit circle indeed
ilappen to deserve a distinct appraisai accor(iing to whether the parameterisation of the piane
that is considered proceeds from a value that is, in absolute terms, lower or greater than one. As
for the first range of pianes with a parameterisation tiirougii a coefficient of the characteristic
poiynomiai that is lower than one, the piane will typicaiiy be partitioned partione(i between
areas with one, two or three moduli inside the unit circle. Interestingly, the ultimate <<iiigi1iy
stable» occurrence with three moduli inside the unit circle reveals as ioeing associated with
economies located within a triangie, a straightforward articulation with the insigiits of the two-
dimensional anaiysis —such a position therein ciepicts the occurrence of two moduli inside the
unit circle — iaeing then available. The remaining range of pianes build from parameterisations
tiirougil a coeflicient of the characteristic poiynomia,i that is greater than one and emerge as
requiring at least one modulus to be located outside the unit circie, a piane being then typicaiiy
partitioned between zonas (iispiaying zero, one or two moduli inside the unit circle. Aitiiougii
a triangie is again avaiiaioie, both its formal definition and its geometric un(ierstan(iing are
entireiy distinct — tiiey have no direct counterpart in two-dimensional anaiysis — since it now
delimitates a iuiiy unstable occurrence with no modulus inside the unit circle.

The uncierstanciing of this typoiogy is further about all that is require(i for a detailed appraisai
of the iarge range of pararneterise(i economies entaiiing local properties that fall into the
current characterisation: in(iee(i, a tiiorougiri un(ierstan(iing of the uniqueness, stabiiity and
bifurcations properties of a three-dimensional (iynamicai system is just a matter of eiementary
piane geometry tecimiques. Mainiy and for a given iamiiy of economies, one is first to locate
the piane over which the anaiysis is to be undertaken and suiosequentiy compiete a geometricai
characterisation of a curve — it features the role of a fundamental preierences or teciinoiogy
parameter — essentiaiiy groun(ieci upon tools airea(iy used in a standard two-dimensional
anaiysis. Tiiougii such an advanced characterisation of the staiaiiity properties and of the
bifurcation set is acimittediy not available for any arioitrary three-dimensional parameterise(i
economy — this preierences or tecimoiogy parameter cannot appear in the coefficient of the
characteristic poiynomiai that indexes the construction of the pianes — the suiasequent
exampies should illustrate that the class of economies for which the current approacii provicies
a useful toolbox is iairiy iarge.

A growing literature has recentiy been aimed at expioring the consequences of instantaneous
utilities parameterise(i ioy a direct comparison of the individual consumption to a benchmark
stock determined ioy the consumption of others. The basic insigiit builds from the postuiate
accor(iing to which individual Weii—i)eing is not oniy determined ioy the intrisic utiiity of his
own consumption but also i)y one’s relative stan(iing — positionai concern, social status.
Tiiougii the origins of this proposition airea,(iy appeare(i in Adam Smith’s writing, it was not
until the contributions of Duesenberry [14] and Pollak [24] that micro-theoretic foundations
were propose(i for these icieas, recent empiricai assessments i)eing available in Luttmer [22] and
Ravina [26]. These ideas have become popuiar in the recent perioci with appiications in various
areas of economics: asset pricing tiieory and equity premium puzzies with Abel 1], eii‘iciency of
the Capitai accumulation process and optimai taxation with Aionso—Carrera, Caballé & Raurich
3], Liu & Turnovsky [21], Turnovsky & Monteiro [2g], the long-run distribution of income and
wealth with Garcia-Penalosa & Turnovsi{y [16] and iinaiiy the scope for in(ietermina,cy in
(iynamic generai equiiii)rium economies with Aionso—Carrera, Caballé & Raurich (7] and Chen
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& Hsu [10]. As a matter of fact and at a rough level, the literature distinguishes two forms
of consumption benchmarks: the Catciiing—up with the Joneses which captures the influence
of society’s past consumption choices — vide Abel [1] —; the Keeping—up with the Joneses
captures the influence of the society’s current choices — — vide Gali [15].* Finaiiy, whilst a
Catciriing—up with the Joneses for instantaneous utiiity features a desire to be similar to otiiers,
the very possiiaiiity that many consumers wish to call attention to themselves cannot a priori be
dismissed. Such an observation has led Dupor & Liu [9] to consider utilities ciispiaying Running—
away from the Joneses — — as a counterpart of Keeping—up with the Joneses.Tiiougii their
focus will a(imitteciiy more relate to the branch of this literature that (ieais, as mentioned a]oove,
with the scope for indeterminacy in (iynamic generai equiiibrium economies, the purpose of
the suiosequent applications to this literature of the grapiiicai methods (ieveiope(i for assessing
the staiaiiity of three-dimensional discrete time (iynamicai systems is in no way to introduce
some new or originai idea. It is rather to provi(ie a detailed formal characterisation of the
impiications on the staioiiity properties of some benchmark environments of the introduction
of a class of assumptions that are popuiar in this literature. Some variations on two benchmark
setups for the anaiysis of intertemporai equiiiioria based upon eapitai accumulation, nameiy the
basic Ramsey [14] model of capital accumulation and the Allais [2] - Samuelson [28] model of
overiapping generations amended by Diamond [12] in order to account for Capitai accumuiation,
will in turn be anaiyseci.

The infinite-horizon environment of Ramsey is first augmente(i to account for past Catciiing—
up with the Joneses and contemporaneous Keeping—up with the Joneses arguments in the
instantaneous utiiity of the consumers. On a formal basis, it is to be stressed that the impiie(i
three-dimensional discrete time ciynamicai system — it is associated with an intertemporai
competitive equiii]orium with iagge(i and contemporaneous consumption spiiiover effects — is
somewhat particular in i)eing based upon a pair of predetermined variables. The grapiiicai
methods (ieveiopeci in the first part of the article allow to derive a range of conclusions: as
iong as the contemporaneous spiiiover effects stemming from aggregate consumption do not
question the concavity of utiiity, the impiications of spiiiover effects stemming from earlier
aggregate consumption will not question the local uniqueness of the steafiy state. Decond
and more interestingiy, it is the very conjunction of positive Spiiiover effects stemming from
current consumption and past consumption that has the more dramatic impiications on the
staiaiiity properties of the economy. Higiiiy Compiicate(i scenarios with strong sensibilities
with respect to factors sui)stitua]oiiity but also with respect to the size of these spiiiovers
then indicate a natural area where the dimension of the stable manifold exceeds the number
of pre(ietermine(i Variaioies, breaks the uniqueness result and opens road for the so-called
expectations-driven fluctuations. A modified Diamond [12] model of overiapping generations
is then consi(iere(i, the current benchmark model also accounting for labour suppiy and an
extra useless asset — it is due to Benhabib & Laroque 8]. Whilst its originai formulation
was aireaciy associated with a three-dimensional discrete (iynamicai system, it is currentiy
augmente(i i)y contemporaneous Keeping—up with the Joneses effects in the preierences of the
individuals. On a formal iaasis, it differs from the prece(iing modified version of the Ramsey

1The Catciiing—up with the Joneses iiypotiiesis is actuaiiy an external habit formation setup where the
consumption benchmark is an externaiity. This contrasts with the internal habit formation setup where

. ’ .
the reference is the consumer’s own past consumption.
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setup iay iaeing based upon a unique predetermined variable but also iaecause, in being iocaiiy
associated with a characteristic poiynomiai for which two coefficients — out of tiiree, against
one out of free for the Ramsey setup — expiicitiy depend on the bifurcation parameter, it
provides a more canonical illustration of the usefulness of the grapiiicai methods introduced
iay this contribution. The insigiits of the anaiysis essentiaiiy confirm the ones of the Ramsey
environment, pointing the Keeping—up from the Joneses assumption as a candidate to violate
the gross suiostitutaioiiity assumption retained on the preierences and then unequivocaiiy
bending the economic system towards widened areas characterised ioy excessive dimensions

for the stable manifold.

The geornetricai teciiniques are introduced in Section L. Section III deals with the comparison
utiiity rnodei, Section IV builds upon an elaboration of the latter within the model of
overiapping generations. Some computations are provided in a final appendix.

IT - A GeomETRIC ARGUMENT FOR THE APPRAISAL OF | HREE-DIMENSIONAL
DyNaMICAL SYSTEMS

This section will first unveil a collection of sirnpie geometric pictures underlying the typoiogy
of eigenvalues and the emergence of local bifurcations in discrete three-dimensional dynamicai
systems.

Ill - A CEOMETRIC PICTURE FOR THE CRITICAL LOCI

Letting the equiiiiariurn dynarnics of an economy be described iay a system: 31, = G(y),
Yt € ]Ri, steady states equiiiiaria are the roots of y— G(y) = o. The characterisation of the
local dynamics nearioy a given steady equiiiioriurn proceed from the appraisai of an associated
linear map z4, = e for 7 £ DG(y) the Jacobian matrix of G(-) evaluated at § and
2w By — the deviation from the steady state. The eigenvaiues of the matrix F are the
zeroes of the foiiowing third order poiynorniai:

(1) P(2) = (21 — 2)(22 — 2)(23 — 2)
= —23+ (zl + 25+ z3)22 — (zlz2 + 2,25 + z2z3)z + 212524

=234+ T2 - M2+

for 7 , M and 2 that respectiveiy denote the trace, the sum of the principai minors of order
two and the determinant of the Jacobian matrix 7 = DG(Y).

The locus such that the coefficients 7 M D satisfy P(+1) =o0is a piane — henceforward
refered to as the saddle-node critical piane —whose characteristic equation is given ioy:

(2) —14+T —-M+P=o.

Cenericaiiy, a saddle-node bifurcation® will occur in its neigiiioourilood when the tripie
(T, M ,P) crosses this piane and the uniqueness properties of the steady state will be lost.

2 Vide Devaney [11] or Grandmont [17].
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Sirniiariy, the locus such that the coefficients .7 MDD Satisiy P(—1) = o is a piane —
henceforward refered to as the Hip critical piane — whose characteristic equation is given i)y:

(3) 1+T 44+ 2P =o.

Cenericaiiy, a ﬂip bifurcation will occur in its neigiiiaourilood when the tripie (T, M, D) crosses
this piane and two—perioci cycies will emerge. Lastiy, when a pair of nonreal characteristic
roots exiiiioiting an unitary norm emerges, the remaining eigenvalue, e.g., Z3, sumarises
to the prO(iuct of the eigenvaiues 2. The latter thus becomes a characteristic root, i.e.,
P(9) = o. Solving, the characteristic polynomial restates as 2(z) = (2 — 2)2(z), for
D(z) =22~ (T = Dz+ M — (T — 2)9. A standard analysis of 2(-) then indicates
that the locus of coefficients .7 , M and 2 such that two roots are cornpiex conjugate with
unitary modulus is a ruled surface — ie., a surface generate(i i)y Straigilt-iines — that shall
henceforward refered to as the Poincaré—Hopi critical suriace, is delimited3 iay ig -9 ! < 2
and defined from ietting the determinant of 2(4) un(iergo a value of 1, nameiy:

4) M —-1-(T-2)P =0

Generically, a Poincaré-Hopf bifurcation will occur when the triple (T, M,P) crosses the
compiex interior component of this surface and quasi—periO(iic equiiibria will emerge in its
neighiaouriiooci. The central Ciiﬂicuity in the appraisai of this ultimate locus tiirougii a three-
dimensional grapii stems from its nonlinear silape, nameiy the appearance of the quaciratic
expression (J — 2)% in its definition. Interestingly, it is however circumvented upon the
consideration of a collection of projections indexed i)y 2 of this surface over the piane defined
iay 7 and 4. An anaiysis with a strong two-dimensional flavour — any of the aforementioned

critical loci can anew be represented tiirougii a straight-iine or a segment — iaeing then
conceivable in the space of the two other coefficients .7 and .7.
M
B, \ / Co
0 T
Ao

Figure 1: Benchmark case 2 = o.
More expiicitiy and first introducing the benchmark case 2 = o0 on Figure L, the set of
coeflicients (7, #) such that 2(+1) = 0 and 2(—1) = o respectively boil down to the
saddle-node and ﬂip critical lines (AOC’O) and (AOBO) — the index o refers to the value of
the parameter & under which the whole picture is drawn — whilst the correspon(iing set for
two nonreal eigenvaiues with unitary norm is (iepicte(i ioy the horizonal Poincaré-Hopi critical

3This follows from the restriction for a negative sign for the discriminant associated to 2 ().
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segment [BOCO}. This gives rise to a construction familiar from the two-dimensional anaiysis,
namely the triangle (Ao BoCo) defined by |.7] < |1 +.#) and |.#| < 1.

As 2 is increased over Ry and as illustrated on Figure 2, the siopes of (A@C@) and (A@B@)
are unmodified whilst the segment [B@C’@} , of Siope 9, essentiaiiy follows a translated counter-
clockwise rotation.

Cy c, C
\B%
A B,
Ag
[9 €lo, 1[] [9 = 1] [9 6]1,+oo)}

Figure 2: Translated counterclockwise rotation as 2 is increased over R;.
The parameteriseci coordinates of Ag, By and Cy respectiveiy derive from the soiving of (2)

and (3), (3) and (4), (2) and (4). They list as:

(5) (gA_@?j/A@) =(=2,-1),
(932,/139) = (—2 +9,1— 2.@),
(Teo,, Mc,) = (2+ Z,1+29).
By
B_,
B
Co AN, Ao
Ag
Cg

[.@ €] — 1,0[] [.@ = —1] [.@ € (—oo, —1[}

Figure 3: Translated clockwise rotation as 2 is decreased over R_.
It is worth emphasising that on Figure 2, the Poincaré—Hopi and the saddle-node critical loci
coincide and merge for 2 = 1 in the sense that A, = B,. A counterpart scenario is available
on Figure 3 where negative values are considered for . Simiiariy, the Poincaré—HOpi and the
ﬂip critical loci coincide and merge for 2 = —1 in the sense that A_, = C_,. These mergers
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imply that the definition of the triangle (A9B5Cq) is modified as 12| goes through one.
Nameiy, starting from

(6a) | T+ <1+.4 lor |2|<1
%<1+(9—.@)9.

it becomes

6b)y hW+.#|<T+2 for 2>1
///>1+(<7—@)@.

an(i

6c) W+ |>T+2 Hor 2<-1
M>14+ (T - D).

Figures 1, 2 and 3 illustrate how such a three-dimensional parameterise(i construction, still
organise(i around a triangie (A@B@C@), i<eeps on proceeciing from the same lines as the
traditional two-dimensional one, but to the qualiﬁcation that the Siope of the Poincaré—Hopi
segment [B@C_@Lioeing given by 2, it will vary accordingly. whilst the change from (6a) to (6]0)
has made clear that the geometric meaning of the triangie (A@B@C@) is distinct between the
conﬁgurations for which |2 <1 and the ones for which |2| > 1, an important extra property
is worth emphasising at that stage: (0,0) € (A9ByCg) for any 2 € R\ {—1,41}. As this
will be illustrated iay the iortiicoming suiasection, this assumes a direct and straightiorwarci
articulation with the number of eigenvaiues moduli inside the unit circle.

112 - A TYPOLOGY OF THE EIGENVALUES

In order to reach the essence of the argument about the cardinality of stable eigenvaiues,
consider Figure 1 and the basic conﬁguration for which 2 = o. An economy within the
triangie (AOBOC’O) — this means for values of 7 and .# that remain close to zero — ciispiays
three eigenvalues with modulus inside the unit circle. As this was further clarified by (6), the
definition of the triangle (A@B@C@) is unaltered as |\ T+9| <1+ M and # < 1+ (9—9)9
as iong as Z spans | —1, 1], that indicates the uniform occurence of three moduli inside the unit
circle under this joint coni‘iguration. incicientiy, this can sirniiariy be understood by noticing
that the origin (0,0) of the above representations over the planes (7,9) is associated to
the satisfaction of 23 = 2: for 2 < 1, this corresponds to the occurrence of a triple real
eigenvaiue with an absolute value lower than one. As iong as the system is maintained in
the interior of the triangle (A9ByCq) for |2| < 1, its stability properties are then ruled by
three eigenvaiues with moduli inside the unit circle. Consider then an upwarci perturi)ation
on Figure 1. The system will cross the segment [BOC'O]: this impiies that the modulus of the
compiex eigenvaiues gets out of the unit circle and there oniy remains a unique eigenvaiue
with norm less than one. When one, after a rigiltwarci or a leftward perturi:)ation, leaves
the origin staioiiity area i)y crossing (AOCO) or (AOBO), the position of a unique eigenvaiue
with respect to the unit circle will be modified and the system falls in an area with two
stable eigenvaiues. Finaiiy, a downward perturiaation from any of these areas will lead the

T
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system within an area that exhibits one modulus within the unit circle. As for the above
characterisation of the interior of the triangie (A@B@C@), the formal definitions — in terms
of the coeflicients .7 and 2 — of these arcas remains unaltered as iong as 9 spans | — 1,1],
such a line of reasoning straigiitforwar(iiy generaiises to the whole range of values of 2 such
that |2| < 1. This eventuaiiy establishes the typologies — the number of stable eigenvaiues

indicated between parenthesis on these iigures — portraye(i iay the left components of Figures
4 and 5.

[.@ €lo, 1[] [.@ €], +oo)]

Figure 4: Typologies for 2 €1o,1] and 2 > 1.

Compieting the same line of reasoning on the rigilt components of Figure 4 and 5 for }.@i > 1,
though the origin (0,0) of the above representations over the planes (7, 2) remains located
within the interior of the triangle (A@B@C’@), from (6), the definition of the latter is now
modified to |7+ 2| > 1+.# and .4 > 1+ (7 -2)9. The associated satisfaction of 23 = 2
indeed now corespon(is to the occurrence of a triple real eigenvaiue with an absolute value
that is greater than one. From the same lines of reasoning as aiaove, the interior of the triangie
(A@B@C’@) then uniiormiy indicates the iioi(iing of three eigenvaiues with a modulus that is
greater than one. Starting from this position, a perturioation that results in the crossing of the
segment [B @C@} should then be interpreteci as follows: the modulus of the compiex eigenvaiues
gets in the unit circle and there oniy remains a unique eigenvaiue with norm greater than one.
Simiiariy, perturbations entaiiing the crossing of (A@C@) or (A@B@) from a initial position
inside the (A@B@C’@) when 2 > 1 indicate that the position of a unique real eigenvaiue
will be modified with respect to the unit circle and the system falls in an area with two
unstable eigenvaiues. Finaiiy, a suiosequent perturiaation resuiting in a crossing of (A@B@)
after an initial crossing of (A@C@) or in a crossing of (A@C@) after an initial crossing of
(A@B@) would lead the system within an area that exhibits two modulus within the unit circle.

L8
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By

2 €] 1,9 |2 € (00, —1]]

Figure b: Typologies for 2 €] —1,0] and 2 < —1.
This eventuaiiy establishes the typoiogies — the number of stable eigenvaiues indicated
between parenthesis on these i‘igures — portrayed i)y the rigiit components of Figures 4 and 5.
As this soon will become Ciear, this collection of ﬁgures introduces an alternative benchmark
for anaiysing the staioiiity properties of parameterise(i economies that entails the treatment of
a three-dimensional ciynamicai system.

IH - CATCHING-UP WITH THE JONESES / KEEPING—UP WITH THE JONESES:
A BASIC REPRESENTATIVE AGENT EXAMPLE

III.1 - Tue Seruve

This section will consider a variation of the neo-classical growtiq model that is augmented iay an
outwar(i—iooi{ing Speciﬁcation of intertemporai preierences for the representative in(iivi(iuais;
the level of utiiity derived from a given amount of instantaneous consumption is thus
assumed to exhibit extra (iepenciencies with respect to previous and contemporaneous society
consumption standards. More expiicitiy, these preierences state as

(1) > Bu(es Cr Cey),
t=o0

for B €lo, 1], ¢, Cy and C,_, respectiveiy their positive rate of marginai impatience, their
consumption at date ¢ >0 and the average consumption across all consumers at the current
and at the previous (iate, u(-; C, CLI) being a continuous concave instantaneous utiiity function
which maps Ry into R, is of class C*, k > 3, overt R and satisfies the Inada conditions at the
origin, nameiy and for a given pair (C’t, C’t_l), the iioi(iing of iimc_ioau(c, C, C_l)/ac = 00,
iimc_woﬁu(c, C, C’_l)/ac = o . Further, Gu(c, C, C’_l)/ac > 0, 82u(c, C, 0_1)/0c2 < o for
any c¢ € R"jr. Besi(ies, the Keeping—up and the Catciiing—up with the Joneses dimension
of this formulation are respectiveiy ensured iay the iioi(iing of 82u(c, C, C'_l)/(‘?c(‘?C > 0
82u(c, C, C’_l)/acc’?C’_l >0 prevaii, i.e., mimetism effects with respect to contemporaneous
or earlier consumption standards. In opposition to tiiis, respectiveiy contemporaneous and

4R% =Jo, +00).



Three-Dimensional Discrete Time Dynamical Systems

1agged Running—away from the Joneses dimensions are ensured loy the converse occurrences of
d?u(c,C,C_,)/0cdC < o and d*u(c,C,C_,)/0c0C_, <o that translates the potential from
a repulsive dimension from previous consumption standards.

The Capital stock accumulates according to
Ky = F(Ky, L) — ¢,

for K and L respectively the t—value, t>o of the capital stock and the fixed amount of the
labour input, F'(-,-) an aggregate procluction function that is continuous, maps Ry x R into
R, is of class €3 over Ri X ]R”jr, homogeneous of degree one, satisfies the Inada conditions
and 0°F(K,L)/0K? < o, 0O?°F(K,L)/0L? < o for any K,L > o, the capital stock having
been assumed to fuuy depreciate at each periocl of time. Instead of attempting to complete
an extensive characterisation of the symmetric competitive equﬂi]arium with externalities
associated with the occurrence of Ci_y =cCp—4 and Cy =c at any t > o, the current exposition
shall proﬁciently take advantage the simpler centralised approach introduced loy Kehoe, Levine
& Romer [20]. This builds from Considering a Pareto problem parameterised ]oy a sequence of
externalities {Ct_ 1, Cy }+OO :

t=1"

+oo
Miif}gl;se ; 6tu(ct, Ch, Ct_l)

s.t. Kt+1 S F(Kt,L) — Cg,
K, given, K;,c; > o.

A solution to this optimisation problem satisfies all of the conditions that characterise
a symmetric competitive equﬂi]arium with externalities l)ut, possi]oly, the extra symmetry
requesites Cy_, = ¢, and Cy = ¢ at each t > o. For any {C’tﬂ}:;f, the earlier strict
concavity assumptions on u(-; C, C’_l) and F (-, L) imply that such an optimisation pro]olem
has a unique solution. Esta]olishing the existence of an interior intertemporal competitive
equilil)rium with externalities for which Ci_i=c_, ({Ct—1 ::Of) and Cy = ct({Ct_l ;Of) at
anyt > o0is a signiﬁcantly more involving task: ]oeing outside of the current line of concerns,
it shall not be discussed further. Assuming then its existence, a symmetric competitive

equﬂi]orium with externalities is then described ]oy the holding of:

ou oF ou

(8) %(Cﬁctaxt) - ﬂa—K(KtaL)%(Ctﬂ?Ct+1’xt+1) =0

Kt+1 — F(Kt,L) + ¢ = 0,

Under the earlier assumptions on the technology and an extra restriction on prefer—
ences, namely the satisfaction of 6’2u(c, C, C’_l)/ac2 + 82u(c, C, C_l)/acac # 0 for any
(c,C,C—,) € R x RYL x R, system (8) defines a three-dimensional first-order dynamical
system [Kt+1, Ctg1s xtﬂ} g W(Kt, Cit, xt+1). The emergence of a third extra dimension with
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respect to the canonical two-dimensional Ramsey setting univocaﬂy springs from the consid-
eration of 1agged consumption externalities in the preferences.5 A remarkable formal property
of the equilibrium dynamical system (8) is that it builds from two predetermined Variables,
namely the capital stock and past consumption, such considerations being essential for the un-
derstanding of its uniqueness properties by the next section. An interior steady state position
is then defined as a triple {K*,¢*,a*} e R x RY x R} which satisfies:

(00) 1/~ o (K* ) =0,
(9b) K*— F(K*,L)+c" =o,

lts existence being ensured loy the Inada conditions on the technology and the preferences, the
concavity assumption of the technology further implies that it is unique. From Appendix 1, a
linearisation of the dynamical system around this steady state gives the fouowing expressions
for the coeflicients of the characteristic polynomial & (2) ==+ T2 — M2+ D:

1 1—S 1 1
g~ & <__1)+_’
n+mn n+n® o \fs B

o= (1_77@”_‘1>i_?7‘°@_‘1
n+n)B n+n¢’

I
Bn+n®’
for
s OF oF 0*F
7 2 SRS GE (/L) [ FUR/L) 5 /L)
1—85= a—F(K/L,1) / F(K/L,1), s = a—F(K/L,l) i / F(K/L,1),
oL K L
(11) o° ) 0°u ou
s 07U au & A ou
n = 5oz (C,C, C’l)c/ 9 (c, C’,C’,l), n 5000 (C,C, C’l)(]/ 9 (C,C’, C’,l),
0%u ou
RN Ju
n - acac_l (Cv C? C’—1)CY—1 / (?C (67 Cv C—l)?

that respectively depict the elasticity of substitution between capital and 1aloour, the share of
labour and the share of Capital, the intertemporal elasticity of substitution in consumption
and a pair of outward—looking comparison utility coefficients defined from the marginal utility
on consumption, all these being considered at their steady state values.

5A careful reader will have already noticed that7 had such a lagged consumption argument been
internalised by the agent, the ensued dynamical system would have displayed a dimension of four. As
this was however argued ]oy Ryder & Heal [27] in the first characterisation of such an environment, the
analysis is then complexiﬁed further l)y the potential for utility satiation, such an occurrence having no
counterpart in the present setting.
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1.2 — Tue Anarysis

It is noticed that 2 does not clepend in (10) on the elasticity of substitution between capital
and la]oour, ie., o. [n accordance with the earlier approach and selecting 1/0 as the tuning
parameter, such a feature will bring about the possi]oility of a purely geometric argument for
appraising the clynamical properties of the model.

The current setting is moreover slightly particular on a formal basis. As a matter of fact, since

oM
d(1/a)

(12b) (1/0) =0,

the parameterised curve® A(1/0) simpliﬁes to a straight—line with a slope given by

0lAQ/o)] _ 04 (1/0)l/0(1/0) _
d(1/0) 7 (1/0)]/0(1/0)

and an origin provided by A(o) = (7 (o), #(0)). [t is further remarked that

(13)

(14) —14+9(0)— A (0)+ Z = o,

this latter equation meaning that A(o) will locate on the critical line (A@C@ﬂ. Finally, notice
that, from (5), the comparison with the ordinate of the origin of A(1/0) with t

values of ./ Ay My, and ., By namely the respective ordinates of the intercrossings of the
critical line (A@C@) with the critical line (A@B@) and the critical segment [B@C@} that
were argued throughout Section 1I as ]oeing central to the stability analysis, will respectively
detail as

e corresponding

E_1
0) (o) +1= /o[- L]

n’
() (0) 221 = (/5= )1+ .

&

(156) A (0) 429 —1= T 2(3/+1) + (1/f~ 1),

where it it remarked that Mp, S Mc, == —1 S —n‘g—l/ﬁ(n + ng). Otherwise stated,
My, > M, for 2 €] —1,1]U]1, +00) whereas My, < Mc, for 2 € (o0, —1].

To sum up and on a methodological ]oasis, the su]osequent argument shall hence first be
organised around the sign of n+n® that emerges as the key parameter of the local stability
properties of this economy. First and from (14a), it auows, whatever the value of 9, for
locating the position of the whole A(1/0) with respect to the line (A2C9) associated with
the occurrence of an eigenvalue of +1. Second and together with the value of 775*1, it is the
most signiﬁcant determinant of 2 and thus of the plane (7, M) over which the analysis is

GAlthough A does not explicitly depend upon 1/0, in order to clarilfy further the approach that is to
be systematically followed to assess the geometrical properties of the curve A(1/o), such a fictitious
indexation is maintained in the su]osequent exposition.
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then to be completed. An eventual step builds from locating A(1/0) upon that plane: recalling
from (13) that the slope of A(1/0) is invariantly nil, the localisation simplifies to firt place
A(0), namely 7 (0) and then analyse from (12a) the implications of positive values for 1/0.

a / Running—away from the Joneses: n+n¢ <o

From (12a), this configuration is associated with 8].7 (1/0)]/8(1/c) > o: otherwise stated, the
origin of the curve A(1/o)is located on the critical line (A@C’@) whilst its entire silape ioeiongs
to the area associated with occurrence of 2 (+1) > o on its rigilt—iland side. As mentioned

aiaove, the second step of the characterisation then builds from the consideration of the sign
of nf-.

A(o) 1/0 — 00

A(o) 1/0 — o0 Cg
Cg
A) /) tfo—oo
1/oPH
Ag
== /(n+n%) €lo, b o= /(n+n%) >

Figure 0: Bifurcation schemes for n+n <o and né- > o.

Firstiy iocusing on the occurrence of a catciling up with the Joneses speciﬁcation 778_1 > o,
Figure 6 first takes advantage of the impiied occurrence of 2 > o and dispiays the two
admissible coni'igurations according to the sign of 2 -1 = —77&1/ I} (77 + ng) — 1. Firstiy
and on the L.H.S. of Figure 6, —ng—l/ﬁ(n +n%) €lo,1[: from (15), the negativeness of
—né=/(n+n¥) -7 immediatly implies that ordinate of A(0) is located above the one of A4.

s for the respective position with respect to the one of Cqy and from (15h), this conﬁguration
ioeing associated with the occurrence of —né-/ (77 + n‘g) <f<u,it simiiariy derives that the
ordinate of the origin will be located above the one of Cqy. All this impiies that the economy
will be characterised i)y two moduli in the unit circle and hence be iocaiiy determinate —
the dynamicai system i)eing characterised iay two predetermined variables — for any 1/0 > o.
Secondiy and on the R.H.S. of Figure 0, —ng—l/ﬁ(n + ng) > 1: whilst the position of the
ordinate of the origin straigirtiorwardiy remains located above the one of Ag, its position
with respect to the one of Cq is reversed. indeed, this coniiguration ioeing associated with
the satisfaction of B+né—/p3 (77 +n¢ ) < 0, two conﬁgurations are admissible. First and for
—né=—/(n+n¥) > 1, the ordinate of the origin of A(1/0) will be located above the one of
Cg: in accordance with the coniiguration depicted on Figure ba, the €conony will sirniiariy
be characterised iay two moduli inside the unit circle and hence dispiay local uniqueness for
any 1/0 > o. Second and oppositely, for —ng—l/(n + n‘ga) €18,1], the ordinate of the origin of
A(1/0) will be located above the one of A5 but below the one of Cy. This would imply the

13
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1/09%

existence of a critical , nameiy:

o _ [ [+ n®)] (/B =) =0 /B0 +n%)]
(1= 8)(x/Bs = 1)(1/B)n=+/ (n+n*)"

corresponding to the crossing of the critical segment [B@C@} and such that for 1 /o €

1/

0,1/ o [, the ciynarnicai system assumes no modulus inside the unit circle and is thus
ocaiiy unstable. It then typicaiiy un(iergoes a Poincaré—Hopf bifurcation for 1 Jo =1/ i
and eventuaiiy assumes two moduli inside the unit circle and becomes iocaiiy unique for any

1/0 > 1/c7.

Seconciiy anaiysing the occurrence of a iaggeoi running away from the Joneses speciﬁcation
né- <o, Figure 7 first takes acivantage of the irnpiie(i occurrence of 9 < o and (iispiays the
two admissible conﬁgurations according to the sign of 9241= —n-/B (77 +n¢ ) + 1.

—n=/(n+n%) €] - 8,0 —n=/(n+n¥) < -p

Figure 7: Bifurcation schemes for n+n <o and né— <o.

From (15b), it is first immediate that, for both occurrences, the ordinate of A(0) will be located
above the one of Cgy. From the earlier exposition, the latter is itself located above the one of
Ag, but for the case 2 € (—o0, —1]. This is confirmed ijy the L.H.S. of Figure 7 that focuses on
the configuration —ng—l/ﬁ(n+ng) €] —1,0[: as 1—ng—1/6(n+n‘§) > ﬁ—ng—l/ﬁ(n+ng) > 0,
the ordinate of the origin of A(o) locates above the ones of Ag and Cgy, that impiies that
the economy will be characterised ioy two moduli in the unit circle and hence be iocaiiy
indeterminate for any 1/0 > o. Secondly and on the R.H.S. of Figure 7, —p¢- /B(n+n?) < —1,
a coniiguration for which the ordinate of Cqg is located below the one of Ag. Two conﬁgurations
are then to be ciistinguisiie(i accorciing to whether the ordinate of A(o) ioeing is below or above
the one of Ag. For —né=/(n+n%) €]—1,-8, the ordinate of A(0) is located above the one of
Ag, the economy will be characterised ioy two moduli inside the unit circle and hence (iispiay
a local (ieterrninacy for any 1/0 > o. In opposition to this and for —77&1/(77 + 77‘”@) < —1,
the ordinate of A(o) is located between the one of Cg and the one of Ag and there exists a
critical value 1 Jo7 available as:

Lo = NChs 1/B) [ =0 /(n+n%)] / (n+n%)
(1—5)(1/Bs —1)

such that for 1 Jo € ]o, 1/ o7 [, the ciynarnicai system assumes oniy one modulus inside the unit

circle and is iocaiiy unstable. [t then typicaiiy un(iergoes a ﬂip bifurcation for 1 Jo =1/ o7

4
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and eventuauy assumes two moduli inside the unit circle and becomes 10caﬂy unique for any
1/o0>1/07.

b/ Keeping—up with the Joneses: n+n% >o

In contradiction with Figures 6 and 7 and from (12a), this conﬁguration will be associated
with 8[7(1/0)]/8(1/0) < o: otherwise stated, whilst the origin of line A(1/0) is still located
on the line (A@C@), its entire shape for 1 /o > 0 now laelongs to the area associated with
occurrence of 2(+1) < o on its left-hand side. As for the earlier running away from the
Joneses conﬁguration —n+ néa < 0 —, the second step of the characterisation is going to
build from the consideration of the sign of né-r.

1/0 — o0 xl/ag

- . .. A0)
By 1/0—>oo‘
1/0 =00 1)o7 N\ Yo A )
Cq
= /(n+n%) €] - B0 —n®/(n+n%) < -8

Figure 8: Typologies for n+nf >o and né— > o.

Firstly focusing on the occurrence of a catching—up with the Joneses Speciﬁcation 77‘9@—1 > 0,
Figure 8 first hinges upon the implied occurrence of 2 < o and displays the two admissible
Conﬁgurations according to the sign of 2+1 = —néa*l/ﬁ(n + ng) + 1. Firstly and on the
L.H.S. of Figure 8, —n==/B(n+n¥) €] —1,0[. From (15b), the ordinate of A(o) is located
above the one of Cy that is itself located above the one of Ag. New to this conﬁguration is
however the role played loy the ordinate of By, where it shall henceforward be assumed that
(1 —0)/(3+ B) < 8. When the ordinate of A(0) is also located above the one of By, namely
and from (15¢), for né=/(n+n?) €lo,(1/8 —1)3/(3/8 +1)|, there exists a 1/07 such that
for 1 Jo € }o, 1/ o7 [, the dynamical system assumes one modulus inside the unit circle and
is locaﬂy unstable. [t then typicaﬂy undergoes a ﬂip bifurcation for 1 Jo =1/ o7, eventuaﬂy
assumes two moduli inside the unit circle and becomes locally unique for 1 Jo > 1/07. In
opposition to this and when the ordinate of A(o) is located between the one of Cy and the
one of By, ie., for né=/(n+n%) €l(x/B8 —1)B/(3/8 + 1), 8], there exists a pair of values
1/077 and 1/07 such that for 1/0/ € lo,1/a?], the dynamical system assumes one
modulus inside the unit circle and is 10caHy unstable. [t then typicauy undergoes a Poincaré-
Hopf bifurcation for 1/0 = 1/6%7 . For any 1/0 € 11/0?7 107 |, the dynamical system
assumes three modulis inside the unit circle and is 1ocally undeterminate. It then typicaﬂy
undergoes a ﬂip bifurcation for 1 Jo =1/ o7, eventuauy assumes two moduli inside the unit
circle and becomes 1ocaﬂy unique for 1 Jo>1/07.

10
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Secon(iiy and on the R.H.S. of Figure 8, Considering the occurrence of —n-/3 (17+77éa) < -1,
it first appears from (15¢) that the entailed occurrence of ne=/(n+n%) > B> (1-p0)/(3+0)
impiies that the ordinate of A(o) cannot be located above the one of Bgy. For an origin of
A(o) located between the ones of Ay and By, i.e, for ng—l/(n + ng) €1, 1], there exists a
pair of values 1/67 and 1/6%7 such that for 1/0 € lo,1/07 ], the dynamical system assumes
one modulus inside the unit circle and is iocaiiy unstable. It then typicaiiy un(iergoes a iiip
bifurcation for 1/0 = 1/07. For any 1/0 € 11/07 1/a?], the dynamical system assumes
no moduli inside the unit circle and is iocaiiy iuiiy unstable. It then typicaiiy unciergoes a
Poincaré—Hopi bifurcation for 1 Jo =1/ oZ7 and eventuaiiy assumes two moduli inside the
unit circle and becomes locally unique for 1/6 > 1/0%7. Finally and for an origin of A(0)
located between the ones of Cy and Ag, ie., for 775—1 / (77 + 77‘? > 1, the (iynamicai system
y

first assumes no moduli inside the unit circle and is iocaiiy ful

unstable. [t then typicaiiy

unciergoes a Poincaré—Hopi bifurcation for 1 Jo =1/ o ?7 and eventuaiiy assumes two moduli
P

inside the unit circle and becomes ioca”y determinate for 1 Jo>1/0

N

—n®=/(n+n?%) €lo, —n®=/(n+n%) >0

Figure 9. Typoiogies for n+nf >o and né— <o.

Finaiiy iocusing on the occurrence of a a iagge(i running-away from the Joneses specii‘ication
77&1 < o, Figure 9 builds upon the satisfaction of 2 > 0 and (iispiays the two admissible
coniigurations accor(iing to the sign of 24+1= _7]6"_1/(7} + ng) +1. On the L.H.S. of Figure 9,
—n®=/B(n+n%) €lo,1[: from (15b), the ordinate of A(0) is located above the one of € and
there exists a 1 / o7 such that for 1 Jo € ]0, 1/ o7 [fjhe (iynamica,i System assumes one modulus
inside the unit circle and is iocaiiy unstable. It then typicaiiy un(iergoes a ﬂip bifurcation for
1/0 = 1/07 and eventuaiiy assumes two moduli inside the unit circle and becomes iocaiiy
unique for any 1/o > 1/07. Secondly and on the R.H.S. of Figure 9, —n®=/B(n+n¥) > 1:
whilst the ordinate of A(o) locates above the one of Ag but may be located above or below
the ordinate of Cqy. interestingiy, this has no impiications on the bifurcation scenarios: there
indeed aiways exists a 1/07 such that for 1 Jo/ € ]0, 1/07 [, the dynamicai system assumes
one modulus inside the unit circle and is iocaiiy unstable. It then typicaiiy un(iergoes a iiip
bifurcation for 1 Jo = 1/07 and eventuaiiy assumes two moduli inside the unit circle and

becomes locally unique for any 1/ > 1/57.

To sum up and from Figures 6 and 7, as iong as the contemporaneous spiiiover effects stemming
from aggregate consumption do not question the concavity of utiiity, the impiications of
spiiiover effects stemming from earlier aggregate consumption will not question the local
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uniqueness of the steacly state: there will at most exist a two-dimensional stable manifold
lea(ling to the steacly state. lnterestingly llowever, such a memory of past consumption choices
may bend the economy towards the uprise of unstalaility tllI‘Ollgll the emerge of periociic or
quasi—periO(iic equililoria. As this clearly appears from Figures 6b and Figures 7b with scenarios
associated with 2| > 1 that such complicated attractors are aclmissilale, whatever the sign
of these laggecl aggregate consumption Spillover effects. One may ﬁnally further notice that
there is a strong link between local unstalaility are arloitrarily large values for the elasticity
of substitution between the teclinological factors. In strong opposition with this first range
of results, the case for strong contemporaneous spillover effects stemming from aggregate
consumption that ultimately overcome the concavity properties of the utility iunction, namely
the lieeping—up with the Joneses coniigurations available tlirougll Figures 8 and 9, assumes
complex and contradictory implications on the stalaility properties. First, Wlien, as for Figure 9,
such a strong positive mimetism dimension is introduced jointly with a negative one stemming
from past consumption, tliougli local uniqueness is not questione(l, local staloility may be
lost and unstalaility occur tlirougli the emergence of periO(iic equililaria. Second and more
interestingly on Figure 8, it is the very conjunction of positive spillover effects stemming from
current consumption and past consumption that has the more dramatic implications on the
staloility properties of the economy. Higlily complicate(i scenarios with strong sensibilities with
respect to factors sulostitualoility but also with respect to the size of these spillovers then
indicate a natural area for expectations—(iriven fluctuations.

IV* KEEPING—UP WITH THE JONESES: GOLDEN RULE EQUILIBRIA IN THE
MODEL OF OVERLAPPING CENERATIONS

This section will consider a second application based upon a version of the basic charac-
terisation loy Diamond [12] of the capital accumulation process in the model of overlapping
generations that is augmentecl to an explicit account for labour supply and lay an extra useless
asset and is due to Benhabib & Laroque [7]. Tliougli its augmentation tlirougll a lieeping—up
with the Joneses assumption on preierences just mimics the previous section, the ensued char-
acteristic polynomial exhibits a richer structure that translates into a more advanced references
to the tools introduced loy Section 11

IVl - THE SETUP

The economy 1is populate(i loy generations of agents who live for two periO(is, the popu-
lation size loeing constant accross generations. At any date ¢ > 1, the total population
summarises to a young agent of generation ¢ and an old agent of generation ¢t — 1. At
date ¢t = 1, an agent was born old. An agent of generation ¢t > 1 chooses a labour sup-
ply 0 e [o,ﬂ, where 7 denotes a maximum pliysical bound on his labour supply, {>o0
or his young age t and a consumption level ct 1 for his old age t + 1. His preierences
are featured by an intertemporal utility function U,y ,,Cly) = u(cd,,Cl,) —v(8),
for v € CFRYL x RY Ry, k > 4, du(ch,,,Ci)/dct,, > o, &®u(ct,,,Ci)/0(ct,)” < o
for all ¢ € R%, limciﬂno@u(ciﬂ,C’t+1)/8c§+1 = 00, limc§+1_>008u(c§+1,C't+1)/8c§+1 =0
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and v € CF(Jo,0],Ry), k > 4, duv(£h) /0t > o, &v(€4)/9(¢4)* > o for all £& €]o,4,
limy: o 0v(€8) /0t; = o, limy: ;00 (e}) j0t} =

A representative agent of generation t > 1 is aiiowe(i, when he is young, to save tiirougii
a capitai asset in amount s! or tiirougii a monetary asset my the relative price of which in
terms of the numeraire consumption gooci denotes as B,. Tai{ing {wt, Bt,%t+1} as given, for
Wi tiiat cienotes tiie reai wage rate anci Ry tiiat cienotes tile gross return rate oi tiie capitai
stock an individual would then select a 4- up {Et, Ciiqs st,mt} € R? in order to maximise

U (ﬁt, Ciirs C’t+1) suiaject to a pair of instantaneous iouciget constraints:

t t
Bimy + s; = wily,

t t

Ariaitrage impiies Bii, /By = Ry Rearranging, the constraint set of the above program
can hence be sirnpiiiie(i tiirougii the defnition of an interternporai ijuoiget constraint as
Ciyy = Rrprwil. The first-order condition of this program is given by:

ov ou

(16) agt ( ) ‘%H‘lwta (%t-l-lwtgta Ct) =

Chia
Reintegrating the intertemporal budget constraint, this restates, letting ¥ (¢) £ ¢- dv(¢)/0¢
for ¢ € lo, /] and % (c,C) £ ¢ du(c,C)/dc, for ¢ > o, as U(ct,,,Ct.,) =7 (). Note that,
under the above assumptions, 8% (¢) /00 > o and that ¥ € €* (Jo, £, Ry), so that the reflected
generational offer curve ¢(-,C) of generation t boils down to 0 =o(cy,,Ci,) = (Vo
U)(chyy,Criy). [mposing further #(0) = o, it derives that ¢(o, C) =0 and d¢(0,C)/dc > o.
Letting then n(c,C) £ ¢- [02u(c, C)/0c?] [ [0u(c, C) /], ne(€) £ - [02v(€)/0e] ] [Ov(£)/0¢]
and Eo(c,C) = c- [0p(c,C)/0c] /¢(c, C), one obtains, for any ¢ > 0 and a given C:

(17) &O(Ca O) = [1 + 77(07 C)] /il + W(@i-

Finally noticing that, for any ¢ > o, £o(c,C) <1, it is further assumed that 1 + n(c,C) > o
ie., {,(c,C) €lo, 1], a gross substitutability assumption being retained on preierences.

Letting the prociuction facet be described ioy the same standard teciinoiogy used in Section
III and M denote the fixed money suppiy, an extensive definition of a symmetric equiiiioriurn
with externalities would then build from a tripie {Eﬁ, Ciys si} that describes an optiniai action
of the individual of generation t given {wt,%t+1} and the iioi(iing of 0 =Ly, Kyyy, = st
Kiy, =Y+ (1 — p) Ky, c§+1 =-Y, + F(Kt, Lt) and my =M that would respectivei (iepict
the ciearings of the labour rnari{et, the market of the prociuctive asset, the consumption good
market and the money market. Finaiiy a side condition = G Singies out a symmetric
competitive equiiiioriurn with externalities the existence of which shall henceforth be assumed.
For clarification purposes, it is first convenient to reassess the status of the first-order condition
(16) in the course of this competitive equilibrium with externalities:

ov ou

<16/) agt (gt) ‘%H‘lwta (%t-i-lwtgta%t—l—iwtg )

t+1

Incorporating then the interternporai iou(iget constraint, this restates, introducing U (c) £ .
dule,c)/dc], ¢ = C, for ¢ > o, as %€ (ct = v (¢t). The equilibrium formulation
t+1 t

8.
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of the reflected generationai offer curve 0% (") of generation ¢ is then available as 0 =
el (d ) 2 (V7 oU?)(chy,). Letting also 7% (c,C) £ ¢ [02u(c, C)/0cOC] [[Bu(c, C) /O]
and 5‘56( ) £ ¢ [0¢?(c)/0c] Jo(c,c), one obtains, for any ¢ > o:

(18) &5(c) = [1+nle,c) +n (e, 0)] /1 +me(0)].

where it is noted that 55(0) % o according to whether n(c, ¢) + n¢(c, ¢) % — 1 and that the

hoiciing of é'f (¢) > 1 cannot any ionger be discarded.

More generaiiy, iiaving compiete(i substitutions, any competitive equiii]orium with externalities
will be associated with a sequence which satisfies:

OF OF
(19a) Li—¢ ({81( (Kt+1,Lt+1) +(1— )} L (Ktth>L ) =0,
OF
(19b) Kip, + MB; — 3L (Ki, L)Ly = o,

OF
(19¢) Bty — L{ﬂ( (Ltas Legn) + (1 = M)] By =o.

Under the previous assumption, an competitive equiii]orium with externalities such as (19)
defines a three-dimensional ciynamicai system [ Ky, Ly, Biy, ]' = T(Kt, Ly, Bt). Whilst
its three-dimensional feature is a direct and unsurprising characteristic of monetary equiiibria
in the model of overiapping generations with an expiicitiy described labour suppiy, it may be
worth noticing that 7(-) fundamentally differs from the system @(.) that was considered in
Section II: it indeed builds from a unique predetermined varia]oie nameiy the capitai stock.
A benchmark iong—run goi(ien rule steady state is then defined as a trlp {K * L B*} €
R% x Jo, £[xR%, which solves:

(20a) L* — ¢ {g}; (K*,L*)L* ] =0,
(20b) K*+ MB* — gZ(K* L*)L* = o,

oF

aK(K* L)+ (1—p) =1.

(20¢)
Under the above range of assumptions on preferences and the technoiogy, it is a standard
argument to show tiiat7 wiiiist, from the concavity assumptions and the Inada conditions on
F(-,-), (20¢) defines a unique K*/L*, that can be associated to a unique B*/L* from (20¢),
recaiiing that a monetary steaciy state is associated with the hoiding of ¢* = #*wr it = w* e,
the existence of at least one L* from (20a) will be ensured ]ey ietting

o | 52 (c.0) [ Go0] > S >l | Fhed) [ 500

further prevaii. To the latter L* can eventuaiiy be associated a unique K* and a unique B*,
that establishes the existence of at least one goiden rule stea(iy state position. Tiiougii existence
is not a difficuls issue, the sougiit for uniqueness is more invoiving: as a matter of fact, it can be
shown that the case for muitipiicity would unequivocaiiy stem from the existence of a root to
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1/55 = 1 and thus, from (18), of the rather exceptional occurrence of n(c, ¢) + 7% (¢, ¢) = ne(¥).
As shall however soon appear, such an area is entireiy disconnected from the assessment of
the local stability issue over a given section (7, .#) on Figures 4 and 5: otherwise stated,
for any of the iatters, there aiways exists a unique steaciy state, the multiplicity issue iaeing
therefore not discussed further. Consi(iering then a linearisation of the dynamicai system
in the neigiii)ouriiood of a stea(iy state and reiying on the system of notations (11), it is
established in Appendix 2 that the coefficients of the associated characteristic poiynomiai
P(2) = —23+ T 22— Mz+ P = o that features a linearisation of the dynamical system in a
neigiliaourilooci of the stea(iy state list as:

(212) T =14 " +“*$“_G_10r£_ﬂ

(1—s)p 5 £5) (1 —s)p
(21¢) @:%

IVQ - THE ANALYSIS

Again, it is noticed that the coefficient 2 does not depen(i on the eiasticity of substitution
between capitai and ia,i)our, ie., o, the latter i)eing selected as a bifurcation parameter for the
representations over the piane (T, M) that are parameterised i)y 9, nameiy iay the inverse
of the eiasticity of the equiiibrium offer curve 1 /% Further noticing that the equation of the
parameterised curve A(c) is available from

(22) M =T — (1—1/55)/04
=7 -1-9)/«,

fora2s /(1—s)u, where, for future reierence, it is noted that A(o) happens to be respectiveiy
upper—bounde(i and lower bounded i)y a straigiit-iine of equation .#Z = 7 for respectiveiy
2 <1and 2 > 1, such a straigiit—iine i)eing associated with the iooun(iary case 1/a = o. The
components of the directional vector of the straigiit—iine (22) are as for themselves given iay:

Y

(28) S-(0) = 5(0)=—(1-1/§{)= =~(1- )

Q@
s

[nterestingly, (22) indicates that the graph of A(o) is paraiiei to the critical line (A@C@).
Furtilermore, sui)stituting (22) into the equation of (A@C@), nameiy and from (2) —1+ T —
M+ D = o, it is obtained that the respective position of the parameterised line A(o) with

respect to the critical line (A_@C@) is available from:

(24) (1—2)(1/a—1).

Hence and from (24), for a < 1, A(o) is respectively located in the above or in the underneath
of the critical line (A@C@) accor(iing to whether 2 > 1 or 2 < 1 prevaiis. Unsurpisingiy,
reverse conjunctions hold for o > 1 ; nameiy, respective locations of A(o) in the underneath
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or in the above of critical line (A@C’@) accor(iing to whether 2 > 1 or 2 < 1 prevaiis.
Furthermore, and from (23), for 7 > 1, A(o) happens to be upward-orientated whereas and
for 2 € (—o00,1[, it is downward-orientated.

Figure 10: Bifurcation schemes for {f €lo, 1[.

Such dimensions are illustrated tiirougil Figures 10-13 where the localisation of Alo) with
respect to the critical line (A@ C’@) unequivocaiiy associates the crossing of the critical segment
[B 2 C’@] with the equiiibrium occurrence of o > 1. Scrutinising further the set of Figures 10-13,
it is worth recaiiing tiiat, on any of these ﬁgures, all the admissible straigilt—iines A(o) will
either be upper—iooun(ie(i or lower-bounded ]oy a straigiit—iine of equation .4 = accor(iing
to the position of 2 with respect to 1 under which tiiey are drawn. But it is then immediate
that the iatter, ie., another straigilt—iine of siope 1 that is paraiiei to the critical line (A_@C@),
encompasses the origin (0,0) on any of the iigures. Though there is no need to expiicitiy
state the iattter, by definition and from Section H.?, it is to be located in the interior of
the triangie (A@B@C@). Otherwise state(i, another useful partition becomes available: the
straight—iine M = T that passes tiirough the origin will itself be upper—boun(ied and lower-
bounded ]oy another paraiiei to (A@C’@) that passes tilrougii the point By for respectiveiy
2 <1and 2 > 1. This impiies that the whole collection of parameterise(i straight—iines A(o)
will respectiveiy be located below and above the latter for 2 <1and 2 > 1.

Figure 11: Bifurcation schemes for ff > 1.
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In order to compiete the aforementioned pictures, it then just remains to locate A(o), nameiy
the origin of the parameterised line A(c). More specifically, the issue is to locate A(o) with
respect to the ﬂip critical line (A@B @) and the Poincaré—Hopi critical segment [B@C’@}. This
iniorrnation, combined with the one larougiit i)y the features of the directional vector (23),
allows for concluding about the patii followed by the economy as o varies, and thus to reach
conclusions about the determinacy properties as well as the scope for local bifurcations. Firstiy
considering the position of A(o) with respect to (A@B@), the latter rests upon the sign of :

(25) 1+ T(0)+ A (0)+Z=1+2T(0)—1/a+(1+1/a)P.

The R.H.S. of (25) is unamioiguousiy positive as iong as v beiongs to | — 1,00). It follows
that in such case, A(0) is located above the ﬂip critical line %A@B@). Rernem]aering that for

2 <1, Ao) is downward—orientated, it emerges that a ﬂip hi
of cycies of period two in the neighbourhood of the steady state, is tiien, as this is illustrated

urcation, ensuring the existence

on Figures 11-13, bound to occur when o = oz, for:

o[t 5/( =)t (1= s)/s] + (1= 1/65) (- /s — 1~ 1/E§
(L 1/60)/(1— s)u

Conversely and on Figure 10, in the sub-case 2 > 1 the occurrence of a ﬂip bifurcation is ruled

(26) o7 =

out, the paranieterised line A(o) being upward—orientated. Finaiiy considering the localisation
of A(0) with respect to [B4Cq), the latter is available from the sign of

(27) AM(0) =1 =[T(0) =217 = (1 = D)(a= 7).

A short glance at Figures 10-13 indicates that the sign (27), i.e., the localisation of A(0) with
respect to [B @C’@], is oniy relevant in the case a > 1 under which the iioiding of a Poincaré-
Hopf bifurcation cannot be discarded on a a priori basis. It may then be assessed tiiat, for
2 < 1, as the R.H.S. of (27) is positive, A(o) happens to be located above [B@C@]. The
parameterised half-line A(o) ioeing further downward—orientated, it follows that a Poincaré-
Hopi ]oiiurcation, indicating the existence of quasi—periodic equiii]oria around the steady state,
is bound to occur for o = o o, where

s/(1—s)pu—1/E8

1—1/5;2a

(28) P = (1-s)u

g — 0

Figure 12: Bifurcation schemes for £5 el—1,0].
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Then speciaiising the argument on the sub-case 2 € ]—1,1[ on Figures 11 and 12, the compiete
portrait — the patil followed iay the economy as o is increased from zero — is Enaiiy available:
the equiiibrium is initiaiiy iocaiiy determinate since it assumes one eigenvaiue within the
unit circie, then a Poincaré—Hopi bifurcation occurs giving rises to a two-dimensional local
indeterminacy with three moduli inside the unit circle. Finaiiy and after the occurrence of a
ﬂip bifurcation for o = o Z, the equiiiii)rium exhibits one (iegree of indeterminacy with two
moduli within the unit circle.

Facing Enaiiy with the case 2 > 1 and as this is illustrated on Figure 10, the sign of (27) is
no ionger unamioiguous. Nonetiieiess, neither the Poincaré—Hopi bifurcation nor the existence
of iocaiiy indeterminate equiiiioria are preciucie(i.

Figure 13: Bifurcation schemes for 55 < -1

To sum up, recaiiing the interpretation of the equiiiiarium offer curve and from Figure 10, it
is confirmed tiiat, up to weak for consumption compiementarities that would not question
the gross Suiostitutabiiity assumption retained on his preierences, it is oniy for ariaitrariiy low
order of the eiasticity of subsitution that local unstaioiiity and an expiicit scope for a Poincaré-
Hopi bifurcation emerge as admissible conﬁgurations. For iarger orders, the stea(iy state is
iocaiiy indeterminate. Second and on Figure 11, under an attraction dimension the preierences
of the individual that stems from the consumption of the otiiers, nameiy a keeping-up with
the Joneses conﬁguration, compiicateci bifurcation schemes with successive bifurcations for
different parameter values become admissible. The most interesting facet of these occurrences
formulates as the scope for periodic cycies that was canonicaiiy associated with the violation
of the gross su]asitutaioiiity axiom on preierences. The latter is in(iirectiy recovered tiirougil
i‘igures 12 and 13 where it is the extra-concavity iarougiut on the rnarginai utiiity of consumption
ioy the level of consumption of the others that results in an equiiiioriurn violation of this
axiom. In opposition to tiiis, the conﬁguration 11 illustrates the richness of the keeping—up
with the Joneses coniiguration that unequivocaiiy bends the economy towards a widened area
for expectations—(iriven fluctuations.
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V - PROOFS

Vl - DERIVATION OF THE COEFFICIENTS OF THE CHARACTERISTIC POLYNOMIAL IN THE BENCHMARK

Case

Linearising the characteristic poiynomiai in the neigiiloourilooci of the stea(iy state leads to:

[ dciy, T -1 n£_1 B (1 _ 8) o 1 (1 —S) ( o N 1) 77@@_1 4T % -
c* n + né" o K* n o K* n + né" c*
K.y, | _ - - dK,
K* - _F (F —+ 1) S 0 K*
dXt+1 dXt

X* L 1 0 (0] 4L X+

1/Bs and ietting, eg. Ji, denote the first element of

Further noticing that ¢*/K* +1 =
the first row in the above Jacobian Matrix, the expressions of 7 , M and 2 in the main
text are straighforwarciiy derived iay noticing that tiiey respectiveiy Corresponci to Ji; + Jaa,
JisJas — Jiadoy — Jig and —J, 4 J0s. A

VI2 - THE CHARACTERISTIC POLYNOMIAL ASSOCIATED TO GOLDEN RULE EQUILIBRIA

The linearised form of the (iynamicai system is available as:

€5s/(1— ) &5 £5s/(1—s) Yy
—1/(1—s) [1/(1=s)=n/ol(1—s) [1/(1=s)+n( —s)/so](1 —5) | | Lit.
0 0 1 JgtJrl
0 1 0 A
+ | o [=s/(1—=s)o+1/(1—0)](1—s5) s/o Z | =o.
—1) 0 —(1-n)] [ A
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Then assuming that 2 # 0, for 2 = —(1/55)(773/0), the components of the Jacobian Matrix

[ 7] list as:

b= =97 {els[~(=1/o — (1= s)/so)) ()},
Fa=-7"{[1/(1 =) =n/o] (1 - 5)
+E5G—9)[~(-s/o(—s)+1/G-9)]},
Sy = =7 H{EE (1= 9)s/(1 = ) [~ (1/0)]
+65 (1= 9)s/(1 =) [(=(1/0) + [=(1 = )/sa])n] [ (1 = m)] }.

The determinant of the Jacobian Matrix is first available as:
det(f) = Fus( s Iz = s In) + Is(Jrs Ios = Fos Fr3)
= [~ =nl(-27){(-mEE (L= 5)(1 = 5)s/(x = 9))
< ([(~(1/0) = 1 = s)/so)n]{ —1/( = )} = [[=(1 = )/ s
x{1/(1=5) = (1/o)n})
M ED) (= s)s3/ (= 9) [ (/0 — )0 + 1/ — )] (~[(1/o)n])
+(=m) (=27 {[=(r = mIEL (1 = )s5/(1 = 5)
< (=[(=(/0) + =G = 9)/sal)n] {1/ =) } + ([=(2 = 5)/s0])n
< {1/(=5) = (1/o)m})
+€5((1=9)ss/(1 = 9)) [~ (1/)] (—(1/)n)
+EE (= )s3/(1 = ) [~ (=s/(1 = $)o +1/( = )] [ /o] [ (1 = )]}
= (27 (1 = 5)ss/(1 = 9)) (=(1/o I ) (= (1/0) (=)

1
&
Completing related lines of computations, it is first obtained that the trace of the Jacobian
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Matrix is available along:
tr(/) - /11 + jzz
_1/0-9) €6+ (=) sl — (1o +1/6 - 5)}
&¢n/o £én/o '

[t is then noticed that the third term in the above expression can be reformulated according

+ (1 —n)

to:

(n/o)((x —s)n/s) — (1/0 +1/(1 —s))
n/o
Merging with the previous expression, it is obtained that:

(2= /o) = s)n/s) +5/(1—s)
)= ( ff) (1/o)n * (1/0)n ’

Finaﬂy facing with the sum of the principal minors of the Jacobian Matrix:

Spm(j) = j11j22 - /12/21 +/11j23 - /13/31 +/22f337
Where:

i1 F 22— Fi2 I
= (27l (/o] (1 = 5)ss/ (1 = )[5/(1 — 5)o]
=088 [n/o] [~ (1 = s)n/s0] (1 = 5)ss/(1 = s)
—n(€8)* (/o +1/( =) (/o) = s)ss/(1 = ) }:

H1 I 33— S35
- (—@’1)_1{55 [n/o](x—s)s/(1— s)}

:1;

Fon Iy = (=77) (1) = 9) + £ [-(1/o +1/(1 = 9)] (1= )/ (1= 5)
Finaﬂy, gathering terms, it is obtained that :

R 16\ 1/(1—s) i(l/U)U((l —5)1/s) _—s/(1—s)o
wm(f) = ( o ) oy & (o) (/o)

To sum up, the trace, the sum of the principal minors and the determinant of the Jacobian

Matrix considered in the neighbourhood of a steady state derive as

o2\ =) (ol = s)n/s) + /(1 — s)o
)= ( 55) Gfom (1/o) )

o, 1/(1—s) i(l/a)n((l—s)n/s) _ —s/(1—s)o
o) =1 ( é:i") G € Gjonm (o
de #) = 77
The statement follows. A

Ce quatrieme jour de février de I'an deux mille et huit.
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