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1 Introduction

Since the seminal workGChamley(1986 andJudd(1985, time-inconsistencgroblem in the field of
dynamic optimal taxation has attracted the interest of many researchers. They showed that the optimal
capital-income taxation should be zero in the long run using the concept of open-loop solution, not
feedback solutioH. This fashion of analysis is exposed to the risktiofe-inconsistengyhowever.
Despite of many studies after their work, under what kind of environment does the open-loop solution
coincide with the feedback solution remains unsofed

In this paper, we show that (1) the resultsXi& (1997 and Karp and Lee(2003 are strongly
dependent on additive-separation of the utility function, and (2) under the general forms of function,
how their result is modified, and finally, (3) the transition path to the steady state of capital-income
tax under each solution concept with the aid of numerical simulation.

The rest of this paper is organized as follows: The next section reviews the existing results, espe-
cially, Xie (1997, andKarp and Leg2003. The section 3 describes the model and the results. The
section 4 shows the numerical investigation and the section 5 is the conclusion.

2 Review of Existing Results

Before entering the main section, we briefly review the resulKief (1997, andKarp and Lee
(2003 and explain the drawbacks of the conventional method in this section. The model structures
to Stackelberg game, in which the government and household are leader and follower, respectively.
Households solve the following problem subject to the budget constraint. Here, the utility function
and production function are specified asiln-Ing; andy; = Ak respectively.c;, ki, andg; denotes
consumption, capital, and government spending, respectively.

max/ {Inct+Ingleodt, st. k= (1—1)Ak —q, (1)
0
wherert is capital-income tax. Associated with the Hamiltonian,

Hi =Inc +Ing + A [(1— 1)Ak— ],

1) As other studies which analyze dynamic optimal taxation based on open-loop solutidlonsse Manuelli and Rossi
(1993, Lansing(1999, Coleman 11(2000, for instance.

2) Although it is extremely difficult to derive the feedback solution, as one of the few exceplisussui and Mind1990
derive the feedback solution under the case where the value function is quadratic. Alternséwaty, Long and Shi-
momura(1993 compare the open-loop with the feedback solution, using the modeldaf(1985. Moreover,Long and
Shimomurg2000 also gave an example in which the open-loop solutidimie-consistentRecentlyKlein, Krusell and
Rios-Rull (2008 shows the condition for derivation of Markov perfect equilibrium.

3) Ortigueira(2008 investigates the properties of Markov-perfect taxation by numerical simulation, but he does not focus
on the case of open-loop taxation.



from first order conditions, we obtam = A—lt and
A=A{d—(1-T)A}. )

This equation can be also interpreted as the followers response function. Nan&m%{tshows that
A does not dependent on tax rate. We then obtain the sequence of consumption plan as

G = Ok:. )

On the other hand, the government aims to maximize the same objective function, subject to the
budget constraing; = 1Y; = TAk. Then, we derive the path of capital-income taxation as

- % ()

As easily verified, this taxation iBme-consistenbecause it does not depend on tinhe,Now,
considering followers response function; eR) énd @) as well as the household’s budget constraint,
let us define Hamiltonian for this problem as follows:

Hz = In(dk) +In(TeAk) + vi{(1— t)Ak — Ok} + TRA {p — (1 — T)A} ©)

vy andrg is co-state variable on the budget constraint andgg€spectively. After some calculation,

we obtain
0

"o (gm e e

If this equation coincides with ed), the following condition should hold:
lim Ae %t =0 (6)
However, as briefly explained Mino (2001, this result means that the following condition,

0V1 (Ko, Ao)

Mo =mp=0 (7)

is NOT sufficient condition for which the solution derived by the Lagrange methtihes-consistert.

In other words Xie showed that there is a possibility that open-loop solutiaimig-consistengven

if Iy # 0. This is becauset is shadow price of\;, and therefore this problem is uncontrollable.
CorrespondinglyKarp and Leg2003 gave following answer: The problem for the government is
mostly the same as in the above. The utility functiob &, g;) = u(ct) +v(g;). SettingJ(-) as value
function of households (i.e. followers), Hamilton-Jacobi-Bellman (henceforth, HIB) equation can be

written as),
83(k.t) = max {u(c) +J(k ) (F(K) ~ b T(K) — )} + (K1), ®)

4 Note thatv; () is the leader’s value function. Moreover, this equation is also the necessary condition for derivation of the
open-loop solution.
5) Here, the term of(g;) is ignored inKarp and Leg2003. b(k) is the tax rule which satisfiegk,t) = b(k)T(t).
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Under such a settindggarp and Leelaimed that the necessary and sufficient condition for which the
open-loop solution ime-consistens that the value functiord(-) in eq. @) is additively separable as
for time and state variable, that i&k,t) = W(k) + Z(t)®. However, recentlyCellini and Lambertini
(2007 claimed that their result is based on the following assumption of (1) additively-separable utility
function and (2) the homogeneity of household. To sum up, as pointghiata and Takedd 997,
the relationship between controllability atithe-inconsistencproblem remains unsolved under the
general forms of utility function even at present.

3 Model and Main Results
3.1 The Model

In this section, we show the main result, using the variankaop and Le€2003. In what follows,
we adopt the method similar to that Kifein et al. (2008. In order to highlight the role of the non-
separability of utility function, we show how their result is corrected by relaxing the assumption of
additively-separable utility function by replacing with the following form,

o) o 0 1-6 1_¢_
U z/ U(ct,gt)e*&dt:/ (cer ) 1e*5tdt,
0 0 l1-¢

whereg, 8(> 0) are exogenous parametérdere, is interpreted as the importance of private con-

sumption relative to government spending amdenotes the inverse of inter-temporal elasticity of
substitution (,or the value of relative risk aversion). The households are initially endowed with given
amounts of capitalkg) and public goodsgp). Except for the modification of the utility function, our
model is the same d&arp and Le€2003. The budget constraint of households is

k=(1-1)f(k)— o —g.
Next, let us describe the firms’ behavior. It is assumed that factor markets are perfectly competitive
and that firms maximize their profits. Labor and capital stock are used for production; production
technology yields constant returns to scale. Therefore, production functions are expre¥sed as
F (K, L) : Di — O4, wherekK, L, andY; respectively represent capital stock, labor, and output in
aggregate terms. Settirkgas'lf—t‘, the maximizing process yields

w = f(k)—k - f'(k) =w(ki), R=f'(k)=R(k).

In that equationR; andw; respectively indicate the rental rate of capital and the real wage rate. Then,
the government’s expenditure is financed by the following balanced-budget rule:

O = Tt W + Riki] = 1t f (ko), (9)

6) As for this result, see alddino (2001), who offers the similar result.
7) Note that ifg = 1, this case approximately coincides with tie (1997)'s model.
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which means that the rate of capital-income tax equals to that of labor-income tax.

3.2 Comparison Open-loop with Feedback solution

In this subsection, we then investigate the condition for the coincidence of open-loop and feedback
solution.
Open-loop Solution.

Considering the households’ response fun&ids
Ue(ct,8t) = 0Uc(Cty1,0t11)(1— 1) f' (ks 1) (10)

the Hamiltonian for the leader’s problem is written as

(fg )91

Jo = o8

+ pat{ =Ue(C, 0t) +0Uc (1, Gea) (1 1) ' (kewa) 1 (11)

wherey is co-state variable. The necessary conditions are following first order conditions:

‘ZJf = Uc + Hat{ —Uee(Ct, &) + 0Uce(Crs1,0t+1) (1+ (1 - 1) ' (ke41))} = 0 (12a)
(i;]gG = Ug + HZ{*UCQ(CH gt) + 5UCQ(Ct+17gt+1)(l+ (1_ Tt) f/(kt+1))} —o. (12b)
= 5[13 = —Ue(or, @) +0Uc (01, ) (1= 70) F'lkesa), (12c)

together with the transversality condition is

lim g e = lim ke py e = 0.
t—o0 t—oo

From these equations, we obtain the open-loop solufigng;, k', ;" }1 .

Feedback Solution.

On the other hand, let us derive the feedback solution. The feedback solution is derived through
dynamic programming and we employee the HIB approachV [:¢te the value function of govern-
mengf)

oV (kt) = max U (cr, &) +Vidk )i f (k) — f(k) T~ — g} + M (k t+1)
st. egs. @) and (2?). (13)

8) For derivation of these equations, see the appendix.

9 In the model ofKarp and Leg2003, the termv(g;) can be ignored because the utility function is additively-separable,
while, in our model the same step cannot be applied. Moreover, note that by the definition of Markov property, the
feedback solution meets the propertytiofie-consistency
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We then obtain the following first order conditions for an interior maximum as,

5t$ﬂ:iMQ@0+WWM'FD+VW@{WK%JKMH}:Q (14a)
dvd(g;t) :Ug(Ct,gt)+Vk(k,t)~(—l) =0. (14b)

Moreover, Benveniste=Scheinkman equation using the envelope theorem is obtained as,

oV (kt)
e

Using these equations, we have,

o

=Vi(k ) - (=) +V (k. ){f'(k) — f'(k) Tt — gt} = 0. (14c)

k = Rk —Ucdcr. (15)

By showing that the open-loop solution coincides with the feedback, the open-loop solutina-is
consistent Then, we have following:

Proposition 1 Depending on the value of relative risk aversi@gn,(whether the open-loop solution is
time-consistent is determined as follows:

case 1.In case ofgp = 1, these two solutions coincide.
case 2.In case ofp # 1, these solutions does not coincide.

Proof If ¢ =1, eq(129 is rewritten as
ak =@ - (k) k-1
So, together witlf12g), this equation is rewritten as,

d

Comparing eq12¢9 and eq(1409), the following condition should hold:

do
(p— a)ucg =0

To make these two solutions quadrate, we find the teggr=l0, which means that the utility function
is additively separable. Therefore, this case corresponds to the @asd., i

Remark 1. This theorem says, in case@f= 1, the open-loop solution time-consistentOtherwise,
it is time-inconsistentFrom another angle, this result shows that the resuk$eof1997 andKarp and
Lee (2003 are strongly dependent on the assumption that the utility function is additively-separable.
Remark 2. Let us explain the relationship between this result and Controllailitilow the relation-
ship between the co-state variable on the households’ response function, and the e(@tion)?

10) As for this issue, seBockner, Jorgensen, Long and Sor¢200Q Ch.5).
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Before explaining it, let us define the concept of controllability.
Definition
Uncontrollability means the co-state variable of the follower is independent on the leader’s choice,
while Controllability means that the co-state variable of the follower is dependent on the leader’s
choice.

In the models ofXie (1997 andKarp and Leg2003, their problem is uncontrollable. In other
words, the leader (i.e. the government) cannot the co-state variable by controlling the policy variable
in their model. On the other hand, in our model, the co-state variable at initial point is...

4 Numerical Analysis

In the previous section, we have showed the condition for which the open-loop solutioreis
consistentat the steady state, but it remains undone to clear up how these two solutions differ in the
paths to the steady state. This section presents how the open-loop solution differs from the feedback
with the aid of numerical simulatid®. Here, in order to push through numerical simulation, let us
translate the settings described in the previous section into discrete time version. Then, we set the
utility function isU(-) = 32 <1%5)t %);M, whered = 0.6, ¢ = 0.3, andd = 0.4. Moreover,
we set the production function dgk;) = k¥ (a = 0.3).

The algorithm for derivation of the open-loop and feedback solution is respectively summarized

ad?,

e Open-loop Solution
1. Determine the initial point and the value of criteri@n;> 0.
2. Linearize the FOCs around the steady state.
3. Derive the difference equation.
4. Repeat until the convergence.
e Feedback Solution
1. Determine the value functiovy(-) at the initial point by guess-and-verify method.
Determine the initial point and the value of criteri@n;> 0.
By the method of self-generation, seek the the value fun&tjér).
Repeat untilViy1 — M| < €.

o b~ DN

If the above condition holds, Stop.

The right-side of the above figure (fitj) depicts the transition paths of open-loop solution and the
left side (fig.2) depicts the feedback solution. From the above figures, we find that the open-loop

11) Regarding thé.ucas(1990-type, sedsriiner and Hee(2000).
12) These algorithms of open-loop and feedback are basada(1998 Ch.12) andNovales, Dominguez, Perez and Ruiz
(1999, or Chari, Christiano and Kehq@995, respectively. As a simulation software, we use Matlab 2010b.
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Figure 1 Open-loop Solution
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Figure 3 The difference between two solutions

solution decreases as time passes, while the feedback increases as time passes. It should ne noted that
the feedback solution is less than zero at the early stage, which means subsidy from the government,
and after that the tax rate becomes positive. Intuitively, this is because to promote capital accumulation,
the government set tax rate less than zero.

m The Effect of the Difference in Relative Risk Aversion We then show that depending on
the value of relative risk aversion, how these two solutions differ at the steady state by numerical
simulation. By repeating simulation from the cage- 0.1,0.2, to ¢ = 3.0 by every 0.1, we obtain the
fig. 3. From this figure, we find that at the cape- 1, these two solution coincide. As the valuegf
is larger, the difference between two solutions larger.
To summarize, we have:

Proposition 2 As the value o is larger, the difference of capital-income tax rate under two solutions
at the steady state becomes larger. Wipea 1, these two solutions coincide.



5 Conclusion

We analyze the properties of both open-loop and feedback solution in this paper. Future research
is to show (1) the difference between inelastic labor supply case and elastic case and (2) derivation of
feedback solution explicitly under the more general form of function.
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