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1 Introduction

In dynamic macroeconomics and finance, the use of representative-consumer models is prevalent.
As in Mehra and Prescott (1985), the standard (and by now classical) representative-consumer

model consists of a single consumer having a utility function U of the form
A

t
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Ul)=FE i&t C’}iﬁ orU(c)=FE /OO exp(—pt)
— 1-p 0
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depending on whether the time span is discrete or continuous, and an initial endowment process
e = (et)¢. Given that there is only one consumer, the equilibrium of such an economy must
necessarily be the no-trade equilibrium, in which the consumer is induced to demand his own
endowment process e = (e;);. The equilibrium state price deflator m = (m;);, which evaluates
each consumption process ¢ = (¢;) via E (>_;2mce) or E (fooo wtct), can then be written in the
simple form of dtc;  or exp(—pt)c, P The task of identifying equilibrium asset price process

with dividend process d = (d¢); can therefore be reduced to one of calculating

B (2 e <‘;) 7 dT> or B (/too exp(—p(7 — 1) <‘;> . d7>

at each time t¢.

There are a couple of important assumptions embedded in this specification. First, the
representative consumer has an expected utility function, thereby conforming the independence
axiom. Second, the discount rate is deterministic, constant, and independent of consumption
levels. Third, the representative consumer exhibits constant relative risk aversion.

When we take up any representative-consumer model, we are not really interested in the
analysis of an economy consisting of a single consumer per se. Rather, we regard the representa-
tive consumer economy as a reduced economy consisting of multiple, heterogeneous individuals.
Then a question arises: if we explicitly model an economy of multiple, heterogeneous individuals
and derive the utility function for the representative consumer by aggregating their utility func-
tions, are we likely to obtain an expected utility function, with the discount rate independent
of time and consumption levels and the relative risk aversion constant? This paper is devoted
to giving a negative answer to this question. We see that the expected utility function is un-
likely to be obtained as the representative consumer’s probabilistic belief is likely to depend on
consumption levels; his discount rate is likely to depend on consumption levels and decrease
over time; and his relative risk aversion is more likely to be decreasing rather than constant.
These violations of standard properties can occur even when all individual consumers have an
expected utility function with the discount rate deterministic, constant, and independent of
consumption levels, and his relative risk aversion is constant.

Note that we are not arguing that the representative-consumer approach is logically incorrect
or internally inconsistent. Rather, we are claiming that the specification of a utility function
for the representative consumer needs some care and cannot be based on any justification that
can typically given for individual consumers’ utility functions, such as results of laboratory
experiments. We are also aiming at general results, in the sense that the subsequent analysis
does not depend on the number of individual consumers in the economy, the form of their utility
functions, the wealth distribution across them, or the stochastic nature of their consumption
processes. On the other hand, we maintain the assumption of complete asset markets and
the assumption of state- and time-separability for utility functions. In particular, we cannot
include recursive utility functions or utility functions of habit formation. These utility functions

are interesting and important, but we would like to make full use of the existing results on



aggregation of state- and time-separable utility functions.

This paper is organized as follows. Section 2 spells out our model and review some el-
ementary and well known results. Section 3 establishes some general formulas relating the
representative consumer’s risk attitudes, discount rates, and probabilistic beliefs to the individ-
ual consumers’ counterparts. Section 4 gives some economic interpretations to these formulas.

Section 5 summarizes these results and suggests directions of future research.

2 Setup

2.1 Uncertainty and consumers

The setup of this paper is as follows. As usual, we represent the uncertainty surrounding the
economy by a probability measure space (£, .#, P). In addition, to formulate state-dependent
utility (felicity) functions, we use (Z,h), where Z is a nonempty, open subset of a finite-
dimensional Euclidean space R”, and h is a measurable mapping of € into Z. Each element
of Z is a state variable, which, as will be seen in the next paragraph, completely determines
consumers’ utility (felicity) functions. Thus, L denotes the dimension of a state variable and h
specifies which state gives rise to which state variable. At this outset, the time span along which
consumption can take place is not explicitly modeled and, as such, we assume for a moment
that there is only one consumption period.

The economy consists of I consumers. Each consumer ¢ has a possibly state-dependent
felicity function u; : Ry, x Z — R, which is at least twice continuously differentiable,! and
satisfies du;(z;, 2)/0z; > 0 > %ui(x,2)/0 (x;)? for every (z;,2) € Ry, x Z and the Inada
condition, that is, for every z € Z, du;(x;, z)/0z; — 0 as x; — oo, and Ju;(z;, 2)/0x; — 0o as
x; — 0. When the state variables are given by a measurable function A : Q@ — Z, his utility

function U; over consumptions ¢; : 2 — R4 are defined by requiring expected utility:

Us(es) = Bluilei, b)) = /Q i (@), h(w)) dPw), 1)
To be exact, we need to impose some additional restrictions on ¢; to make the integral well
defined (finite). As such restrictions are irrelevant to the subsequent analysis, we shall not
explicitly state or impose them.

The key parameters of the felicity function u; (and thus of the utility function U;) are risk
tolerance and responsiveness to the state variables. The risk tolerance s; : R4y X Z — Ry, is

defined by
B Ou;i(x;,2)/0x;
O%ui(w4,2)/0(x)?

This is the reciprocal of the Arrow-Pratt measure of absolute risk aversion, with the depen-

si(wzi, 2) =

dence on z allowed for. The partial derivative with respect to x;, ds;(x;,t)/0z;, is called the

!The degree of continuous differentiability needed in each of the subsequent results will be made clear in its
proof. All such conditions can be satisfied by imposing sufficiently high (finite) degrees of continuous differentia-
bility on w;.



cautiousness. The responsiveness to state variables, ¢; : Ry X Z — R is defined by

0?u;(x;,2) /02 0,

1
q; (4, 2) ou;(z;, z)/0x;
qi(zi, z) = : = :
2 L
qF (i, 2) O“ui(x;, 2) /02" 0x;
ou;(z;, z)/0x;
Note then that
ou;
87:1- (22,0202 2 ) g ¢ 1 -1 6 _+1 L\ .t
aul, = €xp / q; ($i7§7 V2 7z7§+ ) v ) dz
(2
gy, @izl 22l 2 2 z
(]
for all 7, ¢, and (21,...,26_1,2”1, e ,zL) € RF1 26 € R, and 7 € R whenever z¢ < z¢ and
(21,27 20 25 L 2h) € Z for every 2 € [24, 7).

An important class of utility functions is that of multiplicatively separable utility functions.
A utility function w; is multiplicatively separable if there are two functions v; : Ry — R

and p; : Z — R,y such that u;(z;,2) = pi(2)vi(x;) for every (z;,2) € Ry, x Z.> Then

si(xi, z) = —vi(z;) /v (z;) and
Opi(z)/0z1
pi(2)
qi(zi,2) = : )
0pi(z)/0zL
pi(z)
or, more succinctly,? .
(2i,2)) = ——Vpi(z) = np;(2)).
(qi(wi, 2)) pi(z)sz( ) =V (Inpi(2))

We thus write s;(z;) for s;(z;,2) and g;(z) for ¢;(z, 2) in this case. Then, ¢!(z) is equal to the
percentage change in p(z) when the ¢-th state variable 2! is changed by one unit, and Inp is a

potential function of the vector field ¢.* Moreover,

0 (1 -1 50 _4+1 L zt
p@'(zv"'az ,Z,Z+,...,Z) z 1 —1 0 _I+1 L y4
— . + d
1 =1 f i T = exp Glz ...,z 2,27z z
pi (2l o 2t 20 22 2t
for all ¢, £, and (zl,...,zz_l,z”l, e ,ZL) € RF1 26 € R, and 7' € R whenever z¢ < z¢ and
(21, ... 27 20 0 L 2h) € Z for every 2 € [24, 7).

ZWilson (1968) called v; a surrogate marginal utility function and p; a surrogate probability assessment function
in the context of heterogeneous beliefs.

3We regard the gradient vector V,w(z,2) as a row vector. Since q(z,z) is a column vector, we need to take
the transpose | to have an equality between the two.

4More generally, when u; need not be multiplicatively separable, for each fized © € Ryy, z — i (z,2) is a
potential function of the vector field z — In (Ou;(z, z)/0z).



2.2 Characterization of Pareto-efficient allocations

To find a Pareto efficient allocation of a given aggregate consumption ¢ : Q@ — R, and its
supporting (decentralizing) state-price deflator when the state variable is given by h : Q — Z,
it is sufficient to choose positive numbers Aq,...,A; and consider the following maximization

problem:

max Z )\Z Ul (Cz)

(c1,.-5c1)

subject to Zci =c.

i

(2)

Since the utility functions U; are additive with respect to states and the expected utilities are

calculated with respect to the common probability measure P, it can be rewritten as

Z)\iUi(Ci) —F (Z )\iui(ci,h)> = /Q (Z )\iui(ci(w),h(w))) dP(w).

Hence, to solve the original maximization problem (2), it suffices to solve the simplified maxi-

mization problem

max Z i (x4, 2)

(x1,wr)ERY |

3
subject to ZCL‘Z =z. )

for each pair of a realized aggregate consumption level x € R, and a state variable z € Z. It
can be easily proved that under the stated conditions, there is a unique solution, which we denote
by (fi(x,z),..., fr(z,z)). It can also be shown that for each f; is continuously differentiable in
both variables. We can define the value function of this problem u : R4y x Z — R by

u(z, z) = Z Aivi (fi(z, 2), 2) -

This is the felicity function of the representative consumer. Then the solution to the original
maximization problem is given by (c',...,c!), where, for each i, ¢! : Q — R, is defined by
A (w) = fi (c(w), h(w)) for every w € Q. The representative consumer’s utility function is defined
by U(c) = E (u(e, h)).

Just as for an individual consumer’s utility function, we define risk tolerance and respon-

siveness to state variables for the representative consumer as follows:

ou(x, z)/0x
s@,2) == 82ui(($, ;71))//85627
0?u;i(w;, 2)/ 021 Ox;
oui(x;, z)/0x;
qi(wi, z) = :

0%u;(z4,2) /02" O
ou;i(x;, 2)/0x;




The cautiousness is defined as the partial derivative ds(z, z)/0z with respect to the aggregate
consumption level x. We will see that the representative consumer’s felicity function u need not
be multiplicatively separable between the aggregate consumption level z and the state variable
z even when all individual consumers’ felicity functions u; are multiplicatively separable.

The representative consumer is, of course, not an “actual” consumer, who would trade on
financial markets. Rather, he is a theoretical construct, whom we can use to identify asset
prices. Specifically, if u is the representative consumer’s felicity function and c is the aggregate
consumption process, then his marginal utility process evaluated at the aggregate consumption,
(Ou(e, h)/0x), is a state price density. This means that the price of an asset with dividend
J: Q — R, relative to the risk-free bond (which pays off one unit of the commodity whichever

state has been realized), is equal to

 Ox

Although we analyze the Pareto efficient allocations and their supporting (decentralizing)

. <au(c, h) 5>

prices, if the asset markets are complete, then our analysis is applicable to the equilibrium
allocations and asset prices. This is because the first welfare theorem holds in complete markets,
so that the equilibrium allocations are Pareto efficient and the equilibrium asset prices are
given by the corresponding support prices. Since the u; (-, z) are concave, the second welfare
theorem also holds, so that every Pareto efficient allocation is an equilibrium allocation for some
distribution of initial endowments. Hence an analysis of Pareto efficient allocations is also an
analysis of equilibrium allocations.

When the solution to the maximization problem (2) is an equilibrium allocation, the in-
dividual consumers’ wealth shares, evaluated by the equilibrium prices, determines the utility
weights A; in (2). All the properties we shall explore in the subsequent analysis are valid regard-
less of the choice of utility weights. Hence, these properties are also valid for the equilibrium

allocations regardless of wealth distributions.

3 General Formulas

We now present various formulas on the representative consumer’s risk attitudes and respon-
siveness to state variables.
3.1 Formulas in the existing literature

We start by presenting some of the formulas in the existing literature to give the idea of what

kind of formulas we aim at establishing in this paper. By Theorems 4 and 5 of Wilson (1968)



to the u;(-, z) for each z € Z, we obtain

s(z, 2) :ZSi(fi(a:,z),z), (4)

ofi

By differentiating both sides of (4) with respect to & and applying (5), we obtain

0s ofi 0s; si (fi(z, 2),2) 0s;
—(z,2) = z,2)— (fi(z, 2),2) = —— 2 (fi(z,t), 2 6
9003 = 3 g 02y (e ). ) = HERE G () O
This shows that the representative consumer’s cautiousness is the weighted average of the in-
dividual consumers’ counterparts, where the weights are proportional to their absolute risk
tolerance.

Also, by Theorem 4 of Hara, Huang, and Kuzmics (2007),

828 o Si(fi(xvz)vz) ? 82‘% .
o) =3 ( ) 3 e

i(Tilx, 2 Si § ’
1 Z«%(fz( , %)) <§$i(fi(:c,z),2)—§$(xaz)> .

i

s(z, 2) s(z, 2)

To appreciate this formula, note first that by (5), the first term on the right-hand side can be

si (fi(z, 2), 2) 82Si () s of; .
> s(z, 2) <a(xi)2 (i) )833( 7 )>

written as

i
Here, the term (825i (filx,2),2) /0 (:c,)2> (0fi(x,z)/0x) is the change in the cautiousness of
consumer ¢ arising from the increase in his consumption level, which is, in turn, caused by an
increase in the aggregate consumption level. Thus the first term represents the direct effect on
the representative consumer’s cautiousness by an increase in aggregate consumption, hypothet-
ically taking the weights (0s; (fi(x, 2), z) /Ox;) /s(x, z) as fixed. By (4), the second term on the
right-hand side is the weighted variance of the individual consumers’ cautiousness, divided by

the representative consumer’s absolute risk aversion. It can be shown that this term is equal to

S (M) g i)

i

Thus it represents the change in the representative consumer’s cautiousness arising from the
change in the weights (9s; (fi(z, 2), z) /0x;) /s(x, z), hypothetically taking the individual con-
sumers’ cautiousness 9s; (fi(z,z),z) /Ox; as fixed. It shows that this indirect effect on the
representative consumer’s cautiousness is proportionally related to the weighted variance of
the individual consumers’ cautiousness; and the subsequent analysis is an attempt to capture
this sort of indirect effects arising from heterogeneity. This formula therefore shows that the

heterogeneity in the individual consumers’ cautiousness increases the representative consumer’s



cautiousness, thereby making his risk tolerance, as a function of aggregate consumption levels,

more convex.

3.2 Responsiveness to state variables

Our first proposition is concerned with the representative consumer’s responsiveness to state
variables and how the risk-sharing rules depend on state variables. They are analogous to
equality (10) of Wison (1968), Theorem 1 of Amershi and Stoeckenius (1983), and equality (10)

and Proposition 3 of Gollier and Zeckhauser (2005), who dealt with heterogeneous impatience.

Theorem 1 For every (z,2) € Ry, X Z,

vzfi(xvz) = Si(fi(xvz)vz) (%’(fi(xaz)vz) - q(x,z)) ’ (7)
a2 = 3 DD ) 2, )

i
(7) implies that if an individual consumer is more responsive to state variables than the rep-
resentative consumer, his consumption level would be higher the higher the value the state
variable takes. On the other hand, if he is less responsive to state variables than the represen-
tative consumer, his consumption level would be lower the higher the value the state variable
takes. Moreover, the change in his consumption levels per unit change of the state variable is
proportional to his absolute risk tolerance. The proportionality of the change with respect to
the risk tolerance is quite intuitive: Even when he is more responsive to state variables than the
representative consumer, if he were quite risk-averse (s; (fi(z, 2), z) being quite low), then his
consumption would not be much affected by the state variable, making ‘8 fi(z,2)/ 825‘ almost
zero for every /.
(8) means that the representative consumer’s responsiveness is the weighted average of the
individual consumers’ counterparts where the weights are proportional to their absolute risk
tolerance. This is analogous to (6), which shows that the representative consumer’s cautiousness

is the weighted average of the individual consumers’ counterparts, with the same weights.

Proof of Theorem 1 The first-order condition for the maximization problem (2) is

Oui Ou

)‘Zaxi (fi(x>z)>z) = %(

x,z) (9)

for all i and (z,2) € Ry, x Z. By differentiating both sides with respect to z¢, we obtain

82ui 6f1 82’&1' OQU
5 (G o0 he )+ G (hw2).9)) = g (o)
By dividing both sides of (10) by those of (9), we obtain
ofi
oL (r.2) = i, 20,2) (4 il 20, 2) — ' ,2)) )



This implies, in the vector notation, (7). Also, by adding both sides of (11) and using Y, (0f;(x, 2)/92*) =

0, we obtain

(o2) = 3 M 0.2,

This implies, in the vector notation, (8). /]/

3.3 Risk tolerance

We are interested in how the representative consumer’s risk tolerance and responsiveness to
state variables changes as the value that the state variables take varies, when the individual
consumers’ counterparts are heterogeneous.

The following theorem generalizes a formula presented in the proof of Theorem 3.3 of Mala-

mud and Trubowitz (2006), in a sense to be made precise later.

Theorem 2 For every { and every (z,t) € Ry x R4,

881
Ozg E (fi(z,2),2)
si(fi(x,2)) [ Os; 0s
ote) 30 S (B 02,0 - 2200)) (o 2) - ' (0,2)).

i

(12)

This theorem tells us that the change in the representative consumer’s risk tolerance in response
to a change in state variables can be decomposed into two terms. The first term is easy to grasp.
As shown by (4), the representative consumer’s risk tolerance is the sum of the individual
consumers’ counterparts. Thus the first term represents the direct effect on risk tolerance by
the change in state variables. It is equal to zero when all individual consumers’ felicity functions
u; are multiplicatively separable.

By (6) and (8), the second term of (12) is equal to the weighted covariance, multiplied by
the representative consumer’s risk tolerance, between the individual consumers’ cautiousness
and responsiveness to state variables, where the weights are proportional to the individual con-
sumers’ risk tolerance. Since the second term would be zero if all consumers’ cautiousness or
responsiveness are equal to one another, it captures the tendency of changes in the represen-
tative consumer’s risk tolerance that arise from the heterogeneity in the individual consumers’

cautiousness and responsiveness.

Proof of Theorem 2 By differentiating both sides of (4) with respect to z¢, we obtain

gjg(% z) = Z <§j (fi(z, 2), )aﬁ(az z) + gSZ(fz(a: 2), )>

ZgS; (fiz,2), +Za (fiw, 2), 2)si(fila, 2). 2) (af (i, 1)) = a'(@,1))

(13)



where the last equality follows from (11). Since

> silfil@2).2) (i), 2) = d'(,2)) =0,

i

the second term of (13) can be written as

Z (gii(fi(:n,z),z) - ((;;(:L‘,z)> si(fi(w, 2), 2) <Qf(fi(x, 2),2) — qe(%z)) '

This is equal to the second term of the right-hand side of (12). ///

Corollary 1 Suppose that u; is multiplicatively separable for every i. Then

MWMM:ZﬂMWGM@m—i@@@m%fwM

s(z, 2) s(z, 2)
for every £ and every (z,t) € Ryy x Ry. Moreover,

1If (sy(fi(z,2)),. ., 85 (fi(z,2)) and (¢i(2),...,q7(z)) are comonotone (that is,
(s;(fi(:v, z)) — 85(fj(=, z))) (qf(z) - qf(z)) > 0 for every pair of consumers i and j), then
0s(w,2)/02" < 0. This weak inequality holds as an equality if and only if s} (f1(x,2)) =
=8y fi(w, 2)) or gi(z) = - = qj(2).

2. If (sh(fi(z,2)),...,s1(f1(z,2))) and (q{(z),...,q%(2)) are anti-comonotone (that is,

si(fi(w,2)) — s5(fj(z, z))) (qf(z) - qf(z)) < 0 for every pair of consumers i and j), then

0s(w,2)/02" < 0. This weak inequality holds as an equality if and only if s} (f1(x,2)) =
=84 (fr(z,2)) orgi(2) = - = qp(2).

This corollary (and also subsequent results) can be best understood by considering the case
where L =1, Z = R, and for every i, there exist a 7; > 0 and an 7; € R such that s;(z;) =
for every xz; and g;(z) = n; for every z. In this case, the felicity functions can be written as
ui(x4,2) = p(2)vi(z;), where

/v
L

=i and p;(z) = exp(n;2).

vi(x;) =
That is, v; exhibits constant relative risk aversion and the multiplier p; depends exponentially
on the state variable z. The advantage of this case is that the (anti-)comonotonicity condition
in Corollary 1 can be checked without knowing (z, z) or the f;. Also, this case best illustrates
the fact that it is implausible to impose multiplicative separability on the representative con-
sumer’s felicity function. Even if each individual consumer’s felicity function is multiplicatively
separable, the representative consumer’s need not, depending on how the cautiousness and re-
sponsiveness are correlated with each other. In particular, if they are (anti-)comonotonically

related, then it cannot be multiplicatively separable. As we will see later, this fact has an

10



important implication on when the representative consumer’s utility function can be written in

the expected utility form.

3.4 Derivatives of the responsiveness

We turn our attention to how the representative consumer’s responsiveness to state variables is

affected by the change in aggregate consumption levels or in state variables.

Theorem 3 For every ¢ and (x,z) € Ry X Z,

¢ S; i\ r,2), 2 2 E
) =3 (D) I (10,2,

s(z, 2)

i

+ 1 Zz: si(fi(x, 2)) (gz (fi(z,2),2) — gi@,;:)) (qf(fi(w,z)) _ qz(%z)) .

s(z, 2) s(z, 2)
(14)
Just as Theorem 2, this theorem tells us that the change in the representative consumer’s

impatience can be decomposed into two terms. The first term is easy to grasp. By (5), the first

term can be rewritten as

si (fi(z,2),2) (94! af;
5o B2k (B (0,29, P )

s(z, 2) ox;

%

Here, the term (0q¢; (fi(x, 2),2) /0z;) (Ofi(x, z)/0x) is the change in the responsiveness of con-
sumer ¢ arising from the increase in his consumption level, which, in turn, caused by an increase
in the aggregate consumption level. Thus the first term represents the direct effect on the rep-
resentative consumer’s responsiveness by the change in aggregate consumption. It is equal to
zero when all individual consumers’ felicity functions w; are multiplicatively separable.

The second term is equal to the weighted covariance, divided by the representative con-
sumer’s risk tolerance, between the individual consumers’ cautiousness and responsiveness,
where the weights are proportional to the individual consumers’ risk tolerance. Since the second
term would be zero if all consumers’ cautiousness or responsiveness are equal to one another,
it captures the tendency of changes in the representative consumer’s responsiveness that arise

from the heterogeneity in the individual consumers’ cautiousness and responsiveness.

Proof of Theorem 3 By (8),

s(x,2)q (2, 2) = Y si(filw, 2), 2)4; (fil, 2), 2)- (15)

i

11



By differentiate both sides of (15) with respect to z, we obtain

0s , oq"
2 (@, 2)a(2,2) + (2, 2) S (2, 2)

-3 (gf;(fi(x,z),z)%’;(x,z)qf (fi(z,2), 2) + si (fi(z, 2), 2) gf: (fi(x, 2), z@ﬁ"(m) '
Thus
@) =5 > (e )2 % i, 2) w2
e (Z (i 2),2) S 0 2 (2 2).2) = 5o 2 z>)

)

:; (81 (fz‘(w,z),z)>2 ZQf (Fi(2.2). 2)

Si (fi(JI,Z),Z) 0Os; 0s
i ) <zz: s(z,z) Oz (fil,2). 2)d (filw,2),2) - %(w’Z)qK(x,Z)) ’

s(z, z i

where the last equality follows from (5). By (4), (6), and (8),

Os

Z M@(ﬁ(m,z)az)% (filw,2),2) = 5~ (2, 2)q" (z, 2)
- x Z) Ox; Oz

=3 M (25 () - o02) ) (dhCte2) — e 2).
The proof is thus completed. /1]

If all the u; are multiplicatively separable, then

aq" 1 si(fi(z)) (. s ¢ ¢
—(z,2) = s:(filx,z2)) — —(x, 2 (z2)—q (x, 2 16
50 ) = ) 2 s (U go2) (¢:) = d'(@2))  (16)
for every ¢ and (z,z) € R4+ x Z. Just as Corollary 1, this shows that the representative
consumer’s utility function is unlikely to be multiplicatively separable even the individual coun-
terparts are, unless their cautiousness and responsiveness has exactly zero covariance.

We next give a formula for 0¢‘(x, z)/02*, which shows how the representative consumer’s

responsiveness to one state variable z¢ is affected by a change in another state variable z*.
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Theorem 4 For all ¢, k, and (z,z) € R4+ X Ry,

0
=
Si\Ji\x,2), 2 ¢
—y SR (fe,20,2)

s(z, 2) ox;

+ 3O ()0 - o). a7

This theorem tells us that the changes in the representative consumer’s responsiveness to
state variables can be decomposed into four terms. The first term is easy to grasp. As shown by
(8), the representative consumer’s responsiveness is equal to the weighted average of the individ-
ual consumers’ counterparts, where the weights are proportional to their risk tolerance. Thus
the first term represents the direct effect, by the change in state variables, on the representative
consumer’s responsiveness, while the weights are hypothetically fixed.

The third and fourth terms represent the change in the representative consumer’s respon-
siveness caused by the impact on the individual consumers’ responsiveness by the change in
consumption levels and the impact on the individual consumers’ risk tolerance by state vari-
ables. These terms are equal to zero if all consumers’ felicity functions are multiplicatively
separable.

The second term is most interesting. It represents the impact on the representative con-
sumer’s responsiveness when the individual consumers have differing responsiveness. As men-
tioned above, the representative consumer’s responsiveness is equal to the weighted average of
the individual consumers’ counterparts, and the weights are proportional to their risk toler-
ance. If their responsiveness is different, then the risk-sharing rules f; would depend on the
state variable zF; that is, the partial derivative df;(z,2)/02* would be different from zero.
Unless the cautiousness, 9s;(fi(z,2),z)/0x;, is zero (which would be the case if u; exhibited
constant absolute, rather than relative, risk aversion), the change in consumption levels has an
impact on the individual consumers’ risk tolerance, and thus on the representative consumer’s
responsiveness, which is the weighted average of the individual consumers’ responsiveness, with
the weights given by their risk tolerance. The second term, therefore, captures the change in
the representative consumer’s responsiveness arising from the heterogeneity in the individual

consumers’ responsiveness.
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Proof of Theorem 4 By (8) and differentiation for a product,

Z‘{(ac):dek(w”)q i), +Zsl 02 (df (e, 2))

s(z, 2)
(18)

By (7)

4 (il 2),2)

dzk < s(z, 2) )

0s; 0s;
787531”1(%72) Z)aif z,2) + @(fz(m,z) ?) si(fi(z, 2),2) Os (z,2)

s(z, 2) 02k s(z, 2) (s(z,2))2 0k

85Z

+Zak

where we used (8) to obtain the second term on the far right hand side.

) 2)

(af (i@, 2),2) = d' (@, 2)) (19)
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9q of; dqt
:6362 (fi(z, 2),2) &fk (x,2) + 8Zk (fi(z, 2),2)
: 4
:gi’; (filw,2),2) 51 (fi(w.2), 2) (af (fil, 2),2) = a"(w,2)) + % (filz, 2),2).
Hence,
si(filz,2),2) d
ZZ: (J;((I‘,z)) )dzk (Qz (fz(xvz)vz))
_ Si(fz(zaz)az) aqlé
_Zi: Sw2)  oF (fi(z,2),2)
si(fi(z,2), 2) ¢
+ ZZ: Waxi (fi(z, 2), 2) si (fi(x, 2), 2) (qfC (fi(z,2),2) — qk([,c7 Z)) . (20)
Thus, by (29), (19), and (20), we obtain (17). /1]

The right-hand side of (17) in Theorem 4 can be much simplified if we concentrate on
the case of multiplicatively separable felicity functions. Moreover, it is much more illustrative
to represent the resultant equalities in the matrix notation. We regard ¢;(z;) and ¢(z,z) as

L-dimensional column vectors and define the partial Jacobian matrix D,q(x, z) by

gt Oq"
97 gr(®)
qu($72) = S RLXLv
ol gt
ﬁ(%z) @(%Z)

and similarly Dg;(z) € RF*E.

The following corollary follows from Theorem 4 and (8)

Corollary 2 Suppose that u; is multiplicatively separable for every i. Then

aqt si(fi(z,2)) 0 f
-5 22

T E; W%(ﬁ(% z)) (qf(Z) — ¢"(x, z)) (qf(z) — ¢"(x, z))

forall 4, k, and (x,z) € Ryt X Z. In the matriz notation,

si(fi(z,2))

s(z, 2)

D.g(w,2) =)

i

Do)+ Y D f.9) () - e, 2) @) - e 2)

(21)
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The formula (21) is rich in qualitative implications, as the following corollary shows.

Corollary 3 Suppose that u; is multiplicatively separable for every i.

1. If si(fi(x, 2)) > 0 for every i, then

Daglarz) - Y0 S py (22)

s(x, 2)

is positive semi-definite. If si(f;(x,2)) > 0 for every i and there is no hyperplane of R*
that contains all the q;(z), then it is positive definite.

2. If si(fi(z,2z)) < 0 for every i, then (22) is negative semi-definite. If si(fi(z,z)) < 0 for
every i and there is no hyperplane of R that contains all the q;(2), then it is negative
definite.

3. If Dq;(z) is positive semi-definite and s;(fi(z,z)) > 0 for every i, then D,q(z,z) is pos-
itive semi-definite. It is positive definite if Dq;(z) is positive definite for some i, or if

st(fi(x,2)) > 0 for every i and there is no hyperplane of RY that contains all the g;(2).

4. If Dq;(z) is negative semi-definite and s;(fi(z,z)) < 0 for every i, then D.q(z,z) is
negative semi-definite. It is negative definite if Dq;(z) is negative definite for some i, or

if si(fi(w,2)) < 0 for every i and there is no hyperplane of RY that contains all the q¢;(z).

Part 1 of Corollary 3 establishes an impact of the individual consumers’ heterogeneous
responsiveness on the representative consumer’s responsiveness. To see this, recall that by
(8), the representative consumer’s responsiveness is equal to the weighted average of the indi-
vidual consumers’ counterparts, where the weights s;(fi(x, z))/s(z, z) are proportional to risk
tolerance. Then, by (21), (22) is the difference between the derivative of the representative
consumer’s responsiveness and the “fictitious” derivative of his responsiveness when the weights
are hypothetically fixed. It is equal to zero if and only if the responsiveness is identical across
consumers, that is, ¢1(z) = --- = ¢z(2). Thus, (22) represents the bias in the estimation of the
derivatives of the representative consumer’s responsiveness, D,q(x, z), when the heterogeneity
in the individual consumers’ responsiveness is erroneously ignored.

In the appendix, we show that if s/(fi(x,2)) > 0 for every 4, then this impact on the
representative consumer’s responsiveness can be formalized as a convexifying effect. Specifically,
we show that if we construct a fictitious economy consisting of consumers having the same risk
tolerance as the true one (represented by the s;) but different responsiveness from the true
ones (represented by the ¢;) in such a way that the heterogeneity in the individual consumers’
responsiveness is absent, then the logarithmic transformation of the marginal utility function of
the (true) representative consumer is more convex than the fictitious representative consumer’s
counterpart, and the difference between the Hessian matrices of these two is equal to (22), which

is positive semi-definite.
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4 Applications

The argument in the preceding sections are fairly general. We shall now discuss how the results
in the general argument can be applied to more specific settings. We will see that many results

in the existing literature can be derived from our results.

4.1 Heterogeneous beliefs

Suppose now that for each ¢ = 1,...,I, consumer i has a subjective probability measure P;
on (€,.#) and a state-independent felicity function v; : Ry — R. His utility function U; is
defined as the expected utility function

lM@—A%MWW%WL

where ¢; : Q — R, .
We impose two conditions on the P;. First, for every ¢, P; and P are mutually absolutely
continuous. Let dP;/dP :  — Ry be its Radon-Nikodym derivative. Second, there are
a positive integer L, an open subset Z of R, a measurable mapping h : Q — Z, and, for
each i, a twice continuously differentiable function p; : Z — R, such that P;/dP = p; o h.
This assumption means roughly that although the subjective probabilistic belief of consumer
may be different from the objective (natural or physical) probability measure P, the likelihood
ratio for any given state between the two is a function of finite-dimensional state variables; and
the dependence can be made twice continuously differentiable. Define u; : Ry+ X Z — R by
ui(x;,2) = pi(2)vi(z;). Then
i) = [ wites@) G ) dPw) = |
Q

Q

vi(ci(w))pi(h(w)) dP(w) = /Quz'(cz'(af), h(w)) dP(w).
This shows that the expected utility function generated by a felicity function v; and a subjective
probabilistic belief P; satisfies the assumptions for the state-contingent utility function u; stated
in Section 2.

For these u; and \;, solve the simplified maximization problem (3), denote the solution by
(fi(z,2),..., fr(z,2)), and define the value function by u(x,z) = >, Nu;(fi(z, 2)). This is
the representative consumer’s felicity function, and his overall utility function U is defined by
U(c) = E (u(c,h)). In general, u is not multiplicatively separable and, as has been studied by
Wilson (1968), there is may not be any probability measure on (€2,.%#) with respect to which U
can be written in the form of expected utility. However, following Gollier (2007), we define his
probabilistic belief via its Radon-Nikodym derivative, which in general depends on the aggregate
consumption level x.

5

Specifically, assume that w +— Ou(x,h(w))/0z is P-integrable for every x.> Define p :

5We will later see that this assumption is irrelevant, because we will only be interested in the percentage
change in probabilities caused by a change in state variables, and any constant multiple has no effect on the value
of any percentage change. Moreover, the following definition of p involves h, but, as far as the percentage change

17



R,y xZ— Ry, by

N -
’ E <gz(x, h)>

If u were multiplicatively separable, so that u(z, z) = p(z)v(x) for some functions v and p with
E(p(h)) =1, then

p(2)v'(z)
E(p(h))v'(x)

Thus p(z,-) = p for every z. Therefore, p (or, more precisely, p(x, h(-))) is a natural generaliza-

= p(2).

p(l‘,Z) =

tion of the Radon-Nikodym derivative of the representative consumer’s subjective probabilistic

belief. Since multiplying a positive constant does not affect g,

9 (z,2)
1 . 9t z,z _d
q(x,2) = mvzp(%z), that is, ¢(z, 2) = ) it (Inp(z,2)). (23)

Hence ¢(z, z) is the percentage change in the likelihood ratio of the representative consumer’s
subjective probability relative to the objective probability due to a unit change in the ¢-th state
variable z¢, when the aggregate consumption level is . Similarly, qf(z) is the percentage change
in the likelihood ratio of consumer i’s subjective probability relative to the objective probability
due to a unit change in 2.

We shall now apply the results in Section 3 to obtain some results regarding the represen-
tative consumer’s probabilistic belief. First, by (23) and an analogous equality for each ¢;(2),

(8) can be rewritten as
a2 (i) ot
024" _ S$ilJilZ,2)) 9L
2w ne 2y

p(z, 2)

for every £ and (z, z). That is, the percentage change in the likelihood ratio of the representative
consumer’s subjective probability relative to the objective probability due to a unit change in
a state variable is equal to the weighted average of the individual consumers’ counterparts,
where the weights are proportional to their risk tolerance. (24) implies (8) in Proposition 3 of
Gollier (2007). In particular, the percentage change in the likelihood ratio of the representative
consumer’s subjective probability is more biased towards those of more risk-tolerant consumers.
Note however that (24) does not claim that the likelihood ratio of the representative consumer’s
subjective probability relative to the objective probability is equal to the weighted average of
the individual consumers’ counterparts, with the weights proportional to risk tolerance, which

would be expressed as

plan) = 30 R ), )

This equality, in general, does not hold. One of the reasons for this is that if we define p :

is concerned, it does not matter.
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R,y xZ— Ry, by

s(z, 2)

! (20

then its expected value E (p(x, h)) need not be equal to one. But this is not an essential cause
for discrepancy between p(z,z) and p(z,z), because we can divide p by a positive constant

(E (p(x,h)) without affecting affecting its responsiveness

q(x,z) = = Vplz, z), 27
(@.2) = 5 Vile. ) (21)
and a discrepancy may well remain between ¢(z, z) and §(«, z). The following proposition shows

that this discrepancy is related to the correlation between the p;(z) and the g;(2).

Proposition 1 Suppose that u; is multiplicatively separable for every i. If we define p: Ry X
Z — Ry, by (26) and G: Ry x Z — RE by (27), then, for every ¢,

i)' 2) = 5 3 DD () 1) (i) - o, 2) (a(2) - ')

p(z, 2) s(z, 2)

(28)

Proof of Proposition 1 By (26) and differentiation for a product,

=3 gy (DAY o) S A EE DD D)

021 - dzt s(z, 2) - s(z,z)  02¢
By (7),
A (sUie2)
dz* ( s(z, 2) >
:S{L(fz(x>z)) 8f1 (:E Z) . Sl(fz(xvz))ﬁ(x Z)
s(z,z) 0247 (s(z,2))2 026
(fie,2)) e
_SilJilz, 2z , ‘ o0zt
= sl si(fi(z,2)) <Qf(fz(x72)) - qe(x’z)) T slma)
By (4),

R ()
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Thus, by (26),

Z Jne)

ijg<slf2xz
=% 4 (YD) 1) - o)

(2

= SZ(S zf;) i(fiz, 2)) (Qf (2) = qf(g;,z)) (pi (z) — p(x, 2))

)
7

B Z S fzxxzz (x Z) (pi (Z) ﬁ(x Z))
_Z = fzxxzz i(fi(z, 2) (pi (2) — Pz, 2)) (qe( )= d'(z, ))' (30)

On the other hand, since dp;(2)/02° = p;(2)q}(2),

1 si(fi(x, 2)) Op;
p(z, 2) Z (Sf(l(', z) ) 61275 () ~d'(@.2)
o 5 R (gl e) ~ e (. 2)
o 5 () =) (o ) - (o) (1)

Thus, by (29), (30), and (31), we obtain (28). ///

The following example shows that in a two-consumer economy, when the two consumers
have constant and equal relative risk aversion and the beliefs are given by gamma distributions,
then the representative consumer’s belief predicted by p puts higher probabilities on upper or

lower tails than the true representative consumer’s belief.

Example 1 Let Q =Z =R, .¥ = A(R+}), h(w) = w for every w, and P follow the gamma
distribution with parameters (x,0), so that its density function (Radon-Nikodym derivative
with respect to the Lebesgue measure) is

0/‘6

I'(x)

2" Lexp(—02).

Note that this is the exponential distribution with parameter 0 if Kk = 1. Let I = 2 and both
consumers have constant and equal relative risk aversion 3. As for their beliefs, P; follows
the gamma distribution with parameters (k,6;), where 6; < 6. Note that the parameter x is
common across P, P, and Ps.

Then



The right-hand side of (28) is equal to®

1 + 1/5 Z Si fz x,2) (pi(2) = p(x,2)) (¢:i(2) — q(z, 2)) .

Thus §(z, z) — q(z, 2) z 0 if and only if p;(2) z p2(z), which is equivalent to

Iy —Ino
22K7n2 1o

< -6
Denote the right-hand side by z*. Then

< <
G(z,z) —q(z,z) ¢ = p0if z2< = 3 2" (32)
> >

We shall now explore an implication of (32) on the discrepancy between p and p. Recall first
that E (p(xz,h)) = 1. Let Py be the probability measure on R, such that dPy/dP = p(z,h).
By dividing p(z,-) by E (p(x,h)), we can assume that F (p(z,h)) = 1. Then

IM W)= IM Z, hlw w) = H(z, h(w w) =
/R++ p(z, h(w)) 4Fo(e) /R++ p(x,h(w))p( i(w)) dP(w) /R++p( ,h(w)) dP(w)

Since

i(e.2) ~ o 2) = 5 (w222,

(32) implies that the likelihood ratio p(zx, z)/p(z, 2) is a strictly decreasing function of z on
(0, z), is a strictly increasing function of z on (z*,00), and attains its unique minimum at z*.

Thus, p puts more probabilities on at least one of the upper and lower tails than p.

Remark 1 The quadratic utility functions, v(z) = (—1/2) (z — d)* with a constant d, have
been used in the Capital Asset Pricing Model. These functions do not conform to the setting of
this paper, because v'(x) < 0 for every x > d and the Inada condition is not satisfied on R, .
However, if we take the open interval (—oo, d), which is bounded from above but not bounded
from below, as the domain of v, then v”(x) < 0 < v/(x) for every = € (—o0,d) and the Inada
condition is satisfied, that is, v/ (x) — 0 as * — d and v’ (x) — oo as * — —oo. Moreover, let
s : (—o00,d) be its risk tolerance, then s(z) = d — z and hence s'(x) = —1 for every x. Hence v
exhibits increasing absolute risk aversion and its cautiousness is constantly equal to zero. We
shall now prove, as suggested by (28), that if every consumer has a quadratic utility function,
then p and p coincide with each other up to a scalar multiplication.

Indeed, let u; : (—o0,d;) X Z — R be the felicity function of consumer i, where wu;(z;, z) =

5Given the constant and equal relative risk aversion 3, it can be shown that neither p(z, z) nor p(x, z) depends
on z. Thus, we could write p(z) for p(z, z) p(z) for p(z, 2), q(2) for q(=, 2), G(2) for 4(=x, z), and s(z) for s(z, z).
In particular, the representative consumer’s felicity function w is multiplicatively separable and his overall utility
function U; can be written in the expected-utility form.
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pi(2)vi(z;) and vi(x;) = (=1/2) (z; — d;)*. For the maximization problem (3) with these felicity
functions, we can define the representative consumer’s utility function u : (—oco,d) x Z — R,
where d = > d;. It can be easily shown that

w(w, z) = M (-é) (d—a)2.

%

Thus, the representative consumer also has a multiplicatively separable, quadratic utility func-

tion and we can take

O P ——
Z (Aipi(2)) ™
Moreover, the efficient risk-sharing rules fi,..., f; are given by
(Nipi(2)) ™!
dz_fi(x7z): (l’,Z).
> (i)t
J
Thus 1
si(fi(z,2)) _ (Aipi(2))
s(2) > pi(2)
J
Hence

ZZ’“ 0= (X))

Therefore, p and p coincide with each other up to scalar multiplication, and ¢ and ¢ coincide

with each other.

Next, we show, within the same parametric family as Example 1, if we ignore the hetero-
geneity in belief, then we underestimate the fatness of the upper and lower tails of the density
function of the representative consumer’s belief, and hence the prices of the call and put options

written on the aggregate consumption.

Example 2 Let Q= Z =R, ¥ = B(R,; ), h(w) = w for every w, and P follow the gamma

distribution with parameters (k,0), so that its density function (Radon-Nikodym derivative
with respect to the Lebesgue measure) is
9/{

(k)

Note that this is the exponential distribution with parameter 6 if x = 1. All consumers have

K

Wl exp(—02).

constant and equal relative risk aversion . Assume that 8 < k. As for their beliefs, P; follows
the gamma distribution with parameters (k,6;). Note that the parameter x is common across
P and the P;, but #; need not. The Radon-Nikodym derivative of P; with respect to P is given
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%
pi(w) = (Z;) exp(—(0; — o)w) and hence g;(w) = —(0; — o).
for every i and w. Assume that the 6; are not completely equal. Then, by (21), d¢(z,w)/0w > 0
for every w.

Since si(z%) = 1/ for every i and %, dq(x,w)/dx = 0 by (16). Hence u is also multi-
plicatively separable. Moreover, although the proof is omitted here, it is possible to show that
u also exhibits constant relative risk aversion 3. We can thus write u(z,w) = p(w)v(z), with
§'(x) =1/ for every z and ¢'(w) > 0 for every w.

The aggregate consumption is given by ¢ :  — R, such that ¢(w) = w. Thus the hetero-
geneous probabilistic beliefs can all be interpreted as those regarding the aggregate consumption
levels. We assume that both E (pv/(¢)) and E (pv'(c)c) are finite.

Let’s now imagine that a modeler erroneously assumed that all consumers have the same
belief, which is given by the Gamma distribution with parameters (k, é), where

~ E(pV(c
= Fpos " )
Thus, the representative consumer’s belief is also given by the Gamma distribution with pa-
rameters (k, é) The fictitious representative consumer’s utility function 4 is given by 4(z,w) =
P(w)u(x), where §(w) = () /p(w) = —(6 — o).
Definem: Q2 — Ry, and 7: Q — R, by

P)(clw))

ey = PO )
B (pv(0))

E (pv'(c))

and 7(w) =

Then 7 and 7 are the state-price deflators, with the risk-free bond being the numeraire, when
the representative consumer has the subjective probability densities p and p, respectively.” In
fact, E(m) = E(7) = 1. Note that p(w)/p(w) = 7(w)/7(w) for every w. It can be derived from
(33) that E(wc) = E(7tc), that is, m and 7 give the same price for the aggregate consumption c.

By this property and ¢/(w) > 0 = ¢’(w), we can show that p(w)/p(w) is a strictly convex
function of w, taking value 1 at exactly two points in €2. This means that the density p, which
correctly recognizes the heterogeneity in beliefs, is more dispersed (puts higher probabilities
on both upper and lower tails) than the density p, which incorrectly ignores the heterogeneity
in beliefs. Following the argument of Proposition 1 of Franke, Stapleton, and Subrahmanyam
(1999), we can derive from this fact that E(7d) < E(wd) for every convex and nonlinear
d: Ry — R. This means that any derivative asset, whose payoff is a convex and nonlinear
function of the aggregate consumption, is underpriced if the heterogeneity in beliefs is ignored.
In particular, since both call and put options have convex and nonlinear payoffs, the option

prices are underestimated by erroneously assuming homogeneous beliefs.

"In other words, for each d : @ — R, E(nd) and E(#d) are the prices for the forward contract promising to
deliver d.
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4.2 Heterogeneous impatience

Although we assumed in Section 2 that there is only one consumption period, the present
formulation of state-dependent utilities can accommodate utility functions in a continuous-time
setting. In this subsection, we show how this can be done by following Hara (2006).

Let R, = [0,00) be the time span and F' = (%),cg, be a filtration, describing the way
in which the information on € is gradually revealed. Let J# be the set of all Ry -valued
progressively measurable stochastic processes, that is, the set of those ¢ = (¢¢)icr, such that
the restriction of ¢ on Q x [0,¢] is (% ® A ([0, t]))-measurable for every ¢t € R;. Denote by n
the Lebesgue measure on R .

We assume that each consumer ¢ has a utility function U; over consumption processes in ¢
of the form F < / exp(—p't)vi(ch) dn(t)), where p; is a strictly positive number representing
Ry

his impatience, v; : R4y — R be a felicity function satisfying the assumptions in Section 2,
and ¢! = (c;{)teR+.8

We now show how this class of utility function can be written in the form (1) of state-
dependent utilities in Section 2. Let .# be the set of all subsets M of €2 x R, such that
MnN(Qx[0,T]) € % @ Z([0,t]) for every t € Ry. Then .# is a o-field of Q x R, and %
coincides with the set of all Ry -valued .#Z-measurable stochastic processes. For each p > 0,
denote by n” be the probability measure on R, following the exponential distribution with
parameter p, that is, its density function is given by ¢ — pexp(—pt). Then the product measure

space (X X Ry,.#,P ®nP) is a probability measure space. Then, by Fubini’s Theorem,
Ui(ci) = pi_l / v; (ci(w)) d(P®nf).
QXR+

Since 02(P & )
almen?) _ P “(pi —
d(P@)n,))(w,t)—pexp( (pi —p)t),

Lexp (= (p; — p)) and w; (2%, t) = v;(x")p;(t), then

if we define p;(t) = p~

Uiy = o [ wld) % oxp (= (5= p)0) d (P &)

8To be exact, the utility function U; is defined only on the set of those ¢* for which the expected utility is
finite. The details on how to modify the domain of U; taking this fact into consideration can be found in Hara
(2006).
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Thus U; can be written in the form of (1).? Note that

@(t) = ~(pi = p)

and hence the subjective discount rate of consumer i is equal to p — ¢;(2).

Let u: Ry+ x Ry — R be the representative consumer’s felicity function and s : Ry X
R, - Rand q: Ry Xx R. — R be his risk tolerance and responsiveness to time (state
variable). Then, just as in the case of individual consumers, p — q(z,t) is the discount rate for
the representative consumer. We now look into how the representative consumer’s discount rate
is affected by the heterogeneity of the individual consumers’ discount rates and cautiousness.

First, by (8),

p—qlz,t) = Z Ww- (34)

This means that the representative consumer’s discount rate is the weighted sum of the indi-
vidual consumers’ discount rates, where the weights are proportional to their risk tolerance. It
has been already established by Gollier and Zeckhauser (2006, Proposition 3).

Second, by (16),

ixp—aaww:d;wz;&géﬁﬁ)Gxﬁuxn—gjmw)un—@—qwxny

This means that the representative consumer’s discount rate is higher at higher consumption
levels if and only if the weighted covariance between the individual consumers’ cautiousness
and discount rates is positive; and his discount rate is lower at higher consumption levels if
the covariance is negative. Since it is quite possible that the covariance is different from zero,
this formula case doubts on the prevalent use of consumption-independent discount rates in the
representative-consumer model.'?

Third, by (21),

i 0w =~ 30 S ) 1= (0= (o).

)

This shows that the if the individual consumers risk tolerance is increasing (equivalently, their
absolute risk aversion is decreasing) as in the case of constant relative risk aversion, then the
representative consumer’s discount rates decreases over time. Gollier and Zeckhauser (2006,
Proposition 5) established the same conclusion, but without obtaining any formula relating the

time derivative of the representative consumer’s discount rates to the the individual consumers’

9To be exact, since the time span Ry is not an open subset of R, u; does not satisfy all the conditions of
Section 2. However, u; is twice continuously differentiable at the boundary point 0 of R4, all the general results
in 3 are applicable to u,.

10For example, if all individual consumers exhibit constant relative risk aversion and the coefficients of constant
relative risk aversion and the subjective discount rates are comonononically or anti-comonotonically related, then
the covariance is strictly positive or strictly negative, unless either of the relative risk aversion coefficients or the
discount rates are completely equal across all individual consumers.
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counterparts. The above formula case doubts on the prevalent use of constant discount rates in
the representative-consumer model.

Note that the discount rates can be independent of aggregate consumption levels and yet
decreasing over time. In particular, this is the case if all consumers exhibit constant and equal
relative risk aversion. In such a case, Gollier and Zeckhauser (2006, Section IV) showed that
the representative consumer’s discount rate may be a hyperbolic function of time. Hara (2007)
identified the class of discount factors that can arise from the consumers of constant and equal

relative risk aversion.

5 Conclusion

We have investigated implications of heterogeneous responsiveness to state variables in an econ-
omy populated by multiple consumers who have state-dependent expected utility functions.
We have established some formulas showing how the representative consumer’s risk attitudes
will be changed by state variables and how the change in aggregate consumption levels affect
his responsiveness to state variables. These formulas clarify when and, if so, how, his felicity
function fails to be multiplicatively separable. We have also found a formula showing how his
responsiveness to one state variable is affected by a change in another state variable.

We have applied these formals to analyze the consequences of heterogeneity in probabilistic
beliefs and time discount rates. Among other results, we have shown that the representative
consumer may not have any constant discount rate or any probability measure with respect to
which his expected utility is calculated. We have also shown that his discount rate is likely to
be decreasing over time and his probabilistic belief is likely to be more dispersed than individual
consumers’ beliefs.

There are many interesting directions of future research. First, given that our specification
of state variables can be multi-dimensional, we should look into the consequence of the joint
heterogeneity in probabilistic beliefs and time discount rates. Second, the case of multiple goods
should be investigated: although it is possible to set up the welfare maximization problem (3)
taking = as multi-dimensional, such multi-dimensionality makes the characterization of the
risk-sharing rules more complicated. It may be more promising to apply the results here to the
indirect functions taking the spot prices as state variables. Third, we should explore implications
of our results to asset pricing in continuous time. Such implications may also help us to judge
which, say, term structure models are deemed as more plausible than others based on equilibrium

considerations in a heterogeneous economy.

A Formalization of the Convexifying Effect

We claimed, after stating Corollary 2, that the heterogeneity in individual consumers’ respon-
siveness to state variables gives rise to a convexifying effect. But we did not specify exactly

which function is made more convex by the presence of such heterogeneity. In this appendix,
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we define a function that is to be made more convex, thereby giving a precise meaning to the

convexifying effect.

A.1 Logged marginal utility functions

First, for the subsequent analysis, we introduce the concept of a logged marginal utility func-
tion. Let u: Ry X Z — R be a state-contingent felicity function having the properties stated
in Section 2, such as (at least) twice continuous differentiability, positive first partial deriva-
tives and negative second partial derivatives with respect to the consumption level, and Inada
condition. Then define w: R4y X Z — R by

w(z,z) = In <8x(:c, z)>

for every (z,z). We call this the logged marginal utility function derived from wu. It is easy to
show that w is (at least once) continuously differentiable and satisfies dw(z, z)/0z < 0 for every
(z,z), and, for every z, w(z,z) — —oc as x — oo and w(z,z) — oo as © — 0. Conversely, for

any such function w: Ry x Z — R, if we define vw: Ry X Z — R by

ule,2) = / " exp (w(y, 2)) dy, (35)

then u satisfies the properties stated in Section 2. Moreover, the logged marginal utility function
derived from u coincides with the given w. Furthermore, if we start with a felicity function u,
derive the logged marginal utility function w, and then define a new function 4 : Ry, X Z — R
by the right-hand side of (35), then the difference @(x, z) — u(x, z) depends only on z. Since
adding to a felicity function a function that depends only on z does not change the solution
to (3), we can conclude that there is an essentially bijective correspondence between felicity
functions and logged marginal utility functions.

Let w be the logged marginal utility function derived from u and g be the responsiveness
to state variables of u. It is easy to show that q(z,z) = (V,w(z,2))" for every (z,z). That is,
for each z, w(x,-) : Z — R is a potential function of the vector field ¢(x,-) : Z — RF. Thus,

D.q(z,2) = V2w(z, 2) and, in particular, D,q(z, z) is a symmetric matrix for every (=, z).

A.2 Fictitious representative consumer

In this subsection, we construct a fictitious representative consumer. A fictitious representative
consumer is derived from a group of individual consumers who have the same risk attitudes as the
true ones but different responsiveness in such a way that they all share the same responsiveness
at some given value z* of state variables.

For each i, let u; be the felicity function of consumer ¢, which is multiplicatively separable.
Write u;(x;, z) = pi(2)vi(x;). By solving (3), we obtain the risk-sharing rules f; : Ry X Z —
R, one for each consumer, and the representative consumer’s felicity function v : Ry X Z —

R. Let w: Ryy X Z — R be the logged marginal utility function derived from wu. Let
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(z*,2") € Ryy x Z.

For each i, define ¢; : Z — R by ¢i(z) = Inp;(z). Then define ¢; : Z — R by ¢;(z) =
pi(2) + (a(a*,2%) — (=) (2 — 2°) for every 2. Then Vi(2) = Viga(2) + (ql(a*, #*) — i (")) "
and V2p;(2) = V2¢;(z) for every z, and @;(2*) = ¢;(2*) and V@;(2*) = q(x*, 2*%).

Then define 4; : Ryy X Z — R by U;(x;,2) = exp (¢(2)) vi(x;) for every (x;,z). Let w;
be the logged marginal utility function derived from u;, §; be its risk tolerance, and §; be its

responsiveness to state variables. Then,

Wiz, 2) = Invj(z;) + (2),

$i(wi, 2) = si(x4, 2),

Gi(wi, 2) = qi(z) + (q(27, 2") — @i(2")),
D.qi(zi, z) = Dgi(z)

for every (z;,z). We can thus write ¢;(z) for ¢;(x;,z). Then ¢;(z*) = q(x*, 2z*) and Dg;(z*) =
Dg;(z*). In words, by constructing u; out of u;, each individual consumer’s risk tolerance s; is
kept as before, while his responsiveness to state variables, g;, is shifted so that all individual
consumers share the same responsiveness q(z*, z*) at z = z*.

By solving (3) where the u; are replaced by the 4; but the original utility weights \; are
retained, we obtain the risk-sharing rules fz : Ry xZ — Ry, one for each consumer,
and the representative consumer’s felicity function @ : Ry x Z — R. We call 4 the fictitious
representative consumer’s utility function. Let W be the logged marginal utility function derived

from .

A.3 Proof of the convexifying effect

In this section, we prove that the (true) representative consumer’s logged marginal utility func-
tion w is more convex than the fictitious representative consumer’s logged utility function w
around (z*,z*). Since the only difference between the w and the w is that the former involve
heterogeneous responsiveness at z* but the latter do not, the additional convexity of w around
(z*, z*) can be attributed to heterogeneous responsiveness involved in the construction of w.

Let § be the risk tolerance of @ and ¢ be the responsiveness to state variables of 4. Using the
first-order condition, it is easy to show that f;(z, 2*) = f;(z, z*) for all i and z. This implies that
w(z, 2*) = u(x, 2%), w(zr,2z*) = w(z, 2*), and §(z, z*) = s(z, z*) for every x. Thus, @ represents
the same risk attitudes as u whenever z = z*. Moreover, since ¢;(z*) = g(z*, 2*) for every i, (8)
implies that

Q" 2%) = qla*, 2*).

Thus @ represents the same responsiveness as u at (z*, z*). Since ¢(z*,2*) = D,w(z*, z*) and
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q(z*,2*) = Dyw(x*, 2*),

w(z*, 2") = w(z*, 2"),

V. (z*, 2*) = Vyw(x™, 2%).

That is, @ coincides with w around (z*,2*) up to the first order. Yet, we shall now prove
that V2(x*, z*) is, in general, not equal to VZw(x*, z*). Rather, the difference V2w (z*, 2*) —
V2w(z*, 2*) is positive semi-definite if s}(x;) > 0 for every x;, that is, the u; exhibit decreasing
absolute risk aversion. This means that w is more convex than @ around (z*, z*).!!

The proof goes as follows. Since §1(z*) = -+ = §7(2*), by applying Corollary 2 to ¢, we
obtain

Do) = 3y 2 D) = 3 M D ).

s(z*, z%)
Thus, by applying Corollary 2 to ¢, we obtain

si(fi(z",2%))

D.q(a*,2%)=D.g(z",2%) = ) s(a®, 2 s(fi@,2) (@(z") — a(a,2%)) (@:(=") — q(a",2)) T

%

Since the left-hand side is equal to V2 (x*, 2*) — V2w(x*, z*) and the right-hand side is positive

semi-definite, this completes the proof.
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