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Abstract

Investors facing restrictions on the portfolios that they can trade, is more of a norm 
than an exception. We consider a model in which agents portfolio sets are constrained, 
i.e. their participation is restricted. As in Siconolfi (1986), Balasko, Cass and 
Siconolfi (1990) these constraints are exogenously given (possibly arising due to 
some institutional reasons). Moreover, we consider very general restrictions on 
portfolio where each agents portfolios set is assumed to be convex and containing 
zero. This paper primarily examines the characterization of equilibrium asset prices 
with arbitrage free asset prices, in a multiperiod model when investors face such 
general portfolio restrictions. In the absence of such portfolio constraints the approach 
initiated by Cass (1984), has been extensively used to characterize equilibrium asset 
prices with arbitrage free asset prices. See Cass (1984), Duffie (1987) and Florenzano 
and Gourdel (1994). Moreover this approach is also useful in showing the existence 
of an equilibrium. See Magill and Shafer (1991), Florenzano and Gourdel (1994), 
Magill and Quinzii (1996), Rocha and Triki (2005), Hahn and Won (2003) and 
Angeloni and Cornet (2006) among others. Another approach to prove existence in a 
differentiable economy is to show existence in a numeraire asset economy and infer 
the existence in the nominal asset economy (See Villanacci et al. 2002 and Magill and 
Quinzii 1996).  
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Abstract. We consider the model of a stochastic financial exchange economy with
finitely many periods. Time and uncertainty are represented by a finite event-tree D
and consumers may have constraints on their portfolios. We provide a general existence
result of financiai equilibria, which allows to cover several important cases of financial
structures in the literature with or without constraints on portfolios.
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1. Introduction

The main purpose of general equilibrium theory with incomplete markets is to
study the interactions between the financial structure of the economy and the
commodity structure, in a world in which time and uncertainty play a funda-
mental role. The first pioneering multiperiod model is due to Debreu ([10]),

who introduced the idea of an event-tree of finite length, in order to repre-
sent time and uncertainty in a stochastic economy. Later, Magill and Schafer
([24]) extended the analysis of multi-period models, describing economies
in which {inancial equilibria coincide with contingent market equilibria. The
multi-period model was also explored, among others, by Duffie and Schafer
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([12]), who proved a result of generic existence of equilibria, a detailed pre-
sentation of which is provided in Magil l and Quinzii ([23]).

The multi-period model has been also extensively studied in the simple
two-date model (one period 7 : 1): see, among others, [3,26, 6], for the case
of a finite set of states and [21 ,28, 1, 30] for the case of a continuum of states.
The two-date model, however, is not sufficient to capture the time evolution of
realistic models. In this sense, the multiperiod model is much more flexible,

and is also a necessary intermediate step before studying the infinite horizon
setting (see [21, 22]). Moreover, multi-period models may provide a framework
for phenomena which do not occur in a simple two-date model. For instance,
in [4], Bonnisseau and Lachiri describe a three-date economy with production
in which, essentially, the second welfare theorem does not hold, while it always
holds in the two-date case. As a further example, we may recall that the suitable
setting to study the effect of incompleteness of markets on price volatility is
a three-date model, in the way addressed in [7].

In the model we consider, time and uncertainty are represented by an event-
tree with T periods and finitely many nodes (date-events) at each date. At each
node, there is a spot market where a finite set of commodities is available.
Moreover, transfers of value among nodes and dates are made possible via
a financial structure, namely finitely many linancial assets available at each
node of the event-tree. Our equilibrium notion encompasses the case in which
retrading of financial assets is allowed at every node (see [23]) and we allow
the case of restricted participation, namel_y the case in which agents' portfolio

sets may be constrained.
This paper focuses on the existence of financial equilibria in a stochastic

economy with general financial assets and possible constraints on portfolios.

The existence problem with incomplete markets was studied, in the case of
two-date models, by Cass ([5]) and Werner (t34, 351), for nominal f inancial
structures, Duffie ([ I I ]) for purely financial securities under general conditions,

Geanakoplos and Polemarchakis ([18]) in the case of num6raire assets. The

existence of a l inancial equil ibrium was proved by Bich and Cornet ([3]) when

agents may have nontransitive preferences in the case of a two-date economy.
In the case of T-period economies, we also mention the work by Duffie and
Schafer ([3]) and by Florenzano and Gourdel ([5]); more recently, Da Rocha

and Triki have studied a general intertemporal model in the case of purely

financial securities ([25]). Other existence results in the infinite horizon models

can be found in120,29,161.
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2. The ?-period financial exchange economy

2.1 Time and uncertainty in a multi-period model

Welconsider a multi-period exchange economy with (7 * 1) dates, t e T ::

{0, . . . , T}, and a finite set of agents 1. The stochastic structure of the model
is described by a finite event-tree D of length 7 and we shall essentially use
the same notations as [23] (we refer to [23] for an equivalent presentation with
information partitions). The set D1 denotes the nodes (also called date-events)
that could occur at date t and the family (Dr),.2 defines a partition of the set
D; we denote by t(€) the unique I € 7 such that { € Dr.

At each date t I T, there is an a priori uncertainty about which node will
prevail in the next date. There is a unique non-stochastic event occuning at
date I : 0, which is denoted (0, (or simply 0) so Do : {€u}. Finally, the
event-tree D is endowed with a predecessor mapping pr: D \ {€o} * D
which sat is f ies pr(D1) :  Dt- r ,  forevery t  l0 .The e lementpr( ( )  is  ca l led
the immediate predecessor of { and is also denoted {-. For each { e D, we let

{* : {{ € D : { : 1-} be the set of immediate successors of {; we notice
that the set {+ is nonempty if and only if { e D \ D7.

Moreover.  for  r  C 7 \  {0}  and (  € D\  Ul=J D,  we def ine.  by induct ion.
pr'G) - pr(pr'-r({)) and we let the set of (not necessarily immediate)
successors and the set of predecessors of { be respectively defined by

D*(€)  :  { { 'e  n  :  ) r  e  7 \  {0 }  l€ :  p r 'G ' )1 ,
D- (€)  :  { ( 'e  n  :  ) r  €  7 \  {0 }  l t '  :  p r 'G) } .

I f  { '  €  D+( { )  [ resp .  { '  e  D+( { )U { { }1 ,  we sha l l  a lso  use  the  no ta t ion  { '  >  {
[resp. {/  > (] .We notice that D+(() is nonempty i f  and only i f  (  f  D7 and
D- ({) is nonempty i f  and only i f  € I  { ;o. Moreover, one has €' e D+ (O if  and
only i f  {  € D (€') (and similarly { '  e {+ i f  and only i f  (  :  16';  1.

-1 
In mis eaeer, we shall use the fbllowing notations. A (D x J)-matrix A is an el-
ement of IRD'r, with entr ies (a({,J))e en.:e y;we denote ty -A(€) e lRr the (-th
row of A and by A(7) e R- the j-th column of ,4. We recall that the transpose
of A is the unique (J x D)-matrix 1,4 satisfying (Ar) oe U : r. , t  ( tAg), for every
r € Rr, y € RD, where ory [resp. o7] denotes the usual scalar product in IRD-[resp.
R/ l.ye shall denoLe by ro,nk A the rank of the matrix A. For every subsets 5 C D
and -r C -r. the (D x ,/)-sub-matrix of A is the (D x -/)-matrix A with entries
a( .e . i )  -  a ( { . i )  fo r  every  ( { .J )  €  D .  . /= .  Le t  r ,  ybe  in  IR ' r  we sha l l  use  the
nota t ion  r  )  g  ( resp .  ,  )>  a )  i f  27 ,  )  y7 .  ( resp .  r r ,  ) )  l l n )  fo revery  / r  -  1 , . . . .n
and we let R.i - {r e R' : r > 0}, Ri* - {r: e R" : ;r: )) 0}. We shall also
u s e t h e n o t a t i o n r  >  U i f  r )  y a n d x  I  y . W e s h a l l  d e n o t e b y  . i  t h e E u c l i d e a n
norm in the different Euclidean spaces used in this paper and the closed ball cen-
te redat r  €  IR t  o f  rad iusr  )  0 isdenoted  B1( r . r )  t :  {A  €  Rr  :  l9 - r  |  <  r } .
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2.2 The stochastic exchange economy

At each node ( € D, there is a spot market where a finite set 11 of divisible

physical commodities is available. We assume that each commodity does not

last for more than one period. In this model, a commodity is a couple (h, {) of

aphysical commodity h € H and anode { e D atwhich it wil l be available, so

thi commodity space is IRr, where L : H x D. An element r in IRr is called

a consumption, that is t : (t(€))q.n € Rr, where r({) : (r(h,€))ne 17 €
n H  r
lK^" IOr every ( t llr.

We denote by p : (p({))e ., € R' the vector of spot prices and p({) :

(p(h,0)nea € IRH is called the spot price at node {. The spot price p(h. {)
is the price paid, at date t({), for the delivery of one unit of commodity h at

node (. Thus the value of the consumption r({) at node { e D (evaluated in

unit of account of node {) is

p(€)  .a  r (€)  :  L  p(n,€)" (h,  ( )
I t € H

There is a finite set 1 of consumers and each consumer i g 1 is endowed with

a consumption sef Xl c Rr which is the set of her possible consumptions. An

al locat ion is  an e lemenr r  € f l ie  r  X ' .  and we denote by.r ' the consumpt ion

of agent i, that is the projection of r onto X'.

The tastes of each consumer i € I are represented by a strict preference cor'

respondence P' , f l jr, Xr - X', where P'(r) defines the set of consump-

tions that are strictly preferred by I to rt. that is. given the consumptions rr

for the other consumers.j I i. Thus P' represents the tastes of consumer i but

also her behavior under time and uncertainty, in particular her impatience and

her attitude towards risk. If consumers' preferences are represented by utility

functions u,i ' . X'-+ iR,forevery i e I,the strictpreferencecorrespondence

rs  de f i ned  by  P i ( r )  :  { z i  e  x i  I  u i ( t i )  >  , ' ( r ' ) } .
Finally, at each node ( € D. every consumer I e t has a node-endowment

e'(€) € RH (contingent to the fact that { prevails) and we denote by ei :

(.n(€))e." € lRr her endowment vecfor across the different nodes. The ex-

change economy t can thus be summarized by

t  :  [D :  H ;  I :  ( x i ,  P ' ,  " '  ) o r r ) .

2.3 The financial structure

We consider finitely many financial assets and we denote by J the set of assets'

An asset j € J is a contract, which is issued at a given and unique node in D.

denoted bV €("1) and called the emissictn node of j. Each asset j is bought
(or sold) at its emission node ((j) and only yields payoffs at the successor
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nodes {/ of €(f), that is, for {' > {(j). To allow for real assers, we let rhe
payoff depend upon the spot price vectorp € Rr and we denore by r,(p, {,1)
the payoff of asset j at node {. For the sake of convenient notations, we shall
in fact consider the payoff of asset j at every node ( e D and assume that it
is zero if { is not a successor of the emission node {(j). Formally, we assume
that u(p, €, i l  :0 if € f D*(€("r)). With the above convention, we notice that
every asset has a zero payoffat the initial node, that is u(p, {e.j) : 0 for every
j e J; furthermore, every asset j which is emitted at the terminal date has
a zero payoff, that is, if ((7) e Dr, u(p,{, J) : 0 for every € e D.

Fo reve ryconsumer i  C  f . i f  , )  >  0  [ r esp .  a j  <  01 . then  l z j  w i l l  deno re
the quantity of asset 7 € ,.I bought [resp. sold] by agent i at the emission node
{(7). The vector z' : (z'1)1e,t e IRJ is calledthe porfolio of agenti..

We assume that each consumer i e .I is endowed with a porfolio set Zi C
lRJ, which represents the set of portfolios that are admissible for agent i. This
general framework allows us to treat, for example, the following important
CASES:

- Zi : iR/ (unconstrained portfolios);
- Z' a a' + R{, for some at e -Ri (exogenous bounds on short sales);
- Z' : B./(0, 1) (bounded portfolios).
The price of asset j is denoted by q, and we recall that ir is paid at its

emission node {(j). We let q : (cli) iet e R/ be the asset price (vecror).

Definit ion 2.1. Afinancialassersrrucrure F : (J,(Zi)r,er, (€("1));u.r, V) con-
sists of

- a set of assets J.
- a collection of porrfulio sets Zi C RJ /or every agent i e I,
- a node of issue €(j) e D for each asset j € J,
- a payoff mapping V : IR' - (R.D)J which associates, to every spot price

p € R'  the (D x J)-payof fmat i rV(p) :  ( r (p,€,J))een.re r ,  and sat isJ ies
the condi t ionu(p, t ,  j ' ) :0  t f  e  # no(( ( "1))

The ful\ matrix of payoffs I{.r7 (p, q) is the (D x J)-matix w,ith entries

ur@.ct ' ) ( t ,  j )  , :  r (p,€,  j )  -  d€,€(- , )Q", ,

where 6,.q, : I i f €: { ' and dq,E, : 0 otherwise.

So, for a given portfolio : € IR'/ (and given prices (p,q)) the full flow of
returns is l{i(p, q)z and the (full) financial return ar node { is

lw r (p ,q )z ) (g  ' :  Wr (p ,q ,€ ) . t  r  : > ,u (p ,  € . - r ) : i  _ �Lde  e t ,g i r i
j e J  j e t

t  u (p ,€ , i l 2 i *  I  Q jz t .
{ " ie , /  € ( " r )<€}  { reJ  q (31=q;
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and we shall extensively use the fact that, for ) € R', and j € J, one has:

(2.1) I 'w'(p,q)r l("r)  :  I r(e)r(p,e, j )  -  Ir(€)ar,,rrr

!  . l r€ t r t r . { . y )  -  ) , (€ t i i tq , .
€>€( r  )

In the following, when the financial structure f remains fixed, while only
prices vary, we shall simply denote by W(p,q) the full matrix of returns. In
the case of unconstrained portfolios, namely Zi : RJ , for every i e 1, the
financial asset structure wil l be simply denoted by F : (J,(€(j))iq,V).

2.4 Financial equilibria

2.4.1 Financial equilibria without retrading
We now consider a financial exchange economy, which is defined as the

couple of an exchange economy t and a financial structure f. It can thus be
summarized by

( t .  ? )  : :  [ n ,  a ,  t ,  ( -Y ' .  P ' .  e i  ) , q r :  J .  (Z i )  i e r , ( { ( " r ) ) i . . r ,  y ] .

Given the price (p, S) € R' x lR.r, the budget sel of consumer i € 1 is2

B F l p . q t  :  { ( . r i  . z '  J  €  X '  .  Z i  ,

V ( e  D .  p ( i l o u  f r ' ( € ) - . ' ( € t ]  <  I I I - r ( p  q ; : ; ] r q r )
:  { ( r n ,  , iS  e  X i  ,  Z '  ,  p  !  ( r ' '  -  e i )  < l t ' y@, r l z i \ .

We now introduce the equilibrium notion.

Definition 2.2. An equilibrium of the fnancial erchange economy (t, F) is
a l ist of strategies and prices (i.a,p,q) e (R')t r (R')t t Rr \ {0} x lRr
such that
(a) for every i € I, (ii,2i) maximizes the preferenc'es Pi in rhe budget set
B'r(.e, d, in the sense that

I r ' .  z i )  c  B r ( p . 4 1  a n d  f  P t ( r t  "  Z ' l )  B s t p . q )  :  A :

(b) D i '  : L e' and l z' : 0.
i e l  i € I  i € I

In the Appendix we will show that the above definition is more general
than the usual concept widely used in the literature (see fbr example Magill-

Quinzii [23]). In particular, if we additionally assume that every asset of the
financial structure F can be retraded at each node, the previous equilibrium
notion coincides with the standard concept.

T." .  "  :  ( " (€))e. r ,  p  :  (p(€))een in IRt  :  RH"D lwi th r (€) ,  p(€)  in  IR.H) we
l e t p ! r  -  ( p l { t  c p  r ( { t ) q q D  €  R D .



Existence of financial equilibria in a multi-period stochastic economy

2.4.2 No-arbitrage and financial equilibria
When portfolios may be constrained, the concept of no-arbitrage has to

be suitably modified. In particular, we shall make a distinction between the
definitions of arbitrage-free portfolio and arbitrage-free financial structure.

Def in i t ion 2.3.  Giventhef inancia l  s t ructure F :  (J , (Z i \ ier . ( { ( " r ) ) re " , ,V) ,
the porfolio Zi € Zi is said /o have no arbitrage opportunities or /o
be arbitrage-free .for agent i, e I at the price (p.q) e Rr x IRJ if there
i .s  no porr f t t l i t t  z i  €  Z '  such rhat  Wr@.q)2 '  > l l 'y (p.q)z ' .  that  is .

l lVr(p,q')zil(.t) > l l |r(p,q)ztl!),for every ( € D, with at least one stict
inequality, o4 equivalently, if

w ' r \ p . d ( Z i  -  r ' ) n R ? :  { o }

The.financial structure F is said to be arbitrage-ftee at (p,ri rf there exists
no portfolios zi e Zi (l e 1) such that Wr(p.q)(I,.r ,t) > 0, or, equiva-
lentlv. if:

-  J n t-  t " J '

Let the financial structure f be arbitrage-free at (p, q), and leI 2' e Z'
( l  €  / )  such  tha t  L , r ,  2 '  :  0 .  t hen  i t  i s  easy  to  see  tha t .  f o reve ry  I  e  1 .  : i i s
arbitrage-free aI (p,q). The converse is true, for example, when some agent's
portfolio set is unconstrained, that is, when Z' : IRJ for some i € 1.

We recall that equilibrium portfolios are arbitrage-free under the following
Non-Sat iat ion Assumpt ion :

Assumption NS (i) For every - € fl,e r Xt such that !,., i i  : Die r ei ,
(Non-Satiation at Every Node) for every { € D, there exists ;c € f1,., X'

such that ,  for  each t '  *  € ,  r ' ( { ' )  :  - ' ( { ' )  and r '  e  P ' ( I ) :
( i l )  i f  r '  €  P " ( i ) ,  t hen  [ r ' .  t i l c  P i ( r ) .

Proposition 2.1. Under (NS), if ( i,Z,p,Q) is an equil ibrium of the econom.v
e. f), then 2i is arbitrage-free at (,p. Q) .for every i e L

Proof. By contradiction. If, for some i e 1, the portfolio tl is not arbitrage-
f ree at  (p.q) ,  then there ex is ts  : i  €  Z isuch that  I I t r (F,q) t t  > Wr@,( ia ' ,
namefy l la.r(p.O)"' l(€) " iwr(n.O):' l({), for every { € D, with at leasr one
strict inequality, say for ( e D.

Since f,67(i '  - r ') : 0, from Assumption (NS.i), rhere exists r €

f1, . ,  X '  such that ,  for  each e + €. . r ' ( { )  :  r ' ( ( )  and r t  e  Pi ( f ) .  Let  us
cons ide r  )  C  ]0 .  l f  and  de f i ne  r ' ^ ' . :  ) r ' -  t l  -  ) l r ' :  t hen .  by  Assumpr ion
(NS. i i ) ,  r i  e  l z i .  t ' l  c  P i (n ) .

In the following, we prove that, for ) > 0 small enough, (r: i,: ') €
B' r (p,q) ,  which wi l l  conrradicr  rhe facr  rhar  lP ' ( t )  .  Zt la  B 'F@.d :  A

I t - r (p .s , ( rz ' )  n  n ;
I

\  r .€1 /
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(s ince (7,  a:n.d is  an equi l ibr ium).  Indeed,  s ince ( r ' , : ' )  e  B ' r (n,q) ,  for
e v e r y { l { w e h a v e :

FG).n [ " ] (€)  -  € ' (€) ]  :  p( { ) .a  lzo({ )  - . ' (1) l

S  l l t ; 1 n .  s ) z ' l ( ( )  S  l t l  r 1 o . q l z ' l ( € )

Now, for q : {, we have

P l ( )  . s  [ r ' ( { )  -  c ' ( € ) ]  <  l V  r @ . 4 t 2 ' l ( { t  <  l l l  r ( p . s ) ? ' l ( { ) .

But, when.\ * 0, r ' i  --. 7', hence for ) > 0 small enough we have

p ( { ) o i r  i r i { € ) -  " ' t € t l  <  l l V r t p . q ) z ' l ( a ) .

Consequent ly . ( r i , r ' )  €  B ' r@.q) .  !

2.4.3 L characterization of no-arbitrage with constrained portfolio sets
When the portfolios sets may be constrained, the following theorem extends
the standard characterization result of no-arbitrage in terms of state prices.

Theo rem 2 .1 .  Le t  F  :  l J . (Z ' ) , r t . ( € ( , r ) ) r e . r ,V ) ,  l e r  ( p ,q )  e  IR r  x  R r ,

for i e I, let :; c Z'. assume that Zi i.s com'ex and consider the follotving
starcments:

( i ) there erists )i : ()t ({) )e.n € RDi* such that' W' r (p, q) \ i e l,{ 7, Qi ),3
or, equivalently, there exists 11 € l{s,Q') such that:

) ' ( ( ( ; ) )qr :  I  r ' (e) rh. { ,  j )  -  r t j  forevery j  €  J :
€>€(  r )

(ii) the porfotio z' is arbitrage-free for agent i e I at (p, q).
The implication [(i) =+ (ii)] always holds and the converse is tue under the
additional a.ssumption that Z; i.s a polt'hedral seta.

The above Theorem 2. I is a consequence of Theorem 5. 1, stated and proved
in the Appendix, the main part (i.e., the existence of positive node prices )t(() )
being due to Koopmans [9].

\ .  r .* l t  that N7;(z') is the normal cone to Z' at z ' .  which is defined as
N " , ( z i )  ' :  { n  €  R t  ,  4 . J  z ' }  n . ,  ( r ' ) ' . Y ( z ' ) i  e  Z ' } .

a A subset C a R" is said to be pohhedral i f  i t  is the intersection of f ini tely many
c l o s e d h a l f - s p a c e s , n a m e l y  C : { r  € l R ' :  A r  (  b } . w h e r e A i s a r e a l  ( m  x  n ) -
matrix, and b € R'". Note that polyhedral sets are always closed and convex and
that the empty set and the whole space R.' are both polyhedral.
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3. Existence of equilibria

3.1 The main existence result

Our main existence result allows agents to have constrained portfolios, that
is, we do not assume that Zi : RJ. We shall allow the financial structure
to be general enough to cover important cases such as bounded assets (as in
Radner [32]) and nominal assets, our approach however does not cover the
general case of real assets which needs a different and specific treatment. Let
us consider the financial economy

( t ,  F )  :  [ n ,  a .  r .  ( x '  .  p '  ,  e i  )  , e t :  J , ( Z ' ) r c r  ,  ( € 0 D  i r t , v ] .

We introduce the following assumptions:

Assumption (C) (Consumption Side) For all i e I and att r e fI,r, X' ,

t il X' is a clctsed and conver subset of F*L'.
t i i l  rhe preference correspondence Pi .from f],., X' to X'. is lov'er.semicon-

tinuouss and Pi (t) is convex;
( i i i )  . f o r  eve ry  r i  €  P t ( J )  f o r  eve ry ' ( " ' . ) t  e  X ' ,  ( r ' ) '  I  r i , l ( r ' ) i . r i l a

r i@) I  A;6
(iv) (lrreflexil in') r '  g P; 111:
(v) (Non-Satiation of Preferences at Every Node) if D* r 11 - !,itrr ei, for

every, { € D there exists r € flier Xi such that, for each {t I (,
r ' ( ( ' )  :  r ' ( { ' )  and  x '  €  P ' ( r ) :

(v i )  ts tnng Sun' i ra l  Assumpt ion)  r '  e  in t  X ' .

Assumption (F) (Financial Side)

(i) The application p ,- V (p) is continuous;
(ii) for every i € I, Zi is a closed, convex subset of R.J conraining 0:
( i i i )  rhere er ts ts  in  C I  such that0 e inr  Z;o.

We now state the last assumption for which we need to define the set of
admissible consumptions and portfolios for a fixed ) € Rt**.that is.

B ( ) )  : :  
i ( r . z )  

€  f l , e rX '  x  f ] r . r  Z '  :  1 (p .q )  e  B /0 .1 )  x  R r ,

tw r (p .q ) )  e  B1 (0 .1 ) ,  ( r ' .  z ' )  e  B ' .@.q )  f o r  eve ry  z  e  1 .

L , r r  r r :  I i e  r  e i  , D i e t r ,  :  0 )
-t' 

a .o*rpondence ip: X - r is said to be lower semicontinuous at ro € X if,
for every open set V a Y such that V n .p(re) is not empty, there exists a neigh-
borhood Li of ro in X such that, for all z € U, V ),p(z) is nonempty. The
correspondence p is said to be lower semicontinuous if it is lower semicontinuous
at each point of X.

" This is satisfied. in particular, when P'(t) is open in X' (for its relative topology).
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Boundedness Assumption (.Br,) The set B()) ls bounded.

In the next section Assumption (Br) will be discussed and we will give
different important cases in which it is satisfied.

Theorem 3,1. (a) Let (t, f) be a financial €cotlotlt! satisf),ing Assump-
tions (C'), (F), let ) e R[* sarisfying (Bst. and let is e I be some agent
such that 0 e int Zio. Then there exists an equil ibrium (t.2,qt,f l of (t, F)
such that,.for every ( e D, p(€) t' 0 and

tW 
r (p, q) \ e lr l 7,o (2"').

o4 equivalently, there exists 11 € l,{7;s(zic') such that

) ( { ( " r ) )A i :  f  l t € l r t r , t . . j ) - r l i f o reve ry  j e  J .
€>€("r )

(b) If moreover zin € inl Z' ' ' ,  thentWy(p.4)l : 0, or, equivalently,

, t (€(- r ) )q i  :  |  . i f€ t , ' t r .€ . i l  . for  every j  e  J ,

€>€("r)

hence the fnancial structure f is arbitrage-free at (p,4).

The proof of Theorem 3.1 will be given in the following section. From Theo-
rem 3.1 we deduce directly the standard existence result in the case of uncon-
strained portfolios.

Corolfary 3.1. IUnconstrained portfolio case] Let (€. f) be aJinancial econ-
omv- ahcl let ) e lR.D** be such that Assumptions (C), (F) and (B) hold and
Zi : R't .for some i, e L Then (t,F) admits an equil ibrium (i,z,p,q) €

f l , . rX ' x  f ] ze r  Z i  xFsL  x  IR ' / suc l z  t ha t , . f o reve ry {  €  D ,p ( { )  l 0and

' tv1p,4),r : o,

o4 equivalently,

) ( { ( j ) ) q r - :  |  , t 111 r ' ( a ,€ . i )  f o reve ry  j  e , } .

€>€( . r )

3.2 Existence for various financial models

We first state a proposition giving sufficient conditions for Assumption (Br)

to hold. We recall that an asset j is said to be short-lived. when the payoffs are
paid only at the immediate successors of its emission node, that is, formally,
for every spot price p € Rr', "-(p, €, j) : 0 if { f €(j)+.An asset is said to be
long-lived if it is not short-lived. A financial structure is said to be short-lived
if all its assets are short-lived; it is said tobe long-lived if it is not short-lived.
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Proposition 3.1. Let,\ e R|* be fxed and assume that, for every i € I, Xi is
bounde d .from be low. Then As sumption ('B1 ) is s atisfe d if one of the follotv i n g
conditions holds:

(i) [Bounded Be]ow Portfoliosl for every i, € I , the portfulio ser Zi is bounded

from below, namely there exists Zi e -lR{ such that Zi C zi + R{;
(ii) fRank Condition for Long-Lived Assets].for every- (p. q,n) e B1(0, 1) x

Rr x  By(0,  I )  such that tW(p,dx:  n,  then rankW(p,q)  :  #J.
(iii) [Rank Condition for Short-Lived Assets] f consists only of short-lived

assets and rankV (p) : ffJ for every p € RL.

The proof of Proposition 3.1 is given in the Appendix.
We now deduce from Proposition 3.1 and the main existence Theorem 3.1,

the following existence result of equilibria in the case of bounded portfolios
due to Radner [32].

Corollary 3.2. IBounded from below portfulio sets ] Let (€ , f) and ) e R]*
satisfy Assumptions (C), (F) and assume that, for every i e 1, X' is bounded
from below and Zi C zi + R"'I**, where zt e -R{. Then there exists an
equ i l i b r i um ( t , 2 ,F ,4 )  €  f | . r  X i  x l l o r rZ i  xRL  x  R r , y '  ( . € .F ) ,  such
that, for every { € D, p({) l0 and

'lV1p.qlS < l)and rhe equaliry hotdsJbr each t 'omponent j such rhat z' i > 1,.

o4 equivalentLlt,

f o re t ' e r y  j  €  J .  ^ t€ ( j ) )E r>  |  l t e  t u tp .€ .  j t .  w i rhequa t i r l . , . f  , ' ,  >  ? ' ,
€>{( i )

We end this section with the case of short-lived assets, which is a natural
generalization of the classical two-date model (I : 1) that has been exten-
sively studied in the literature due to its simple tractability (see the Appendix
for several important properlies of the two-date model that are still valid in the
case of short-lived financial structures).

Corollary 3.3. IShort-lived nominal assets] Let us assume that the economy
(€,f) satisfies Assumptioll (C). X' is boundedfrom below,for even- i, € I,
f consists of nominal short-lived assets and assume that one of the following
conditions holds:

(i) [unconstrained case] Z; : RJ fttr every i € I;
( ii ) | con.strained case I Zi is a closed and conyet subset of RJ conraining 0'.

0 e int 7i0 .for some is € I; rankv : i lJ.
Forevery ]  e  R?-* ,  (€. f )admitsanequi l ibr ium(r .z ,p,Q) e f l , r ,  X ix

f l r r rZ ' x  R r  x  IR r  s r l c l z  t ha t , f o reve ry - (  €  D ,  p (€ )  l 0andQ is - theno -
arbitrage price associated to ),, that is
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tW(d^  e  l ' [ 7oo (z ' a )  ( resp . tW(q )X :0 ,  unde r  ( i ) ) ,

or, equivalently, there erists r7 € N2,,,(z'o) (resp. 4 : 0, under (i)) such that

x(.€(ilqi - I ^(()r(€, j) - n, .for every j e J.
€€€(r  )  +

Proof. Let r '.: rank V. We can define a new financial structure f' with
r nominal assets by eliminating the redundant assets. Formally, we let Jt C J
be the set of r assets such that the columns (.V(j))ie.t' are independent and
I,'/ the associated retum matrix. The new financial structure is

T '  : :  ( J ' ,  ( €U) )  i r t , ,V ' ) .

Then rank W r, (q) : r since, by Proposition 5.2, r : rank V I I rank W r, @)
(< min{r, D}). Consequently, by Proposition 3.1, the set B(.\) is bounded.

From the existence theorem (Corollary 3.1), for every ) e R[* there exists

an equi l ibr ium ( i ,z ' ,p ,qt )  of  ( t , f ' )  (where q '  €  R' / '  and z '  €  ( lR/ ' )1)  such
thattWy' (q'),\ : 0 or, equivalently,

x(€(i l )qi :  t  )(€')u({ ' . {(r))
€,€E( i )  +

for every j e J'. Now it is easy to see that (.x,a,p.q) is an equil ibrium of
(S.F) ,by def in ing 4 € Rr as t I , l ' (q) . \  :0 ,  that  is

l ( {(-r))q;:  t  )({ ' )u(€' .{(r)) ,
€ '€€( "7  )  +

f o reve ry  j  e  J ,andZ t  e  R r  as  Z :  :  / ; , r f  i  €  J t , andT ' j  :  O , i f j  e  J \  J / .
D

4. Proof of the main result

4.1 Proof under additional assumptions

In this section, we shall prove Theorem 3.1 under the additional assumption
Assumption (K) For every i, € I,

(i) X' and Z" are compact:
(i i) [Locat Non-satiation] for every r € l i,er X', for eterl r '  € P'(-)

t h e n l x i , i i l c  P i ( i ) .
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4.1.1 Preliminary definitions
In the following we fix some agent in. sa) i6 - l. for whom the assumption
0 e int Z'o is satisfied and we fix ) : (I(())r.u € R?*. We recall that for
(p,n) e IR.r x Rr, the vector q : q(p,4) e lRt is uniquely defined by the
equation

'w r (p .q ) , \  -  q  : 0 ,

which, from Theorem 2.1, is equivalent to saying that

^ / - - \ -  t  / r -  \ t F \ , , t n F ) \  " \  € ^ - - . , ^ - , , ; - rq i \ p '  q ) :  
\ f l J )  

\ , i , , ^ ( ( ) / ' ( p ' t ' L t  

-  n i  

)  

r o r e v e r v  J  e  r '

and, from Assumption (F), the mapping (p,n) - q(p.q) is continuous. For
(p . r i i " t hese tB  ' :  { ( t r , 4 )  e  R r  x lR . r  :  ) np l l  <  t .  I r i  l l  <  1 } ,wede f i ne

p(p . i l  :  max {O.  1  -  i l )  r p  I  -  I ' i l l }

Following the so-called Cass' trick, hereafter, we shall distinguish Con-
sumer 1 from the other agents, and we shall extend the budget sets as in
Berg_strom (t2l). In the following, we let Il : (1, . . . . 1) denote the element
in lR', whose coordinates are all equal to one. For (p, d € B, we deline the
following augmented budget sets: first, for i : 1,

. (
J t  \ p . , 1 ) : t r '  a . Y r  :  { )  z  p )  o t ( r r  - ,  I  I  S

. (
c t '  t p .  r 1 t : t r t  a X r  :  ( )  3  p \  o y ( . , ' r  - e r  )  <

s u p  r / o . 7  z  -  p ( p . , , , f  l t e  f  ) .
z . Z t  

- r  
)

( E L

sup r/ oy z * p(.p.r i l  f  ,rtgi l ,
z€Zr ( -a"  )

a n d f o r l l l

0 o ( p , D :  { ( r o ,  z i l e  X i  x  Z i : p !  ( r ' -  e i ) < t t ' 7 1 p . q ( p , i l ) - - ' + p ( 1 . r y ) n } .

a i  (p,  n)  :  {  ( " ' .  z i '1  e x '  x  Z i  :  p  n ( r ' '  -  " '  )  << w F (p,  q(p,  q))  z '  + p(p.  r t )n} .

We now deflne the following enlarged set of agents denoted 16, by considering
all the agents in I e 1\ { 1 }, by counting twice the agent 1, denoted by i : ( 1. 1 )
and i : (1. 2) and by considering an additional agent denoted z : 0. The addi-
tional and fictitious agent i : 0 is traditional and will fix the equilibrium prices
(p.4) and the agent i : t has been disaggregated so that i : (1.1) wil l f ix the
equilibrium consumption f 1 and i : (1, 2) will fix the equilibrium portfolio 21
(which thus can be chosen by two independent maximization problems). For
( r . r . (p, l ) )  €  f l rerX'  *  f ] , . r  Z i  x  B,  we def ine the correspondences O'
for i € lrr as follows:
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oo( r ,  z .  (p ,  a ) )

:  
{ ,o ' ,  

n ' )  e B

-  ( , i '  -  n ) . rL , " '  t  O) .
I

i € r  )

o r . r ( . r . .  : .  { p .  n ) ,  -  {  
t t  t o ' "

_ _ . r _ /  ,  
l .  o t ( p . 1 1 )

O t  t ( r ,  , . p , n )  :  { z ' 1  e  Z

f t

f  l , l (e l tp ' t  €,)  -  pt€,)) . i r  f  ( r ' ' ( { )  -  " ' (€)) l
(€))))) L iel )

i ' i  r r  (  } ' (p ,n ) .

n  Pr ( r )  i f  11  €  } ' (p , r t ) .
t l 4 . t r ' t > r l  . s z 7 ] 1 ,

a n d f o r e v e r y r  € I , i + I

(  { ( r ' , 0 ) }  i f  ( r i .  z i )  (  g i ( p , 4 )  a n d  o ' ( p , d : A ,
I

O ; 1 r . : . \ p . t t ) )  l . l i t p . r l l  i f  ( r r . : ' ) f  . J ' \ p . 4 )  a n d  a ' \ p . 1 1 )  + A .
I
I  o ' ( p ,  q )  a  ( .P ' ( r )  x  Z ' )  i f  ( r ' ,  z ' )  e  3 ' ( p .n ) .

4.1.2 The fixed-point argument
The existence proof relies on the following fixed-poinrtype theorem due to
Gale and Mas Colell ([17]).

Theorem 4.1, Let Is be e finite set. let C' (l € 111) be u nonempy', compact,
convex subset of some Euclidean space, let C : f1.., C' and let Q' (i e I0)
be a correspondence from C to Ci, u'hich is lou er semicontinuous and convex-
valued. Then, there exi.trs c € C sut'h that..fttr even' i € l,t Ieither n' Q Qi \r)
or Qi(e) : $1.

We now show that ,  for  I  e  4.  the sets C0 :  B,  Cr ' r  -  X1,  gtz  -  7t ,
Ci : Xi x Zi and the above defined correspondences Qi (l e 1u) satisfy the
assumptions of Theorem 4. 1.

Cla im4.1.  For  everyc : :  ( i ,  a . (p.n))  € f ] , . . ,X '  "  f ] ,er  Z '  x  B, for  eter t
i e Is, the correspondence Q' is lower semicontinuous at i, the set Q'(e)
is convex (possibly- empt)n) and (p.n) 4AuG), t1 # 01 1(r:.1, z1 d 01 2(a),

( r ' . . " ) ( Q ' ( c ) f o r i > r .

Proof .  Let  "  , :  ( t .z , (p,n))  € f l ierXt  "  f1 , . ,  Z i  ,  B be g i ren.  We f i rs t
notice that Oi(e) is convex for every i € 10, recall ing that P'(r) is convex. by
Assumption (C). Clearly, (p.n) 4 O0(a) and 21 ( Ar 2 G) from the definit ion
of these two sets; the two last properties tl f Ot' '(a) and (J't. zi) # A'rc)
follow from the definitions of these sets and the fact that ri f Pi1.r-) from
Assumption (C).

We now show that Qt is lower semicontinuous at a.
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Step I: i € I, ?. > 1. Let U be an open subset of X' x Z' such that
@'(a) n Lt + A. We will distinguish three cases:
Case  ( i ) :  ( t ' . 2 ' )  f  3 ' ( p .4 )  and  a i (p .n ) :  0 .  Then  O i (a )  :  { ( e ' , 0 ) }  c  U .
Since the set  {  ( rz .  z '  ,  (p ,  n))  |  ( r '  ,  , " )  f  A ' (p.4)}  is  an open subset  of  X '  x
Zi x B (by Assumptions (C) and (F)), it contains an open neighborhood O of E.
N o w , l e t  c :  ( x , 2 , ( p , n ) )  €  O . I f  o ' l p , t l ) :  0  t h e n  O t ( " )  :  { ( e i , 0 ) }  C  U
and so @@t(c)  n U is  nonempty.  I f  o ' (p.  \ )  + A then @i(c)  :  3 ' (p,4) .  But
Assumptions (C) and (F) imply that (e', 0) e X' x Z' .hence (e', 0) e 3t(p. n)
(noticing that p(p. q) > 0) So {(e',0)} c O'(c) i Lr which is also nonempty.
C a s e  t i i ) :  i ' :  \ t - ' . 4 t . ( p . t ) )  e  Q t  =  t c :  \ r ' . 2 ' . ( p . r y ) )  ,  t r i . z i \  (
i l '  (p,q) and at(p. q) + Al. Then the set Qt is clearly open and on the set Q'
o n e h a s O ' ( c )  :  C ' ( p . q ) . W e r e c a l l t h a t A l  O ' ( a )  n U :  B ' ( F , t )  n L r . W e
not ice that  J '  (  p .  n)  -  c l  o ' (P.  4)  s ince a '  \ .p .  n)  l  0 .  Consequent ly .  r r ' (p .  t )  a
Li  + A and we choose a point  ( r ' ,2 ' )  €  cr ' (p ,  n)  )Lf  ,  that  is ,  ( r t , : i )  e

l X ' x  Z ' l i U a n d

p n  \ x i  -  r ' l  < <  l l  p { p .  q ( p . r l ) 1 2 ;  +  p l p . i 1 ) \ .

Clearly the above inequality is also satisfied for the same point point (r'. z')
when (p.4) belongs to a neighborhood O of (F.n) small enough (using the
continuity of q(., ') and p('. .)). This shows that on O one has A I ^'(p,rt) )
L i  c  Si (p. r t )  a t t  :  o(c)  n Lr .
Case ( i i i ) :  ( . t ' .z t )  €  3 ' (F,4) .  By assumpt ion we have

A  t '  Q i t " l  a  { ' :  , r i r p . q )  r -  l P ' ( . r  )  ,  Z i l a ( - .

By an argument similar to what is done above, one shows that there exists
an open neighborhood X of (p, q) and an open set ,\1 such that, for every

\ p . t t )  (  - \ - . o n e h a s A  /  - \ 1  C  o t ( p .  r 1 ) n L - . S i n c e  P ' i s l o w e r s e m i c o n t i n u o u s
at z (by Assumption (C)), there exists an open neighborhood Q of f such that,
for every r e Q, 0 I lP'(x) x Z'l ),1.1, hence

A  +  L P '  t r ' )  x  Z ' ' . ' ) t r ' 1 p .  q )  a U  c  j ' ( p .  4 )  a l ' .  f o r e v e r y  . r  €  O .

Consequent ly .  f rom the def in i t ion o l 'O' .  we get  0 = O'( . )aU.  for  every r  € Q.
The correspondence Vr :: oit-) (Pi . Zi) is lower semicontinuous on

the whole set, being the intersection of an open graph correspondence and
a lower semicontinuous correspondence. Then there exists an open neighbor-
hood O of  a : :  ( . i .2 , (p,4))  such that .  for  every ( r .  z . (p.q))  e O,  then
L n Vi ( r .  z , ( .p .q))  I  0  hence A I  Lr  n0i  ( r .  : .  (p .4))  (s ince we a lways have
V i ( . 2 .  z ,  ( p .  l ) )  c  Q ' ( r ,  z ,  ( p ,  17 ) ) ) .

Step 2:' l  : (1,1). The proof is similar to the first step and more standard.
We only check hereafter that the case ot(p,n) : 0 never holds. Indeed, we
will considerthree cases. If n * 0 then 0 < max{4.t zt I zr €. Zr} since
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0 € int Zr by Assumption (F)). So eI € a1(p,4) since e1 € X1 (by As-

sumption (C)). If 17 : 0 and P:0, then p(p. T) : I and again e.r e ctr(p.r.,).
F i n a l l y , i f  4 : 0  a n d p  l 0 , t h e n e 1  - t ( ) n p )  €  a L ( p , q )  f o r l  >  0 s m a l l
enough since e1 € int X1 (by Assumption (C)).

S tep  3 :  i : 0  and ,  :  ( 1 .2 ) .  Obv ious .  !

For I : 0, for every (p,n) e B, in view of Claim 4. 1, we can now

apply the fixed-point Theorem 4.1. Hence there exists a :: ( i,2,(p,t)) €

f l , . rXu x f ] ,er  Z i  x  B such that ,  for  every i  e  10,  Oi( r .2. (p, i l )  :  A.
Written coordinatewise, this is equivalent to saying that:

(4 .1 )  ( l  I  p )  . ,  I ( t '  
-  " ' )  -  n . t Lzo

i € I  i € I

< ( ^  !  p )  . ,  
E ( t ' ( 0  

-  " (€ ) )  -  n . t \ z ' ,
I e l  ? t /

1 6 1 2  :  ( 1 . 1 )

(4 .2 )  11  €  01 (p ,4 )  and  a r (p ,n )  )  P1@)  :  A ,

1 s 1 ;  :  ( 1 . 2 )

(4 .3 )  4 . t  t I  :  max {4  , t  z r  I  z r  e  Z1 } ;

for the remaining I

( .4 .4)  ( r ' ,2 ' )  €  J ' (F. ry)  and o ' (p.  t )  n  (P ' ( t )  x  Z ' )  :  f i .

From now on we shall denote simply by lI/ the full matrix of returns Wr(p. q)

associated to the spot price p and to the asset price 4 : q@,0).

4.1.3 The vector (*,2rF, q) is an equil ibrium
We recall that, from Theorem 2.1 , q : q(F,il is the unique vector q e IRJ
satisfying

t w \ :  
i .

Since, by (4.2), ir e lt (F,4), using (4.3), one deduces that

(4.s)  (^ !  p)  . "  ( i '  -  e\  :  I  r te lp(gl .a ( ' ' ( { )  -  .1({))
6eD

and, fo reveryz i  11 ,  s ince  ( i ' ,2 ' )  €  U ' (F . i l ,by  $ .0 ,

1 n . L  z ' � +  p r p . r  ( : ^ , , , )
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( 4 . 6 )  B n ( r '  - r ' ) < l l - - ' +  p @ , i l \ .

Taking the scalar product with ) and recalling that tl4l) : t from the defini-
tion of I,I,', we conclude that, for i I 7,

I r(e lpre r .H (ri({) - ,n(€)) - p@,n) (r ^,r,)
€en \  cen  /

{  )  op  I I I ' | ' ) :  I tW\ ) . t  21  :  11  o1  21 .

Hence, summing over i € 1 we have proved the following claim:

Claim 4.2. () lp)orf  .  , ( i ' - " t )  < n.tDier zi  +#I (Lrc,  l (€))p(p, ' t ) ,
and the equalitl holds if the equalily holds in (4.5) and G.6).

Claim 4.3. Drr,  2t  :  0 andLrr,  r t '  :  Dtrr  r ' .

Proof of Claim4.3. From Assertion (4.1) (taking successively p: p and q :

t), we get:

t 4 . 1 1  n . t \ . i '  S , l . t  I  z '  f o .  e v e r y  ?  €  R r .  l l r i  l l  <  1 .
t t l  ? e r

t 4 . 8 r  { l ! p ) . r I t i '  -  r ' J  <  ( ) l p ; . r - f ( r '  -  e ' )
i e l  r € I

f o r e v e r y p € R L .  ) a p  < 1 .

We first prove that Drr, 2' : 0 by contradiction. Suppose it is not true,

f r om (4 .7 )  we  deduce  tha t  t : - 1 f f i .  Hence  l l t t : I ,  p (p .4 ) , :

max{0.  1 -  I  )  npl l  -  l ln l l }  :  0  and rJ . t  Dtr r : '  <  0.  consequent ly ,  f rom
Clatm 4.2 one gets:

( , \ n P 1 . r  I ( ; '  
-  " '  )  <  q . r L : '  + 0  <  0 .

i € I  i € I

But, from inequality (4.8), (taking p : 0) one gets

0 < ( ) . p ) . t f ( r ' - , t ) ." uo'

a contradiction with the above inequality. n
In the same way we now prove the second equality L"rt(. it - e') : 0 by

contradiction. Suppose it is not true, from (4.7) we deduce that 0 < () I p) o,

L , r , ( i ' - . ' ) ,  l l ) t rP l l  :  1  andso  p (F 'n )  : :  max {O,  1 - l l ^ t rB l l - l l 4 l l }  :  0
Coniequently, from Claim 4.2, recall ing from above that !,., :t : 0 one gets

the contradiction:
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o < ( ^ . F ) . r I ( r '  - " t ) < n . t L z t + o : 0 .  r
i e l  i € I

Cla im  4 .4 .  i r  €  81 (p .4 )  and  3 ' (p ,n )  )  P t ( i )  :  A .

Proof of Ctaim1.4. From the fixed-pointcondition t4.21. tr € Jt(t. ry). Now

suppose that i l l(p, i l  a Pt (t) I 0 and choose 11 e 3r (p, rl) n er @).
We know that cr1(p. n) + A (see the second step in the proof of Claim 4.1),

and we choose t1 € a1(p.4). Suppose first that rr : r1', then, from above
rr e PI(t ') n cl1(p.4), which contradicts the fact that this set is empty by
Assertion (4.2). Suppose now that 11 + rr ,from Assumption (C.ll i), lr1, ri In
Pt (") + 0 (recall ing that e1 € P1(t)) and clearly lzt , tt I C ot (p, 4) (since

rr e 31(tt.4) and 11 € ot (p, [)). Consequently, P1(z) n ot (p, ri ) I 0, which
contradicts again Asserti on (4.2).

Claim 4.5. (a) For every'  {e D. p(€) r  0.
( b ) F o r a l l i  l \  ( i i , z ' )  €  0 i ( p , f l  a n d  i 3 ' ( p , n )  n  ( P ' ( z )  x  Z ' ) : $ ,

Proof of Claim 4.5. (a) Indeed, suppose that p(() : 0, for some ( € D. From
Claim 4.3, Lrr, t '  : f ,.r r ' . and,from the Ncn-Satiation Assumption at
node { (for Con.sumer I ) there exists 11 e Pr (t) such that tt ({ ') : t1({') for

every {' I (;from Assertion (4.D, 11 e 3t(p,a) and, recall ing thatp({) : 0,
one deduces that 11 e 31 (p,4). Consequently,

A'@,r l )  .  Pt  ( r )  +  $,

which contradicts Claim 4.4.
(b)  From the f ixed point  condi t ion (4.4) , for  i  l1  one has (7 ' .  a ' )  €  3 ' (p,n) .
Now, supposethat thereexists  i  I  l  such that  Ai (F, t )  n  (P ' ( - )  x  Z ' )  I  A
and let (r ' , z' ') € 0'(F,n) a e'@) x Z').From the Survival Assumption and
rhe fact  that  p(( )  t '  0  tor  every (  € D (Pan (a)) .  one deduces that  o ' {p.  n)  + A
and we let  (z ' ,  z i )  e  a ' (p.4 '1.7

Suppose first that i i  : :r i, then, from above (ri. zi) e lPi(r) x Zila

o'(p, n), which contradict the fact that this set is empty by Asserlion (4.4). Sup-
pose now that ii + rr. from Assumption (C.iii), (recalling that r' € P'(t)) the
set ltt, rt InPt (r) is nonempty, hence contains a point zt (.1) :: ( 1 - ^)ti +)ri
for  some )  e 10,11.  We let  z ' ( ) )  ' :  (1  -  ) )z '+ Az '  and we check that
( " ' ( , t ) . 2 ' ( . f ) )  e  a i (p .n )  ( s i nce  ( r ' .  z i )  e  B i (p ,4 )  and  ( r ' . . ' )  €  " ' ( p ,nD .

Consequently, ai(F.t) n (P'(r) , Zi) + 0. which contradicts again Asser-

tion (4.4). !

Cla im 4.6.  p( .F,n)  :0 .

t T . k . r ' : 0 a n d t t  :  e "  _ � t p f o r t  )  0 s m a l l e n o u g h , s o t h a t r '  €  X ' ( f r o m
the Survival Assumption). Then notice that p D (r' - "') : -t(F n F) << 0 <
o + p(F,n) \ .
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Proof of Claim 4.6. We first prove that the budget constraints of consumers
i € I, i I I, are binded, that is:

( .4 .9)  p.  ( i i  -  e i )  :  I I ' . '  +  p@,4) \ .  for  every z i  f  1 .

Indeed, if it is not true, there exist z e I, i + | such that

B!  ( . r ,  -  e , )  <  I I - : ' +  p (B ,n ) \ ,

with a st r ic t  inequal i ty  for  some cornponent  (  €  D But  1, .1 r i  :  L ier  r i
(Claim 4.3) and from the Non-Satiation Assumption at node { (for con-
sumer i), there exists xi e ei@) such that rt({ ') : rt(€') for every {' I (.
Consequently, we can choose r e lri .7i I close enough to f '  so that (r. - '  ) €
3t(p,i l. But, from the Local Non-Satiation (Assumption (K.i i)), lrt,ztl c
P' ( i ) .  Consequent ly ,  A ' (F,n)ae '@)x Z")  I  A which contradic ts  Cla im 4.5.

In the same way, we prove that the budget constraint of Consumer I is
binded. Consequently, from Claim 4.2, using the facts that tre 1(t ' - e') : 0
and f ,u, 2i : 0 (by Claim 4.3) one has

0  :  ( )  t  p ) . r  l ( r t  
-  " i )  -  n . t L /  :  # I (E^,, ,)  p@,n)

Since f . . ,  ^(€) > 0, we concludethat p(p,t)  :  0.

Claim4,1. For every i e I, (r".zo) e B'y(n.Q) and lPi(r) x Z') n
nL(p.d :  a.
Proof of Claim4.7. Since p(p,n) : 0 (From Claim 4.6), for every i + I.
B'F@,u) : 3'(p,4). Hence, from Claim 4.5 we deduce that Claim 4.7 is true
for every consumer i f 1.

About  the f i rs tconsumer,  we f i rs tnot ice that  B 'F@.q) C Pr(p,n)  *  Z ' .
So, in view of Claim 4.5, the proof wil l be complete if we show that (21. z1) e
B'r(p,q). But since the budget constraints of agent i e I, i  I l , are binded
(see thep roo f  o f  C la im  4 .6 ) ,D i€ r (go  - " ' ) : 0and ! , . r  2 i  : 0  (C la im4 .3 ) ,
we conclude that

p n ( r r  . ' ) -  - \ o D ( 7 ' -  e ' )  - _ � f t r . '  : l l - z r .
i + r  i + r

which ends the proof of the claim. n

4.2 Proof in the general case

We now give the proof of Theorem 3.1, without considering the additional
Assumption (K), as in the previous section. We will f irst enlarge the strict pre-
ferred sets as in Gale-Mas Colell, and then truncate the economy t by a stan-
dard argument to define a new economy t., which satisfies all the assumptions
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of t, together with the additional Assumption (K). From the previous section,

there exists an equilibrium of t, and we will then check that it is also an equi-

librium of 5.

4.2,1 Enlarging the preferences as in Gale-Mas Colell

The original preferences Pt are replaced by the "enlarged" ones P;defined as

fo l lows.  For  every i  €  l .  x  € f l ,e  I  Xr  we let

Pi1 t1  ' :  U  l r ' , r o ) :  { r t+  t ( r i  _ � r i )  l t  e  l o .1 l .  r t  e  P ' ( r ) }
, r  E p i  ( r )

The next proposition shows that Pt satisfies the same properties as Pt. tbr ev-

ery I € 1, together with the additional Local Non-Satiation Assumption (K.ii).

Proposition 4.1. Under (C'), for every i € I and et'ery r € ll,e I Xi one has:

( i ) P i ( r ) c P i ( r )  c X / ;
(ii) the corresponclenrc Po i, lower semicontinuous at i and Pi @) is ,or-

vex:
( i i i ) . f o reve ryy i  €  P i ( r ) . f o reve ry - ( r t ) i  e  X t ,  ( r ' ) t  f  g i t hen  l ( t ' ) ' , y ' l n

Pt1tl 7 0;
( iv)  x '  4 P'(r) :
(v) (Non-Satiation at Every Node) if Drrr r ' : L,rr e', for et'ery' € e D,

there exists r € f],er Xi such rhat, -for each {' I €, , 'G') : I '(€') and

r i  e  P t ( r ) ;
(v i )  fc t r  every y i  €  Pi  @),  then ly i  .z ' l  c  Pi ( r ) .

Prtnf. Let.r ' € f],=r X' and let I e 1.

Part (i).It follows by the convexity of X', for every i € 1.

Part (i i). Letyi Q Pt(r1 anA consider a sequence (i,, ),, C f1,.. X' converg-

ing to - .  S ince yt  € Pi ( - ) ,  then gr  :  r t ' |  t ( * i  -  z i )  for  some r t  e  P ' ( I )

and some t € ]0, 1]. Since P' is lower semicontinuous, there exists a sequence

(r|,) converging to ri such that r';, € P' (2") for erery n € N. Now define

A' , ,  , :  i ' , ,  +  t (x .  -  z ' i . )  e  ] r , | , ,2 ; , ] :  then y j ,  €^P' (1")  and obviously  the

sequence (y i1 converges to g ' .  This  shows that  P; is  lower semicont inuous

at :1.
Toshowtha tP t ( t ) i s convex , l e t y \ .  y i  e  P '1 . t 7 , l e t )1  >  0 .  ) z  >  0 ,  such

that  )1 f  )2 :  1 .  Then a l ,  :  z i+ t1(r i  -  f ' )  for  some 16 € ]0,  i ]  and some

r i  e P ' (x)  (Ar  :  1 .  2) .  One has

) r g i  +  ) z g z  - . r ' '  *  ( )  1 1 1 - �  ) , 2 t 2 )  ( r ' -  r ' ) .

where r' ; : ()1 t1 zi f ),2t2r'r ') I Qft rt \2t2) € P' (t) (since P' (r) isconvex,

by Assumpt ion (C))  and t r r t r  - t  ) ,2 t2 € ]0.1] .  Hence ) rVi  *  \za l  € P ' (7)-
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Part ( iii). Let yi € Pt (e) and let (r')i e Xi, (r' )i f yi . Fromthe definition of
Pn,y '  :  r i+ t ( r i  *z t ) forsometr '  €  Pi ( i )  andsomei  € ]0,  1] .  Supposef i rs t
that  r t  :  ( r ' ) t ,  then a i  € l r i ,  r i  I  c  Pi  ( f l  .Consequent ly ,  l ( t '  )  

t ,  y i  ln  P"  g 1 7
0. Suppose now that ri I @')i; since Pt satisfies Assumption (C.li i), there
exis ts  )  € [0.1 lsuch that  r ' ( ) )  :  ( " ' )o  + ) ( " '  -  ( r ' ) t )  e  pt ( r ) .  We let

z  : :  f ) ( i  -  t ) i i  + t (1  -  ) ) ( r ' ) '  + t \ r i l l a  w i t h  a  : :  f  *  ) ( 1  -  t ) .

and we check that :  :  l I (1  -  t ) i i  +  t r t (^) l lo  € ] r i , r i (^) ] ,  wi th r t ( . \ )  e
P' ( r ) ,hence z e Pt(z) .  Moreover,  ,  t :  l \ .Uo +r(1-  \ ) ( r ' ) i l la  e l ( r ' ) ' ,  yo l .
Consequent ly , l ( r ' ) ' ,y i Ia  Pi ( t )  I  A,whichends the proof  of  ( i i i ) .
Parts (iv), (v) and (vi). They follow immediately by the definition of Pi and
the propefties satisfied by Pt in tCt. n

4.2.2 Truncating the economy
We now define the "truncated economy" as follows.

For every i € I , ^ € R?*, we tet *t ()) ana 2i 1X) be the projections of
B(I) on X' and Z', respectively, namely

( , ' _ )
X ' ( ) )  : :  ] /  e  x '  :  1 ( i ) . , + , .  f l x r .  : :  e  l l  Z ' .  t . r . : )  e  B { ) ) f

t  , * ,  i€ I  )

and

Z ' ( ) , t : :  { r '  e  z '  :  l t z r ) i * ,  r i l , } t . : r  e  f l  x ; .  r r . : ) €  B ( ) ) } .
I  j + ,  i e r  )

. By Assumption (81), the set B(A) is bounded. hence rhe sers X'(,\) and
Zi(\) are also bounded subsets of IR.r and R/, respectively. So there exists
a real number r > 0 such that, for every agent I € 1. X'()) c int B7(0.r)
and Zi ( ) )  c  in t  B r (0.  r ) .  The t runcated economy \€, . f  , )  is  rhe col lect ion

(e.. r,-) :  In. n, I .  (x:, P], ei) ier: J. (Z),r,.({(-r)) i . .r,  t  l ,

where.  for  ever ;  r  €  f1, . ,  X i .

X ' ,  :  X '  
^  

B t Q .  r ) .  Z ' ,  :  Z ' a B J \ .  r )  a n d  P i l r l  :  P i  ( r ) ^  i n t  B 1 ( 0 .  r . 1  .

The existence of equil ibria of (t,..F,.) is then a consequence of Section 4. l,
that is, Theorem 3.1 with the additional Assumption (K). We just have to check
that Assumption (K) and all the assumptions of Theorem 3.1 are satisfied by
(t,.f,).In view of Proposition 4.1, this is clearly the case for all the assump-
tions but the Survival Assumptions (C.vi) and (fltit), that are proved via a stan-
dard argument (that we recall hereafter).
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Indeed we first notice that (et,0),er belongs to B()), hence, for every
i € I, et e *'1.1; c intB1,(0,r). Recall ing that ei € intXt (from the
Survival Assumption), we deduce that et € int Xt n int B1 (0, r) c int lX' n
B7 (0 . r ) l :  i n tX i .S im i l a r l y ,  f o reve ry  i  e  1 ,0  e  Z ' ( \ )  c  i n tBy (0 . r ) .
Consequently 0 € Zi : Z')BtQ, r). Moreover, for some i0 € l one has 0 €
int Z'io (by Assumption (fl l i i)), and, as above,0 € int 87(0. r). Consequently,

0  e  i n t l z i ' .  B  r Q . r l l  -  i n t  Z i o .

^ The end of the proof of Theorem 3.1 consists to show that equilibria of
(e,., f,) are in fact also equilibria of (t. f). which thus exist from above.

Proposition 4.2. LInder Assumption (Bx), if (r,r,F, Q) is ay equilibrium o.f
(e,.F,) such that p € BL(0.I) and ' l{, ') € Xiz}nnre.tQr), then it is also
an equi l ibr ium of  1t . f  1  and / l l -^  € -V7'  ( : r  ) ,

Proof .  Let  ( . I .a ,p,q)  be an equi l ibr ium of  the economl 8, , f , ) . In  v iew of
the definition of an equilibrium. to prove that it is also an equilibrium of (t. f)
we only have tocheck that  lP ' ( f )  x  Z")o B 'F(p.q)  :  Aforevery i  €  1.  where
B'r@, rl) denotes the budget set of agent i in the economy (t. f).

Assume, on the contrary, that, for some i € 1 the set lP'(t)x Z')oB'r(p. q)

is  nonempty,  hence conta ins a couple ( . . ' . . ' ) .Clear ly  the a l locat ion ( t .  z)  be-
l ongs  to  t he  se t  B ( )1 .  hence  fo r  eve ry  i  €  l .  i '  €  X i ( ) )  C  i n t  - 81 (0 .  r ' )  and
ai  e Z i (^)  c  in tBT(0.r ) .  Thus,  for  /  e  ]0.11 suf f ic ient ly  smal l .  r '11;  ' :
t i  + t ( r i  -  z ' )  e  i n t B l ( 0 . r )  a n d : i ( i )  : :  : '  * t ( 2 "  -  - ' )  e  i n t  B 1 Q . r ) .
Clearly (ri (t). zi(t)) belongs to the budget set B'ylF.q) of agent i (for the
e c o n o m y  ( . t . f ) l  a n d  s i n c e  r / 1 t . 1  e  X ;  : :  X ' ' t  B 2 i  0 . r t .  - ' ' t l )  Q  Z i  : :
Z i  a  B t (0, r ) ,  the couple ( r i (1) ,  : i (1))  belongs a lso to the budget  set  Bi (p,  c t )
of agent i ( in the economy (t,.. f,D.From the definit ion of P'. we deduce that
r t ( t )  e  Pi ( r )  l .s ince f rom above r i ( t )  : :  r= '  *  t ( r '  -  f r )  and r t  e  Pi (z)) ,
hence ; r ' ( t )  €  P;( t )  : -  P ' (7)  n in tBr(0. r ) .  We have thus shown that ,  for
I  €  10 .11  sma l l  enough ,  ( r ' ( t ) . 2 ' ( t ) )  €  [P ; ( t )  x  Z i ] a  B : (8 , , t ) .  Th i s  con -
tradicts the fact that this set is empty, since (J, a,p, q) is an equil ibrium of the

' ;
economy \ t  , . .  f  ,  ) .

We now prove that n :- t l ' I tr( 'p.4)) € l{7'Q1). We let zt e Zr and
we show thaty o. r  ar  > n. . /  21.  We have seen above that  zr  e Zt( \ )  c
int8.7(0. r ) .  Then,  for  /  > 0 smal l  enough,  z( t1 : :  z1 + t (zr  -  r t )  e
int 87(0. r) and :(l) e Zr.by the convexity of 21. Consequently, for I small
enough ,  z ( t )  e  Z )  :  Z \  oB1 (0 . r )  andus ing the fac t t ha t  4  €  f 7 ' ( . : 1 ) .  we
deduce that

_  I  - t  I  I

0 . . t  :  > r l  . J z \ l  ) - t l o . t  2  - t t l . . t  
\ :  

- :  ) .

hence  4  oJ  z r  {  D . t  a t .  !
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5. Appendix

5.1 Retrading financial assets and equilibria

In this section we will show that, if every asset of the financial structure f can
be retraded at each node, the previous equilibrium notion coincides
with another concept widely used in the literature (see for example
Magill-Quinzii t23l).

To every asset j € J and every node €' > eU) which is not a maturity
node8 ofj we define the new assetj : ( j,t '), which is issued at {/, and
has the same payoffs as assetj at every node which succeeds {'. For the sake
of convenient notations, we shall allow to retrade every asset j at every node

€ ' e  D . e
Throughout this section we shall assume that the portfolios are uncon-

st ra ined.  that  is .  Z i  :F* t . lorevery i  €  1.

Definition 5.1. The retrading of asset j e J at node {' e D, denoted j :
(-1, €'), ir the asset issued at {', that is, €(-1, €'') : €', and whose Jlow o.f payoffs
is given b,t
i ( p . t , ( j , € ' ) )  :  u ( p , { . r ) , i f  € ' <  € ;
" ; (P '€,0, { ' ) )  :  o ,  otherwise.

Given the financial structure F : (!, (€(f ))re L V), we associate a new fi-
nancial structure f : (.J, ({(.1 ));u;, V), called the retrading extension ry' .F,
which consists o.f all the rerradings Q,€') o.f ottu j e J at node {' €D. Hence

J :  J  xD and theD x ,J-marr ixV(p)  has. for  coef f ic ients i (p,€.  ( f ,€ ' ) ) ,  o t
defned above.

We denote by Sr(€') the price of asset (. i,( ') ( i."., the retrading of as-
set j at node {'), which is sometimes also call€d the retrading price of as-
set j at node ('. So, fbr the financial structure f, both the asset price vector

s : @j(€'))re.r.e,en and the portfolio z : (.zj(€'))j€r.€/€D now belong to
p"rxD. Given p e lRr, q and z in RJxD, the full f inancial return of F at node

{ e D l s

I We recall that the maturity nodes of an asset j are the nodes { > {(7) such that
r (p.€."t) I  0 and ' .-(p. €'  ,  j )  :  0 for every { '  > {.

t' In particular, if 4' is a terminal node ({' e Dz) the payofTof the asset (7. (') is zero
(i .e..  i (p.€, ( i .€')) -  0 fbrevery { € D). However, these assets do not affect the
equilibrium notion since. under the Non-Satiation Assumption at every Node, the
corresponding equilibrium price q1y.4,1 must be zero (otherwise it would lead to an
arbitrage situation which does not prevail at equilibrium).
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lw7(p, q)zl(€)

I  i ( p . € . ( j . ( ' ) ) : r ( € ' )  -  
I  d e . q , , . e ' , q r l € ' ) z r l { ' )

( j . € ' ) € J x D  ( - r . € ' ) e ; x n

:  t  t  t ' l o . €  ; \ '  i c l \  -  \ - -  r t \ - ; ( { ) .-  
/  /  

!  \ r ' \ ' J ' ' J \ \  /  / r Y J \ \ t " J

i € J  { ' r {  i € J

We now give the definition of equilibrium which is most often used when

retrading is allowed. Given the financial structure T : (J, (€(-l))i.r, V) and
given p € R1', q a p'/xD, we first define the budget set:

E r @ , q ) :  { ( " t ,  a i )  €  x i  "  p " r x D  :  p -  ( r i -  , o )  <  f i t @ , q ) y ' l

where we let ,  for  y  :  ( .A iGDO,€)e yxn a p ' /xD'

fi ' '(p,q)v](o
f  -  t  q i ( ( ,  ) v i ( € u ) .  € :  ( 0 .
I  u - '  -

- )  i € r- l  
l -  t . r o . € . i 1 y , i c - r - \ -  ,  r c \ t r  r c - i - f  o  t € ) u , ( € \ .  V € + € 0 .

|  / _ "  I / ' \ ' J , v . / r \  I  / 2 ' 1 . 1  
' \ / v J r \  '  . / - r J  

' \ / v . l \ \ / '  ' \  /

\  7 6 , /  j € J  j e J

We recall that we have allowed the retrading of assets at terminal nodes,
for the sake of convenient notations; so we don't need above to distinguish the
c a s e s ( € D r a n d ( # D r . l n

Definition 5.2. An equilibrium with retrading of the economy' t and the finan'
cial structure f : (J, (€(l))r..r, V) is a collection of strategies and prices
( . r ,a . r . , .0)  e (Rr) l  x  ( [R ' /xD)/  x  Rr  \  {0}  x  lR.r"D suchthat

(a) . for  everv ' i  e  I ,  ( t i .g i )  €  E ' r@,q)  and lPi  ( t ) "  p-rxn]  nE' r@,d :A;

t h t  l . r '  :  I , '  a n d  |  l J i  :  0 .
i € I  i € I  i . € I

The next proposition shows that, for a given exchange economy t, equi-
libria with retrading associated to the financial structure ? are in a one-to-
one coffespondence with the equilibria associated to the retrading extension F
of f. The correspondence will only change the equilibrium portfolios via the
m a p p i n g i ,  R / ' D , [ R / x ] d e f i n e d b y

vQ)U,€)  :  t  : ( , r ' ( ' ) '  forevery z  € R' / *D'
€ '<E

"' gr, "gurn, at equilibrium. under a standard Non-Satiation assumption (see assump-
tion NS), a no-arbitrage argument will imply that q, ({) : 0 if ( € Dr. So allowing
assets to be emitted at terminal nodes does not matter.
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and ,p is easily shown to be l inear and bijective.rr

Proposition 5.1. Let t be an exchange economy, let f : (J,(€U))iet,V)

and let F - t j,(.t(. lDi.i.V1 ae *e retrading extension of f . Then the rwo

following conditions arb equivalent: _
t i t  l r .  z .  p .q)  is  an equi l ibr ium c, . [  ( t . f ) :
( i t )  ( t ,  (p( : ' ) ) ;er .p,4)  is  anequi l ibr iumwithret rading of  ( .€ , f ) .

Proof. Since p is linear and bijective, the equality L,,r, 2o : 0 holds if and
only if L,., p(zo) : 0' Thus the end of the proof is a consequence of the
following claim.

Claim 5.1. For every (p,q) e pr t p-txD one has
( i ) f o r  eve ry  z  €  lR / *D ,  W7@,q . ,2 : f r y$ t , q )p (z ) ;

( i i )  B 'F@,q )  :  { ( " "  , t )  |  ( r ' , p ( rn ) )  e  E r@,q ) l

Proo.f. Part (i). For{ : €0, wehave rp(z)(f,40) : zU.€o) forevery j e J;

from the definit ions of W7(n, Q andWy(p. q), we get:

lfr '(p,q)e(')l ({o) : - ! ai{eo)tp(:)(-r, €o)l
. J U J

:  -  
t  

q(€o):r((o) :  lw7(n,q)"J(10).
'l t' 'J

For { I {e we have

l f i r(p.s)r(,) l (€)
:  I , , (p .  € . i lp@O.{- )+ f  q , ( { )p(z) ( r , { - )  -  t  q iG)pQ)U,€)

j € J  j € . r  j € , |

: I ,,@17l. {, -r) ! z1(.€') - Y, n,@1.,r(r)(:. €) - p(z)(,r, {- )l
j  e , I  ( ' < €  t  € J

t  u(p.(,  (-r ,{ ' )) ' r(€')  -  f  cr(€)";(€)
( J . € ' ) € . / x l  i . J

:  lW'7@, q)' l({)

Part (i i). It is a direct consequence of (i).

t t  I t  is easy to see that the inverse of rp is the rnapping L- :  R/tD + p/rn defined
b y  t t ( z ) ( 1 . € )  :  , ( j . € )  -  z ( . i , 1 - ) ,  i f  €  I  € o ,  a n d  r , , ( : ) ( J . q u ;  :  z ( 7 . { 6 ) ,  i f
c - t - .
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5.2 Relationship between rankVy and rankWT in a multi-period

model

The next Proposition shows that several properties of the two-date model also

hold in the case of short-lived financial structures. First, the list of emission

nodes ({(j))r67 ofrhe (non-zero) short-l ived assets is uniquely determined by

the knowledge of the retum matrix Vr(p), and, secondly, the relationship be-

tween the ranks of the matrices Vy(p) andWr(p.q) can be simply formulated.

Proposition 5.2. For short-livedfinancial structures F, the following holds:
(a) if,.for every j € J, Vy(p, j) + 0, then rhe emission node {(j) is

uniquely determined b,t the knowledge of the payoJf vector V7(p, j), that is,

{ ( : )  :  €-  for  every {  e D such that  u(p,€,  j )  *  0 :
( b )  r o n A '  I 3 ( p )  <  r o n k V - y l p . q ) f o r e v e r y  @ . q \  €  I R r  x  R r :
(c) rankvr(d :  rankWs(p 'q)  i f  t l \ rv@'q) \ :0for  some ) .  €  R'+* .

In the following, we omit the subscript f of the matrices Vv@) and

wr(p).

Proof. Part (a) is straightforward. We prepare the proofs of Part (b) and (c) by

introducing some notations and definit ions. We let, for t : 1,.. ' ,7 t 1' the

s e t . I r :  { j e t  l { ( j )  e  D , - r } .
We give the proof under the additional assumption that Jt I A for t € 11. 7]

and J7a1 : fl (and we let the reader adapt this proof to the general case).

Then the sets -It (t € 11,7]) deflne a partition of the set J and we write every

:  e RJ as :  -  ( :1)wi th : r  €  IRJ ' .  We also def ine the D,  x  J ,  sub-matr ix

V ., (p) of V (p) and the Dr x ,/' sub-matrix W't., (p ' q) of IY (p, q) , fot t e T

a n d z : I , . . . , 7 .
In this case, the matrices V (p) andW- (p.rt) can be written as follows:

Jt J2

0 0

I / r . r ( p )  o  . .

I T
J T - 1  J T '

0 0

0 0

v(P)  =

De

D 1
\

l4rr - t.r (p, q

Vr.r@)

\ \ to t(p ,  q)

I,'i.rb)

0  0  . . .  v r - t I - t @ )  0

0 0 0 Vr.z'(P)

I 4 ' t . z ( p , c l ) . . .  0

0

0

0

0

o  . . . I t - r . z ' - r ( p )

0  . . .  l )

Dr - t

D7

\ \ ' ( p . q ) : )#
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To see the above, it suflices to check that, for every (p, q), one has V0, (p) =
0 f o r e v e r y  r , U . , ( p ) : 0 i f  t  *  r , W o , , ( p . A )  : 0 , f o r e v e r y  r  +  I ,
Wt . , ( p ,q ) :0 i f  r  >  t  *  2  and  Wr , t (p ,q ) :V . t (p )  f o reve ry  I  )  1 .
Part (b). We first prove it under the additional assumption that rankV(p) :

#J (i.e., V(p) is one-to-one). Let z : (r,) e fl, R.r, be such that W (p, q), :
0: then one has

V t ( d a  +  W t , z ( p , q ) z z  : 0 ,

Vr - t.r - t(p) "r - t + Wr, t.r (p, q) zr : 0,

V7.7(p)27 :  Q.

One not ices that  rankV(p\ : l ! - r rankV1@).  So,  for  every f ,
rankV1l@) - $J, (hence rankV(p) : f J) and each matrix V,r(p) is one-
to-one. From above, by an easy backward induction argument, we deduce that
z r  : 0 , t h e n  z r - r  -  0 , . . . , 2 r : 0 .  T h u s  z : 0  a n d w e h a v e p r o v e d t h a t
W(p,q)  is  a lso one-to-one,  that  is ,  rankW(p,q)  :  iJ .

Suppose now that rankV (p) < #J. By eliminating columns of the marrix
I,/(p) we can considera set J C ,./ and a (D x J)-sub-matri*V(p) of V(p)
such that rankV(p) : #i : rankT(p) anO rhe marrix f i@.q) is defined
in a similar way. From the first part of the proof of Part (b), ronkT(p) <
rankf i@.q) ,  andclear ly  rantr f r@,q)  1 rankW(p,q) .Hence rank f . (p)  I
rankW (p.  q) .
Part (c). We denote by V(p,{) and W(p.q.{), respectively, the rows of the
matrices V (p) and W (p, q).Since t l/(p. S)) : 0, from Theorem 2. I we get

I ( { ( r ) )q r :  t  ) ( € ' ) r ' ( p , ( ' , 7 ) ,  f o r  eve ry  j  e  J .
€ 'e617 1 *

Consequently, we have:
f o r {  €  D r , W ( p , 9 , € ) : l z ( p . O  a n d
for { I  Dr, W(p. s, {) + 11l)({) l  I . , . .* l({ ') lz(p, 1') :  r '(p,{) (re-

cal l ing that  L/1p.  (o)  :  0 t .
Hence, for every { e D, l l '(p,q,{) belongs to the vector space spanned

by the vectors {V(p,€) | € e D}, thus we conclude that rankll '(p,q) <
rankV(p) .  n

Remark 5.1 (Long-lived assefs). The inequality rank f.(p) ! rank W (p, q)
(Assertion (b) of Proposition 5.2) may not be true in the case of long-lived
assets. Consider a stochastic economy with 7 : 2 and three nodes, namely
U :  {0 ,  1 ,2 } ,and twoasse ts  j 1 ,  j 2 ,whe re j l  i sem i t t eda tnode0andpays  -1

anode  1 ,  l  a tnode2 ,  j 2 i s  em i t t eda tnode  l  andg i ves  I  a tnode2 .Cons ide r
the assetprice q : (0, 1);then the matrices of returns are
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.  W :

and rankw(q)  :  |  <  rankv :2.  n

Assertion (a) of Proposition 5.2 may not be true in the case of long-lived as-

sets, that is, the payoff matrix may not suffice to describe the financial structure.

Consider the above example: then V is also the return matrix of the financial

structure f/ consisting of two assets {jt, jL}, where j1 is de{ined as previously

and 7l has for emission node 0 and pays 1 at node 2. It is clear, however, that'

for q : (0. 1), the full matrix of returns W7 k) is different from lVs(q). n

5.3 Proof of Proposition 3.1 on the Boundedness Assumption .B1

We will use the following lemma.

Lemma 5.1. Let A be a compact subset of Rn ancl let W(a): IR.J - RD

(o e ,4 1be a l inear mapping such that the application ̂ - l l '(o) is continu'

ous and ro,nkW (a) : yJ. Then there exists c ) 0 such that:

l l ! I / ( a ) z l l  )  c l l :  f o reven '  ;  €  IR r  andeve ry  ae  A .

Proof. By contradiction. Let us assume that, for every n € N, there exist ;' €

lRr, cr" € A such that l l l l-(a,).2,, < I ,"1. Noticing that 2,, I 0, without

any loss of generality we can assume that (fr; )" (which is in the unit sphere

of IRJ) converges to some element u I 0 and (cr' ) converges to some element

a e A (since A is compact). By the continuity of the map l{''-, taking the limit

when n + cc, we get IV(ri)u ( 0, hence lt '-(a)t ' : 0, a contradiction with

the hypothesis that rank l,'l'(a) : f J. n

Proof of Proposition3. 1. Let ) e RD** be fixed. We first show that. for every

i € 1, the set -t i()) is bounded. Indeed, since the sets Xi are bounded below,

there exist rt € IR' such that Xi c ri + Ri If r '  € X'()). there exist

/  r -  X i .  for  every j  r  l .  such that  l r . ,  , i  :  Lr rL er .  Consequent l ) .

r ,  1 . r ' :  - t r r + f  e J  1 - f  r ' ,  .  f  r r
Z 2 Z - 2 - 2

] T . J ! "
j + t  j . J

and so -;tt()) is bounded.
We now show that Zi(^) is bounded under the three sufficient assump-

t ions ( i ) ,  ( l l )  or ( i l i )  o fProposi t ion 3.1.  Indeed,  forevery z i  e  Z i l ) l there

e x i s t ( e r ) i = ;  € f l i r , / 1  . 1 x j  ) ,  € f l r e r  X i . p e  B t . 0 . I ) . g € R r s u c h t h a t
t l 4 ' ( p ,  g ) )  €  B t \ . l ) ,  I ; . ,  z j  : 0  and  ( r r .  zL  )  e  B ry@.0 ) .

(+ +)":(+ i)
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Under Assumption (l), for every j € l the portfolio set Zi ts bounded from
below, that is there exists ar € Rr such that Zj c zj + IR{. Using the fact that

Dir ,  t i  :  0 ,  we get

: ' <  z ' :  - I  z i  1 _ � f  a ,  i o r e v e r y  a ,  e  Z i t \ ) .

i+ i  i+ i

Under Assumption (i i), since (r: ' . zi| e A7(p,q) and (ri.p) e Xii, l ; x
Br (0, 1), a compact set from above, there exists n'; € IRD such that

a '  1p  n  ( " '  -  e ' )  <  \ \ ' l p .q ) : i  .

But (using the fact that !n., z' : 0) we also have

/ \
r r - 1 p . t 1 z i  :  V  ( p . s ) ( -  I  r '  

) ,  
- f  o , .

. t r L  . t f L

hence there ex is ts  r  )  0  such that  I I ' (p .  q)r '  C Be(0.  r ) .
From Lemma 5.1, taking W(c'') : Vt(.p,rl) for a : (p,q) e A ,:

{ ( p , q )  €  8 7 ( 0 , 1 )  x l R r  ,  t W r ( p , q ) )  e  8 . 7 ( 0 . 1 ) } , w h i c h i s c o m p a c r , f o r
fixed ) € R?*, there exists c > 0 such that, for every (p. rl) € A,z' e R.1
. l l " ' l l  S  l l l i ' - ( p ,q )z ' l l .  Hence ,

,  , ' J )  <  ] l l l - ( p . q ) z ' )  S  r  f o r e v e r y  , '  e  2 i 1 x 1 .

which shows thar  the set  Z iO )  is  bounded.
Finally, under Assumption (iii) the case of short-lived rzssets is a conse-

quence of Part (il) and Proposition 5.2.b. !

5.4 Proof of the no-arbitrage characterization Theorem 2.1

The proof is a direct consequence of the following result by taking \Ii ::
l l  r ( p .  q ) . c  :  z i  a n d  C  :  Z i .

Theorem 5.1 (Koopmans [19]). Let W : R' - lR- be linear let Cl 1_ fr 6s
conyex, let c e C, and consider the two following assertions:

(i lthere exists \ € R?* such that t l l ' l  € A'c(a),
or  equivalent ly ,  ) ,o , ,14,  a:  l t l4 t  ) ,1  o,  c  )  ) ,o-Wc:  l t l , l ' ^ ]  o , .  c . for  every
r ! (

( i i ) w ( c ) . ( w . + R ? )  :  { 0 }
The implication [(i) + (ii)] always holds and the conv'erse is lrue under

the additional assumption that C is a polyhedral set.
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ProofofTheorem 5.1. t(t) + (rt)l By contradiction. Suppose that there exists
c € C such thatl l ' '  c > Wa. This implies that, forevery ) € RT+, ),c-Wc >
\ o,,, Itr '-or equivalently It lr,")] on c ) [t l{,\] o" c, that is, tW ̂  4,Vc(c),
which contradicts (l). n

For the proof of the implication [(i i) + (i)], see Koopmans ([l9]), taking
into account the following known result on polyhedral sets.

Lemma 5.2. Let C c R" be a convex set.
( a) ( [ 3 3 ] Theorem I 9. I ) Then C is polyhedral if and only if there exist finitely
man) :  vec to rs  c1 . . .  . : ck ,d r , . .  . . d r .  i nR-n  such  tha t

(b) (t331 Theorem 19.3) Let W: lR" + lRrn be a l inear mapping. 1/ C C R"
is polyhedral set, then I,y(C) ts also polyhedral.
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