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1 Introduction

As the economy grows, the pattern of demographic transition changes. Re-

cently, in many countries, the pattern of demography has been characterised

by low mortality and low fertility. In such countries, expanding longevity

causes the aging of population, in which the ratio of the elderly to total pop-

ulation boosts up. For individuals, the longer life span affects not only the

saving behaviour but also the behaviour to have children. As having children

enhances parents’ utility and generates the increase in cost for these children,

longer longevity causes the agent to save more for their life after retirement

and gives the disincentive to have children due to the rising cost.

One of the factors prolonging life, among others, is public health expen-

diture. As shown by Organization for Economic Co-operation and Develop-

ment (OECD) (2010), the ratio of public health expenditure to total health

expenditure of the US increased from 44.9 percent in 1995 to 46.5 percent in

2008 and that of Italy also increased from 70.8 percent in 1995 to 77.2 percent

in 2008.1 In most OECD countries, the ratio of public health expenditure

will continue to increase and will have a critical role in national health.

Murphy and Topel (2003), who analyse the social returns to health-related

research, show that in 1995, the US federal expenditure accounted for about

38 percent of the annual total investment in medical research and that a

reduction in mortality due to heart disease alone amounted to about $1.5

1For such health data in other OECD countries, see OECD (2010).
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trillion per year over the 1970−1990 period.2 Public health expenditure

contributes to expanding longevity and generating social returns.

In an aging society, the government should adopt a policy to enhance

fertility and increase the total population. Such policy can lower the ratio of

the elderly to total population and provide a solution to the issues caused by

an aging population. Based on this point, Blackburn and Cipriani (2002) and

Chen (2010) discuss the relations between longevity and fertility. However,

they do not focus on the effects of government policy on fertility in a model

with longevity.

Aging also affects the social security system. As expanding longevity

increases the number of elderly, increasing public health expenditure requires

the government to pay more social security benefits to the elderly. In an aging

economy, social security recipients outnumber social security contributors.

In an aging society characterised by low mortality and low fertility, public

policies should consider both the incentive to have children and social security

for the elderly.

According to the study by Becker and Barro (1988), social security may

affect private saving and the demand for children.3 Among others, introduc-

2Murphy and Topel (2006) develop a framework for valuing improvements in health
based on willingness to pay and estimate the value of past and prospective health advances.
Hall and Jones (2007) show that the optimal health share of spending is likely to exceed
30 percent by the middle of the 21st century.

3Empirical studies for the effects of social security on private saving and the fertility
decision are presented in Cigno and Rosati (1992), Cigno and Rosati (1996), Cigno and
Rosati (1997), Ehrlich and Zhong (1998), Cigno, Casolaro and Rosati (2003), Zhang and
Zhang (2004) and others.
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ing parents’ child care time into the model, Zhang and Zhang (1998) show

that a higher social security tax rate tends to be detrimental to economic

growth and welfare. Incorporating an uncertain lifetime into Zhang and

Zhang (1998), Yakita (2001) shows that an increasing life expectancy lowers

fertility and that a pay-as-you-go social security does not reverse the fertility.

Van Groezen, Leers, and Meidam (2003), Fenge and Meier (2005), Zhang and

Zhang (2007), Hirazawa and Yakita (2009), Omori (2009), and others anal-

yse social security and child support in a model with endogenous fertility.

However, as public health expenditure is not included in these all models,

there is room for us to examine the effects of public health expenditure on

fertility.4

Without introducing social security into the model, Bhattacharya and

Qiao (2007) and Leung and Wang (2010) discuss longevity and private health

care. Cigno (1998) discusses the relation among fertility, infant mortality

and private health care. On the other hand, on the discussions about public

health care and social security, Chakraborty (2004) examines how expanding

longevity by augmenting public health expenditure is conducive to growth

and shows that high-mortality societies do not grow rapidly because a shorter

4Abel (1985), Hubbard and Judd (1987), and others discuss social security in the
framework of uncertain lifetimes. Abel (1985) shows that, in the absence of a private an-
nuity market, the introduction of actuarially fair social security crowds out private wealth
and reduces national wealth. Hubbard and Judd (1987) also show that the introduction
of social security increases lifetime welfare and reduces national savings when borrowing
against future resources is limited. They also do not consider public health expenditure in
the model. Thus, there is opportunity for us to examine the relation among public health
expenditure, social security, and fertility.
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lifespan discourages savings.5 Zhang, Zhang, and Leung (2006) study the ef-

fects of social security and health subsidies on private savings, private health

investment, and welfare in the overlapping generations model.6 Pestieau,

Ponthiere, and Sato (2008) show that the sign of optimal subsidy on health

expenditures tends to be negative when the replacement ratio is sufficiently

large. In these discussions, the effects of public health expenditure to ex-

pand longevity on fertility are not included. Thus, there is room for us to

examine the connections between public health expenditure, social security

and fertility in an overlapping generations model.

In our model, the government is assumed to collect wage income tax to fi-

nance public health expenditure and social security benefits. We examine not

only the effects of wage income tax on fertility but also the effects of reallo-

cating public funds from social security benefits to public health expenditure

on fertility. As public health expenditure and social security can be viewed

as mechanisms of intergenerational transfer, we examine the effects on fer-

tility of such reallocation and discuss how intergenerational transfers affects

fertility. To clarify how income tax affect fertility decision, we also examine

the effects of different types of income taxes on fertility. When government

budget constraint is decoupled and there are dedicated taxes for both public

health expenditure and social security benefits, we can consider the effect

5Davies and Kuhn (1992) show that social security never increases welfare in a pure
moral hazard economy and that social security may either increase or reduce longevity
depending on the characteristics of the health-related goods consumed.

6Through simulations, Zhang, Zhang, and Leung (2006) find that pension and health
subsidies increase life expectancy at the cost of reducing savings and future output.
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of health tax (tax for public health expenditure) on fertility while keeping

the social security tax (tax for social security benefits) constant and that

of social security tax with a constant health tax. These different financing

mechanisms have potentially different implications for fertility. These dis-

cussions clarify how parents’ decisions on children depends on public health

expenditure and/or social security benefits.

To keep the analysis simple, we develop the overlapping generations model

in a small open economy.7 Kolmer (1997), Fenge and Meier (2005), Hirazawa

and Yakita (2009), and others discuss social security and fertility in a small

open economy. Hashimoto and Tabata (2010) discuss the effects of aging

and private health care on growth in a small open economy without social

security. However, we do not have enough information on public health

expenditure and fertility in a small open economy.

In this paper, introducing public health expenditure and longevity into an

overlapping generations model in a small open economy, we study how public

health expenditure affects fertility. We do not discuss the spillover effects of

public policy on private health care in this paper. Private health expenditure

has also direct effect on longevity. Cigno and Pinal (2004) show the evidence

that public health expenditure crowds in private health expenditure in Ar-

gentina. However, the purpose of this paper is to discuss the effects of public

7We can also develop the similar model in a closed economy. The path in a closed
economy may not be essentially different from the one in a small open economy. However,
to simplify the discussion, we examine the effects of public health expenditure on fertility
in a small open economy.
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health expenditure on fertility. As introducing the spillover effects of public

health expenditure on private health expenditure makes difficult for us to

discuss how public health expenditure affects longevity and fertility, we as-

sume away private health expenditure in this paper. The questions addressed

in this paper are as follows. First, what is the effect of wage income tax for

financing public health expenditure and social security benefits on fertility?

Second, how does a change in the allocation between public health expendi-

ture and social security benefits influence fertility? Third, when government

budget constraint is decoupled and there are dedicated taxes both for public

health expenditure and for social security, how can such taxes affect fertility?

The rest of the paper is organised as follows. Section 2 presents the model.

Section 3 shows the optimal plans for the consumer in an equilibrium. Based

on section 3, sections 4 and 5 clarify the effects of wage income tax and al-

location between public health expenditure and social security benefits on

fertility, respectively. In section 6, the effects of health tax and social secu-

rity tax on fertility are examined. The last section presents the concluding

remarks.

2 Model

As developed in Diamond (1965), we consider an overlapping generations

model of a small open economy. For simplicity, we assume that the level

of the world interest rate remains constant over time. The capital labor

ratio and wage rate are also constant. The economy is comprised of identical
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three-period-lived agents, perfectly competitive firms, and a government.The

production technology is assumed to be governed by a standard neoclassical

constant-returns-to-scale production function.

2.1 Consumers

Agents in the first period of their lives, the young generation, are raised by

their parents. Agents in the second period of their lives, the working gen-

eration, supply their labor inelastically to firms. They divide their after-tax

income among current consumption, savings for consumption when old, and

child raising expenditures. With probability pt, an agent who worked during

period t will live throughout old age, and with probability 1 − pt, the agent

will die before the onset of the third period, old age. In this model, similar

to Chakraborty (2004) and Pestieau et al.(2008), when introducing longevity

into the overlapping generations model, we assume that the probability of

survival, pt, is the same for all individuals.

Agents in the final period of their lives, the old generation, consume

their social security benefits and accumulated savings. If an agent dies at

the onset of old age, accidental bequests emerge. However, introducing an

annuity market into the model, we do not suppose accidental bequests. The

return in the annuity market at period t is the interest rate, 1 + r, divided

by pt−1

(
i.e., 1+r

pt−1

)
.

As the working generation at period t is called generation t, the preference
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of a representative agent of generation t is

u
(
ct
t, ct

t+1, nt+1

)
= ln ct

t + pt ln ct
t+1 + ϵ ln nt+1. (1)

where ct
t and ct

t+1 are the consumption of generation t during the working

generation period and the old period, respectively, and nt+1 is the number of

children. Let Nt be the total working generation population at period t, and

thus we have Nt+1 = (1 + nt+1) Nt.
8

The budget constraints of a representative agent of generation t in the

working and old periods are given respectively by

ct
t + st + Λnt+1 = (1 − τ) w, (2)

and

ct
t+1 =

(
1 + r

pt

)
st + Tt+1, (3)

where τ is the wage income tax rate, w is the wage rate, st is his/her savings,

Λ is the parents’ child cost per child, and Tt+1 is the social security benefits

at t + 1.

Given the wage rate, interest rate, wage income tax rate, probability to

survive, and child care cost per child, a representative agent chooses ct
t , ct

t+1

and nt+1 to maximise utility, (1), subject to the budget constraints, (2) and

(3). The first−order conditions are as follows:

1

ct
t

= λ, (4)

8Similar to Omori (2009), to show the population growth explicitly, we define that as
Nt+1 = (1 + nt+1)Nt. However, even when we define that as Nt+1 = nt+1Nt, we can
derive the similar implications.
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pt

ct
t+1

=
ptλ

1 + r
, (5)

ϵ

nt+1

= λΛ, (6)

and

(1 − τ) w − ct
t −

ptc
t
t+1

(1 + r)
+

ptTt+1

(1 + r)
− Λnt+1 = 0, (7)

where λ is a Lagrangian multiplier.

Based on the first−order conditions, the optimal plans for ct
t, ct

t+1, and

nt+1 are

ct
t =

1

(1 + pt + ϵ)

[
(1 − τ) w +

ptTt+1

1 + r

]
, (8)

ct
t+1 =

(1 + r)

(1 + pt + ϵ)

[
(1 − τ) w +

ptTt+1

1 + r

]
, (9)

and

nt+1 =
ϵ

(1 + pt + ϵ) Λ

[
(1 − τ) w +

ptTt+1

1 + r

]
. (10)

Substituting (9) into (3), the saving function, st, is

st =
pt

(1 + pt + ϵ)

[
(1 − τ) w − Tt+1 (1 + ϵ)

(1 + r)

]
. (11)

2.2 Government

The government is assumed to behave under a balanced budget regime. Tax

revenues are collected and finance public health expenditure and social secu-

rity benefits in the current period.

We suppose the agents to enjoy the public health expenditure through

expanded longevity. Due to public health expenditure, if new medications for

diabetes and high blood-pressure are developed and the working generations
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take these medications, their longevity will be expanded. In this paper, we

discuss the effects of public health expenditure on fertility. For simplicity,

we assume away the private medical research sector and any spillover effect

of health expenditure. Similar to Bhattacharya and Qiao (2007), Osang and

Sarkar (2008) Pestieau et al. (2008), Leung and Wang (2010), and others,

we assume that the probability to live into the old period is a function of

public health expenditure, Gp
t . That is,

pt ≡ p (Gp
t ) . (12)

For analytical simplicity, following Osang and Sarkar (2008) and Leung and

Wang (2010), we assume the following conditions: 0 < p < 1, p′ > 0, p′′ < 0,

p (0) = p̄ (p̄ is constant), 0 < p̄ < 1, and lim
Gp

t→∞
p′ (Gp

t ) = 0.

The government budget constraint per the working generation at period

t is

τw = Gp
t +

pt−1Tt

1 + nt

. (13)

Let us further define the parameter ∆ to denote the fraction of govern-

ment revenue allocated to public health expenditure. Public health expendi-

ture can be written as

Gp
t = ∆τw, (14)

and the social security benefits at t is

Tt =
(1 + nt)

pt−1

(1 − ∆) τ w. (15)
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Note that the fraction parameter, ∆, is between 0 and 1. In the following

discussions, the government predetermines the sequences of τ and ∆ for

simplicity.

3 Optimal plans

In equilibrium, based on (14) and (15), the optimal plan for the number of

children, (10), is rewritten as

nt+1 =
ϵ (1 − τ) w (1 + r) + ϵ (1 − ∆) τw

(1 + p (Gp
t ) + ϵ) Λ (1 + r) − ϵ (1 − ∆) τw

. (16)

As this economy is supposed to be a small open economy, and the capital

labor ratio, interest rate, and wage rate are constant, τ and ∆ are assumed

to be predetermined and fixed over time. Public health expenditure, Gp
t ,

is fixed over time because the government budget constraint of (14) shows

Gp
t = ∆τw. Therefore, nt+1 is the time-invariant variable in equilibrium.

Moreover, as nt+1 is required to be positive, on the right hand side of (16),

(1 + p (∆τw) + ϵ) Λ (1 + r) − ϵ (1 − ∆) τw is assumed to be positive.

Similarly, for the optimal plans for ct
t, ct

t+1 and st, (8), (9) and (11)are

rewritten as

ct
t =

1

(1 + p (Gp
t ) + ϵ)

[
(1 − τ) w +

(1 + nt+1) (1 − ∆) τw

1 + r

]
, (17)

and

ct
t+1 =

(1 + r)

(1 + p (Gp
t ) + ϵ)

[
(1 − τ) w +

(1 + nt+1) (1 − ∆) τw

1 + r

]
, (18)
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and

st =
1

(1 + pt + ϵ) (1 + r)
[pt (1 + r) (1 − τ) w − (1 + nt+1) (1 − ∆) τw (1 + ϵ)] .

(19)

As nt+1 is the time-invariant variable in equilibrium from (16), ct
t in (17), ct

t+1

in (18) and st in (19) are also the time-invariant variables in equilibrium.

4 Effects of wage income tax on fertility

In this section, we examine the effects of changes in wage income tax on

fertility. We express the effect of wage income tax on fertility as follows,

Proposition 1

If

dp

dGp
>

ϵ (1 − ∆)

Λ (1 + r) ∆
, (20)

then, a higher wage income tax rate decreases fertility.

Proof: We derive the derivative of (16) with respect to τ as

dnt+1

dτ
=

1

[(1 + p (Gp
t ) + ϵ) Λ (1 + r) − ϵ (1 − ∆) τw]2

×

[
[(1 + p (Gp

t ) + ϵ) Λ (1 + r) − ϵ (1 − ∆) τw]

× [−ϵw (1 + r) + ϵ (1 − ∆) w]

− [ϵw (1 − τ) (1 + r) + ϵ (1 − ∆) τw]

×
[
Λ (1 + r)

dp

dGp

dGp

dτ
− ϵ (1 − ∆) w

]]
(21)
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On the right hand side of (21), (1 + p (Gp
t ) + ϵ) Λ (1 + r) − ϵ (1 − ∆) τw is

assumed to be positive. If

Λ (1 + r)
dp

dGp

dGp

dτ
− ϵ (1 − ∆) w > 0

are satisfied, then dnt+1

dτ
< 0. That is, as dGp

dτ
= ∆w from (14), if

dp

dGp
>

ϵ (1 − ∆)

Λ (1 + r)
, (20)

then

dnt+1

dτ
< 0.

Increasing income tax has four effects. First, increasing income tax rate

decreases after-tax income and fertility because having children generates

cost, and children are normal goods in this model. Second, a higher income

tax rate increases public health expenditure and expands longevity. Ex-

panding longevity urges consumers to need more savings for their old period

consumption. Increasing savings by expanding longevity and children rais-

ing cost gives the working generations the disincentive to have more children.

Third, by increasing income tax rate, public health expenditure and expan-

sion of longevity lower the return in annuity market. These three effects

of increasing income tax rate on fertility are negative. Fourth, increasing

the income tax rate gives more social security benefits. Consumers have the

incentive to have children because increasing social security benefits covers

the cost to have children. This wealth effects is positive. When the first

three effects dominate the last effect, that is, if dp
dGp > ϵ(1−∆)

Λ(1+r)∆
, then a higher

14



wage income tax rate decreases the fertility. If the former effects are greater

than the latter effect, consumers need more savings to compensate for the

decreasing income at the old period. Having children entails costs, and thus

consumers have the negative incentive to have children. Increasing the wage

income tax rate for both public health expenditure and social security ben-

efits gives the agents the disincentive to have more children.

In Proposition 1, the condition (20) is only a sufficient condition but not

a necessary condition. In (21), when[
[(1 + p (Gp

t ) + ϵ) Λ (1 + r) − ϵ (1 − ∆) τw]

× [−ϵw (1 + r) + ϵ (1 − ∆) w]

− [ϵw (1 − τ) (1 + r) + ϵ (1 − ∆) τw]

×
[
Λ (1 + r)

dp

dGp

dGp

dτ
− ϵ (1 − ∆) w

]]
is positive, that is, when (1 + p (Gp

t ) + ϵ) Λ (1 + r) − ϵ (1 − ∆) τw is small

enough and ϵw (1 − τ) (1 + r) + ϵ (1 − ∆) τw is large enough, dnt+1

dτ
is posi-

tive. If social security benefits can cover the cost of having children through

changing the saving, then the working generations have the incentive to have

more children.

Next, is the condition (20) more or less likely to occur in rich or poor

countries? The probability to survive depends on the size of public health

expenditure. As government revenue increases, public health expenditure

increases. Based on the assumption of p, in a rich country that can afford

to pay public health expenditure, dp
dGp is smaller than that in poor country.
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When ϵ and τ are the same parameters in both countries, dp
dGp depends on the

rising cost, Λ, and/or the allocation ratio, ∆. As consumers can also afford

to pay the rising cost in rich countries, the rising cost and public health

expenditure tend to be high in rich countries. This condition is more likely

to occur in rich countries.

In Appendix A, we discuss the welfare effects of wage income tax in this

model. A higher wage income tax rate expands longevity, and the agents

enjoy the consumption in the old period. This effect is the positive welfare

effect. However, such tax rate decreases the disposable income and fertility

(Proposition 1). Lower fertility decreases social security benefits. Increasing

the wage tax rate generates negative welfare effects, causing agents to not

enjoy the consumption and having children. Therefore, when the former

effect is less than the latter effect, a higher income tax rate decreases the

welfare.

5 Effects of allocation from social security ben-

efits to public health expenditure on fertil-

ity

Both public health expenditure and social security can be viewed as mech-

anisms of intergenerational transfer. In this section, to discuss the effects

of intergenerational transfers on fertility, we examine the effect on fertility

of reallocating public funds from social security benefits to public health

expenditure. We show the following proposition,
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Proposition 2 When the wage income tax rate is constant, allocating from

security benefits to public health expenditure decreases fertility.

Proof: We derive the derivative of (16) with respect to ∆ as follows;

dnt+1

d∆
=

1

[(1 + p (Gp
t ) + ϵ) Λ (1 + r) − ϵ (1 − ∆) τw]2

×

[
[(1 + p (Gp

t ) + ϵ) Λ (1 + r) − ϵ (1 − ∆) τw] × [−ϵτw]

− [ϵw (1 − τ) (1 + r) + ϵ (1 − ∆) τw] ×
[
(1 + r) τw

dp

dGp
+ ϵτw

]]
< 0. (22)

Note that dp
d∆

= τw dp
dGp based on (14). Then, as (1 + p (Gp

t ) + ϵ) Λ (1 + r) −

ϵ (1 − ∆) τw > 0,

dnt+1

d∆
< 0.

When income tax rate is constant, reallocation public funds from social

security benefits to public health expenditure has two effects: the effects

of expanded longevity through reallocation from social security benefits to

public health expenditure on the return in annuity market and the effects

of reallocation that decreases the income for the old generation through the

social security benefits. By increasing public health expenditure, consumers

need more savings for their old period. Through these effects, consumers

need more savings to compensate for the decreasing lifetime income. As hav-

ing children entails costs, consumers have the disincentive to have children.

Decreasing the return in annuity market and social security benefits give

17



consumers the incentive to save more for their old period consumption and

to have fewer children.

Appendix B examines the welfare effects of allocating from security ben-

efits to public health expenditure at a constant wage income tax rate. Such

allocation change generates the positive welfare effect because it expands

longevity, and the agents enjoy more consumption in the old period. How-

ever, such change decreases fertility (Proposition 2). Lower fertility decreases

the social security benefits and income in the old period. This shows the neg-

ative welfare effect, as agents enjoy consumption and having children less.

Therefore, if the former effect is less than the latter effect, allocating pub-

lic funds from security benefits to public health expenditure decreases the

welfare when the wage income tax rate is constant.

Propositions 1 and 2 show that, through the existence of both public

health care and social security benefits, government promotes aging and fer-

tility decline in an economy.

6 Health tax and social security tax

When the government budget constraint is decoupled and there are dedicated

taxes both for public health expenditure and social security benefits, we can

consider the effect of tax for public health expenditure (health tax) on fertility

while maintaining a constant social security tax and that of social security tax
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with a constant health tax.9 This discussion clarifies to show how parents ’

decision to have children depends on public health expenditure and/or social

security benefits.

The budget constraint of a representative agent of generation t in the

working period, (2), should be changed to

ct
t + st + Λnt+1 = (1 − τH − τs) w, (23)

where τH is the wage income tax rate for public health expenditure, and τs

is the wage income tax rate for social security benefits. Given the wage rate,

interest rate, wage income tax rates, probability to survive, and child care

cost per child, a representative agent of generation t chooses ct
t, ct

t+1, and

nt+1 to maximise utility, (1), subject to the budget constraints, (23) and (3).

From the first-order conditions, we express the optimal plans for ct
t, ct

t+1, and

nt+1 as

ct
t =

1

(1 + pt + ϵ)

[
(1 − τs − τH) w +

ptTt+1

1 + r

]
, (24)

ct
t+1 =

(1 + r)

(1 + pt + ϵ)

[
(1 − τs − τH) w +

ptTt+1

1 + r

]
, (25)

and

nt+1 =
ϵ

(1 + pt + ϵ) Λ

[
(1 − τs − τH) w +

ptTt+1

1 + r

]
. (26)

The government budget constraint for public education per the working

9In developed countries such as Japan, governments adopt the earmarked tax policy to
finance public health insurance (expenditure) and social security benefits. Omori (2009)
examines the effects of earmarked tax for social security and public education on fertility,
respectively.
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generation at period t is given by

τHw = Gp
t , (27)

and

1 + nt

pt−1

τsw = Tt. (28)

In equilibrium, based on (27) and (28), the optimal plan for the number

of children, (26), is expressed as

nt+1 =
ϵ (1 − τH − τs) w (1 + r) + ϵτsw

(1 + p (Gp
t ) + ϵ) Λ (1 + r) − ϵτsw

. (29)

As τH and τs are assumed to be predetermined and r and w are fixed over

time in this model, the government constraint of (27) shows that Gp
t is con-

stant over time. Therefore, nt+1 is the time-invariant variable in equilibrium.

Moreover, because nt+1 is positive, (1 + p (Gp
t ) + ϵ) Λ (1 + r) − ϵτsw is as-

sumed to be positive.

Based on (27) and (28), the optimal plans for ct
t in (24) and ct

t+1 in (25)

are rewritten respectively as follows;

ct
t =

1

(1 + p (Gp
t ) + ϵ)

[
(1 − τH − τs) w +

(1 + nt+1) τsw

1 + r

]
, (30)

and

ct
t+1 =

(1 + r)

(1 + p (Gp
t ) + ϵ)

[
(1 − τH − τs) w +

(1 + nt+1) τsw

1 + r

]
. (31)

As nt+1 is the time-invariant variable in equilibrium from (29), ct
t in (30) and

ct
t+1 in (31) are also time-invariant variables in equilibrium.
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6.1 Health tax

While holding the social security tax constant, the effects of health tax on

fertility is shown in the following proposition,

Proposition 3 When the wage income tax rate for social security is con-

stant, increasing the health tax rate decreases fertility.

Proof: The derivative of (29) with respect to τH is

dnt+1

dτH

=
1

[(1 + p (Gp
t ) + ϵ) Λ (1 + r) − ϵτsw]2

×

[
[(1 + p (Gp

t ) + ϵ) Λ (1 + r) − ϵτsw] × [−ϵw (1 + r)]

− [ϵ (1 − τH − τs) w (1 + r) + ϵτsw] ×
[
w

dp

dG

]]
< 0. (32)

Note that (1 + p (Gp
t ) + ϵ) Λ (1 + r) − ϵτsw > 0 and dp

dτH
= dp

dGp
t

dGp
t

dτH
= w dp

dGp
t

from (27).

Increasing health tax rate expands longevity and lowers the return in

annuity market. Consumers need more savings for consumption in the old

period. Cutting the rising cost for children, they save more to compensate for

their decreasing lifetime income. Consumers do have the incentive to have

fewer children.

In Appendix C, we discuss the effects of health tax on welfare. A higher

health tax rate expands longevity, and agents are able to enjoy consumption

in the old period. This is the positive welfare effect. However, such tax rate
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decreases fertility (Proposition 3). Lower fertility decreases the social secu-

rity benefits. Increasing the health tax rate generates the negative welfare

effect because agents enjoy consumption and having children less. Therefore,

when the former effect is less than the latter effect, a higher health tax rate

decreases the welfare.

6.2 Social security tax

The effects of social security tax on fertility while holding the health tax

constant is shown in the following proposition,

Proposition 4 When the wage income tax rate for public health expenditure

is constant, if r > nt+1, increasing social security tax rate decreases fertility

and vice versa.

Proof: We derive the derivative of (29) with respect to τs as

dnt+1

dτs

=
1

[(1 + p (τHw) + ϵ) Λ (1 + r) − ϵτsw]2

×

[
[(1 + p (Gp

t ) + ϵ) Λ (1 + r) − ϵτsw] × [−ϵwr]

− [ϵ (1 − τH − τs) w (1 + r) + ϵτsw] × [−ϵw]

]
. (33)

Focusing on the right hand side of (33), if

r >
ϵ (1 − τH − τs) w (1 + r) + ϵτsw

(1 + p (Gp
t ) + ϵ) Λ (1 + r) − ϵτsw

, (34)
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dnt+1

dτs
< 0 and vice versa. However, based on (29), the right hand side of (34),

ϵ (1 − τH − τs) w (1 + r) + ϵτsw

(1 + p (Gp
t ) + ϵ) Λ (1 + r) − ϵτsw

= nt+1.

That is, if r > nt+1, then dnt+1

dτs
< 0 and vice versa.

A higher social security tax rate increases the social security benefits.

That effect on benefits are reflected on right hand side of (34) and are equal

to nt+1. However, as the private interest rate in the annuity market is greater

than that in tax effects, when the government increases the social security

tax rate, the disposable income for the working generation decreases, and

the working generation pays less cost for having children. That is, they have

the incentive to have fewer children. As the fertility declining makes the tax

payer for social security decrease, social security benefits decrease.

Expanded longevity causes the working generation to need more savings

for their consumption in the old period. However, as having children entails

cost, consumers have the incentive to decrease the number of their children

they want to have. The number of children depends on the savings for the

consumption in old period. Proposition 4 shows that, even when longevity

expands through public health expenditure and social security can compen-

sate for the rising cost for children, possibilities in decreasing fertility exist.

When the private interest rate in annuity market, r, is greater than nt+1,

a higher social security tax rate increases the social security benefits and

decreases the fertility because the consumers can consume and pay the cost

of having children less. Therefore, as shown in Appendix D, a higher social
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security tax rate decreases welfare.

7 Concluding remarks

Public health expenditure contributes to expanding longevity and promoting

an aging and fertility declining society characterised by low mortality and

low fertility. For an aging society, one desirable government policy is to

promote fertility. Government policies in an aging and fertility declining

society should consider public health expenditure and social security for the

elderly. In this paper, introducing public health expenditure and longevity

into an overlapping generations model in a small open economy, we studied

how public health expenditure affects fertility.

Increasing wage income tax to finance public health expenditure and so-

cial security has four effects. First, increasing wage income tax rate decreases

the after-tax income and fertility because having children entails cost and

children are normal goods in this model. Second, a higher wage income tax

rate increases public health expenditure and expands longevity. Expanding

longevity causes consumers to need more savings for their old period con-

sumption. Increasing savings by expanding longevity and children raising

cost gives the working generations the disincentive to have more children.

Third, by increasing the income tax rate, public health expenditure and ex-

pansion of longevity lower the return in annuity market. Fourth, increasing

the income tax rate provides more social security benefits. When the first

three effects dominate the last effect, a higher income tax rate decreases

24



fertility.

When an wage income tax rate is constant, the effects of reallocation

from social security benefits to public health expenditure on the return in

annuity market and social security benefits lower fertility. When the wage

income tax rate for social security is constant, increasing the tax rate for

public health expenditure decreases fertility. At a constant wage income tax

rate for public health expenditure, increasing the tax rate for social security

can decreases fertility. Even when longevity expands through public health

expenditure, if social security can compensate for the rising cost for children,

the government has the option to decrease fertility.

Public health expenditure contributes to expanding longevity. An ad-

ditional child causes parents to cut down their savings to cover the cost of

children. Although social security benefits partly compensate for the sav-

ings cut and give parents the incentive to have more children, expanding

longevity through public health expenditure decreases fertility. In an ag-

ing society, when the government creates a policy to enhance fertility and to

lower the ratio of the elderly on total population, the government should con-

sider public health expenditure to expand longevity, the parental incentive

to have children, and the social security benefits for parents.

Finally, we did not conduct a numerical analysis for the welfare effects

of government policies in this paper. In this model, specialising function for

probability to survive is difficult. Thus, doing so in this paper would be

difficult. This issue is better left for future research.
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Appendix A: The Welfare effect of wage in-

come tax

In this model, the function for probability to survive is difficult to specialise.

In the following Appendixes, we examine the welfare effects of government

policies as discussed in this paper.

To discuss the welfare effects, we define the indirect utility function of

generation t as

V t = ln ct
t + p (Gp

t ) ln ct
t+1 + ϵ ln nt+1. (A1)

We derive the derivative of (A1) with respect to τ as

dV t

dτ
=

1

ct
t

dct
t

dτ
+ ∆w ln ct

t

dp

dGp
+ p (Gp

t )
1

ct
t+1

dct
t+1

dτ
+ ϵ

1

nt+1

dnt+1

dτ
, (A2)

where

dct
t

dτ
=

−∆w dp
dGp

[(1 + p (Gp
t ) + ϵ)]2

[
(1 − τ) w +

(1 + nt+1) (1 − ∆) τw

1 + r

]
+

1

(1 + p (Gp
t ) + ϵ)

[
−w +

(1 − ∆) τw dnt+1

dτ
+ (1 + nt+1) (1 − ∆) w

1 + r

]
, (A3)

and

dct
t+1

dτ
=

− (1 + r) ∆w dp
dGp

[(1 + p (Gp
t ) + ϵ)]2

[
(1 − τ) w +

(1 + nt+1) (1 − ∆) τw

1 + r

]
+

1

(1 + p (Gp
t ) + ϵ)

[
−w +

(1 − ∆) τw dnt+1

dτ
+ (1 + nt+1) (1 − ∆) w

1 + r

]
. (A4)

When (20) is satisfied, Proposition 1 shows that dnt+1

dτ
is negative in this

model. Focusing on the second term on right−hand side of (A3) and (A4),
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if

dnt+1

dτ

τ

(1 + nt+1)
< −1, (A5)

dct
t

dτ
and

dct
t+1

dτ
are negative. When (20) and (A5) hold and, based on (A2), if

∆w ln ct
t

dp

dGp
< −

[
1

ct
t

dct
t

dτ
+ p (Gp

t )
1

ct
t+1

dct
t+1

dτ
+ ϵ

1

nt+1

dnt+1

dτ

]
, (A6)

then a higher wage income tax rate decreases the welfare.

A higher wage income tax rate expands longevity, and agents enjoy con-

sumption in the old period, as shown on the left-hand side of (A6). This

effect is called the positive welfare effects. However, such tax rate decreases

the disposable income and fertility (Proposition 1). A lower fertility decreases

the social security benefits. Increasing the wage tax rate generates the nega-

tive welfare effects, that is, the agents can not enjoy consumption and having

children, as shown on the right-hand side of (A6). Therefore, when the for-

mer effect is less than the latter effect, a higher income tax rate decreases

welfare.

Appendix B: The welfare effect of allocation

from social security benefits to public health

expenditure

We derive the derivative of (A1) with respect to ∆ as

dV t

d∆
=

1

ct
t

dct
t

d∆
+ τw ln ct

t

dp

dGp
+ p (Gp

t )
1

ct
t+1

dct
t+1

d∆
+ ϵ

1

nt+1

dnt+1

d∆
, (A7)
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where

dct
t

d∆
=

−τw dp
dGp

[(1 + p (Gp
t ) + ϵ)]2

[
(1 − τ) w +

(1 + nt+1) (1 − ∆) τw

1 + r

]
+

1

(1 + p (Gp
t ) + ϵ) (1 + r)

[
(1 − ∆) τw

dnt+1

d∆
− (1 + nt+1) τw

]
, (A8)

and

dct
t+1

d∆
=

−τw (1 + r) dp
dGp

[(1 + p (Gp
t ) + ϵ)]2

[
(1 − τ) w +

(1 + nt+1) (1 − ∆) τw

1 + r

]
+

1

(1 + p (Gp
t ) + ϵ) (1 + r)

[
(1 − ∆) τw

dnt+1

d∆
− (1 + nt+1) τw

]
. (A8)

As Proposition 2 shows that dnt+1

d∆
is negative,

dct
t

d∆
in (A8) and

dct
t+1

d∆
in (A8)

are negative. Based on (A7), if

τw ln ct
t

dp

dGp
< −

[
1

ct
t

dct
t

d∆
+ p (Gp

t )
1

ct
t+1

dct
t+1

d∆
+ ϵ

1

nt+1

dnt+1

d∆

]
, (A9)

when the wage income tax rate is constant, allocating from security benefits

to public health expenditure decreases welfare and vice versa.

When the wage income tax rate is constant, allocating from security bene-

fits to public health expenditure generates the positive welfare effect because

such allocation expands longevity and agents enjoy more consumption in the

old period, as shown on the left-hand side of (A9). However, such change

in allocation decreases fertility (Proposition 2). A lower fertility decreases

the social security benefits and income in the old period. This is called the

negative welfare effect, where agents enjoy consumption and having children

less, as shown on the right-hand side of (A9). Therefore, if the former effect
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is less than the latter effect, when the wage income tax rate is constant,

allocating public funds from security benefits to public health expenditure

decreases welfare and vice versa.

Appendix C: The welfare effect of health tax

In the following Appendixes, we examine the effects of health tax and social

security tax on welfare. When there are dedicated taxes both for public

health expenditure and social security benefits, we note that Gp
t is equal to

τHw, as shown by (27), and nt+1, as shown by (29). We redefine the indirect

utility function of generation t as

V t = ln ct
t + p (Gp

t ) ln ct
t+1 + ϵ ln nt+1. (A10)

We derive the derivative of (A10) with respect to τH as

dV t

dτH

=
1

ct
t

dct
t

dτH

+ w ln ct
t

dp

dGp
+ p (Gp

t )
1

ct
t+1

dct
t+1

dτH

+ ϵ
1

nt+1

dnt+1

dτH

, (A11)

where

dct
t

dτH

=
−w dp

dGp

[(1 + p (Gp
t ) + ϵ)]2

[
(1 − τs − τH) w +

(1 + nt+1) τsw

1 + r

]
+

1

(1 + p (Gp
t ) + ϵ)

[
−w +

τsw
dnt+1

dτH

1 + r

]
, (A12)

and

dct
t+1

dτH

=
−w dp

dGp

[(1 + p (Gp
t ) + ϵ)]2

[
(1 − τs − τH) w +

(1 + nt+1) τsw

1 + r

]
+

(1 + r)

(1 + p (Gp
t ) + ϵ)

[
−w +

τsw
dnt+1

dτH

1 + r

]
. (A13)
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Proposition 3 shows that dnt+1

dτH
is negative. Based on (A11), if

w ln ct
t

dp

dGp
< −

[
1

ct
t

dct
t

dτH

+ p (Gp
t )

1

ct
t+1

dct
t+1

dτH

+ ϵ
1

nt+1

dnt+1

dτH

]
, (A14)

then, a higher health tax rate decreases welfare and vice versa.

A higher health tax rate expands longevity, and agents enjoy consumption

in the old period, as shown on the left-hand side of (A14). This is called the

positive welfare effects. However, such tax rate decreases fertility (Propo-

sition 3). Lower fertility decreases the social security benefits. Increasing

the health tax rate generates the negative welfare effects, where agents en-

joy consumption and having children less, as shown on the right−hand side

of (A14). Therefore, when the former effect is less than the latter effect, a

higher health tax rate decreases welfare and vice versa.

Appendix D: The welfare effect of social security tax

We derive the derivative of (A10) with respect to τs as

dV t

dτs

=
1

ct
t

dct
t

dτs

+ p (Gp
t )

1

ct
t+1

dct
t+1

dτs

+ ϵ
1

nt+1

dnt+1

dτs

, (A15)

where

dct
t

dτs

=
w

(1 + p (Gp
t ) + ϵ)

[
τs

dnt+1

dτs
+ (nt+1 − r)

1 + r

]
, (A16)

and

dct
t+1

dτs

=
(1 + r) w

(1 + p (Gp
t ) + ϵ)

[
τs

dnt+1

dτs
+ (nt+1 − r)

1 + r

]
. (A17)

Proposition 4 shows that dnt+1

dτs
is negative when r is greater than nt+1. Fo-

cusing on the right-hand side of (A16) and (A17), if r is greater than nt+1,
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dct
t

dτs
and

dct
t+1

dτs
are negative. If r is more than nt+1, a higher social security tax

rate decreases welfare.

As explained in Proposition 4, when r is greater than nt+1, a higher social

security tax rate increases the social security benefits but decreases fertility.

That effects are summarised as nt+1. Based on (A15), when the private

interest rate in the annuity market is greater than nt+1, consumers consume

and pay the cost of having children less. Therefore, a higher social security

tax rate decreases welfare.
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