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1 Introduction

Since the seminal work,Chamley(1986) andJudd(1985), time-inconsistencyproblem in the field of

dynamic optimal taxation has attracted the interest of many researchers. They showed that the optimal

capital-income taxation should be zero in the long run using the concept of open-loop solution, not

feedback solution1). This fashion of analysis is exposed to the risk oftime-inconsistency, however.

Despite of many studies after their work, under what kind of environment does the open-loop solution

coincide with the feedback solution remains unsolved2).

In this paper, we show that (1) the results ofXie (1997) and Karp and Lee(2003) are strongly

dependent on additive-separation of the utility function, and (2) under the general forms of function,

how their result is modified3), and finally, (3) the transition path to the steady state of capital-income

tax under each solution concept with the aid of numerical simulation.

The rest of this paper is organized as follows: The next section reviews the existing results, espe-

cially, Xie (1997), andKarp and Lee(2003). The section 3 describes the model and the results. The

section 4 shows the numerical investigation and the section 5 is the conclusion.

2 Review of Existing Results

Before entering the main section, we briefly review the result ofXie (1997), andKarp and Lee

(2003) and explain the drawbacks of the conventional method in this section. The model structures

to Stackelberg game, in which the government and household are leader and follower, respectively.

Households solve the following problem subject to the budget constraint. Here, the utility function

and production function are specified as lnct + lngt andyt = Akt respectively.ct , kt , andgt denotes

consumption, capital, and government spending, respectively.

max
∫ ∞

0
{lnct + lngt}e−δ tdt, s.t. k̇ = (1− τt)Akt −ct , (1)

whereτ is capital-income tax. Associated with the Hamiltonian,

H1 = lnct + lngt +λt [(1− τ)Ak−c],

1) As other studies which analyze dynamic optimal taxation based on open-loop solution, seeJones, Manuelli and Rossi
(1993), Lansing(1999), Coleman II(2000), for instance.

2) Although it is extremely difficult to derive the feedback solution, as one of the few exceptions,Tsutsui and Mino(1990)
derive the feedback solution under the case where the value function is quadratic. Alternatively,Kemp, Long and Shi-
momura(1993) compare the open-loop with the feedback solution, using the model ofJudd(1985). Moreover,Long and
Shimomura(2000) also gave an example in which the open-loop solution istime-consistent. Recently,Klein, Krusell and
Rı́os-Rull(2008) shows the condition for derivation of Markov perfect equilibrium.

3) Ortigueira(2006) investigates the properties of Markov-perfect taxation by numerical simulation, but he does not focus
on the case of open-loop taxation.
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from first order conditions, we obtainct = 1
λt

, and

λ̇ = λ{δ − (1− τ)A}. (2)

This equation can be also interpreted as the followers response function. Note thatct = 1
λt

shows that

λt does not dependent on tax rate. We then obtain the sequence of consumption plan as

ct = δkt . (3)

On the other hand, the government aims to maximize the same objective function, subject to the

budget constraint,gt = τYt = τAkt . Then, we derive the path of capital-income taxation as

τt =
δ
2A

. (4)

As easily verified, this taxation istime-consistentbecause it does not depend on time,t. Now,

considering followers response function; eq. (2) and (3) as well as the household’s budget constraint,

let us define Hamiltonian for this problem as follows:

H2 = ln(δkt)+ ln(τtAkt)+νt{(1− τt)Akt −δkt}+πtλ{ρ − (1− τt)A} (5)

νt andπt is co-state variable on the budget constraint and eq.(2), respectively. After some calculation,

we obtain

τt =
δ

2A−
(

lim
T→∞

πTλTe−δT
)

eδ t
.

If this equation coincides with eq.(4), the following condition should hold:

lim
t→∞

πtλte
−δ t = 0 (6)

However, as briefly explained inMino (2001), this result means that the following condition,

∂V1(k0,λ0)
∂λ0

= π0 = 0 (7)

is NOTsufficient condition for which the solution derived by the Lagrange method istime-consistent4).

In other words,Xie showed that there is a possibility that open-loop solution istime-consistenteven

if π0 ̸= 0. This is becauseπt is shadow price ofλt , and therefore this problem is uncontrollable.

Correspondingly,Karp and Lee(2003) gave following answer: The problem for the government is

mostly the same as in the above. The utility function isU(ct ,gt) = u(ct)+v(gt). SettingJ(·) as value

function of households (i.e. followers), Hamilton-Jacobi-Bellman (henceforth, HJB) equation can be

written as5),
δJ(k, t) = max

c
{u(c)+Jk(k, t)( f (k)−b(k)τ(k)−c)}+Jt(k, t). (8)

4) Note thatV1(·) is the leader’s value function. Moreover, this equation is also the necessary condition for derivation of the
open-loop solution.

5) Here, the term ofv(gt) is ignored inKarp and Lee(2003). b(k) is the tax rule which satisfiesg(k, t) = b(k)τ(t).
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Under such a setting,Karp and Leeclaimed that the necessary and sufficient condition for which the

open-loop solution istime-consistentis that the value function,J(·) in eq. (8) is additively separable as

for time and state variable, that is,J(k, t) = W(k)+Z(t)6). However, recently,Cellini and Lambertini

(2007) claimed that their result is based on the following assumption of (1) additively-separable utility

function and (2) the homogeneity of household. To sum up, as pointed inShibata and Takeda(1997),

the relationship between controllability andtime-inconsistencyproblem remains unsolved under the

general forms of utility function even at present.

3 Model and Main Results

3.1 The Model

In this section, we show the main result, using the variants ofKarp and Lee(2003). In what follows,

we adopt the method similar to that ofKlein et al. (2008). In order to highlight the role of the non-

separability of utility function, we show how their result is corrected by relaxing the assumption of

additively-separable utility function by replacing with the following form,

U ≡
∫ ∞

0
U(ct ,gt)e−δ tdt =

∫ ∞

0

(cθ
t g1−θ

t )1−φ −1
1−φ

e−δ tdt,

whereφ ,θ (> 0) are exogenous parameters7). Here,θ is interpreted as the importance of private con-

sumption relative to government spending andφ denotes the inverse of inter-temporal elasticity of

substitution (,or the value of relative risk aversion). The households are initially endowed with given

amounts of capital (k0) and public goods (g0). Except for the modification of the utility function, our

model is the same asKarp and Lee(2003). The budget constraint of households is

k̇ = (1− τt) f (kt)−ct −gt .

Next, let us describe the firms’ behavior. It is assumed that factor markets are perfectly competitive

and that firms maximize their profits. Labor and capital stock are used for production; production

technology yields constant returns to scale. Therefore, production functions are expressed asYt =

F(Kt ,Lt) : ℜ2
+ → ℜ+, whereKt , Lt , andYt respectively represent capital stock, labor, and output in

aggregate terms. Settingkt as Kt
Lt

, the maximizing process yields

wt = f (kt)−kt · f ′(kt) ≡ w(kt), Rt = f ′(kt) ≡ R(kt).

In that equation,Rt andwt respectively indicate the rental rate of capital and the real wage rate. Then,

the government’s expenditure is financed by the following balanced-budget rule:

gt = τt [wt +Rtkt ] = τt f (kt), (9)

6) As for this result, see alsoMino (2001), who offers the similar result.
7) Note that ifφ = 1, this case approximately coincides with theXie (1997)’s model.
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which means that the rate of capital-income tax equals to that of labor-income tax.

3.2 Comparison Open-loop with Feedback solution

In this subsection, we then investigate the condition for the coincidence of open-loop and feedback

solution.

Open-loop Solution.

Considering the households’ response function8) is

Uc(ct ,gt) = δUc(ct+1,gt+1)(1− τt) f ′(kt+1) (10)

the Hamiltonian for the leader’s problem is written as

JG = (cθ
t g1−θ

t )1−φ−1
1−φ

+ µ2t{−Uc(ct ,gt)+δUc(ct+1,gt+1)(1− τt) f ′(kt+1)}, (11)

whereµ2t is co-state variable. The necessary conditions are following first order conditions:

∂JG

∂τ
= Uc + µ2t{−Ucc(ct ,gt)+δUcc(ct+1,gt+1)(1+(1− τt) f ′(kt+1))} = 0 (12a)

∂JG

∂g
= Ug + µ2t{−Ucg(ct ,gt)+δUcg(ct+1,gt+1)(1+(1− τt) f ′(kt+1))} = 0. (12b)

k̇ =
∂JG

∂ µ2t
= −Uc(ct ,gt)+δUc(ct+1,gt+1)(1− τt) f ′(kt+1), (12c)

together with the transversality condition is

lim
t→∞

gt µ2te
−δ t = lim

t→∞
kt µ1te

−δ t = 0.

From these equations, we obtain the open-loop solution;{c∗t ,g
∗
t ,k

∗
t ,τ∗t }∞

t=0.

Feedback Solution.

On the other hand, let us derive the feedback solution. The feedback solution is derived through

dynamic programming and we employee the HJB approach. LetV(·) be the value function of govern-

ment9)

δV(k, t) = max
τt ,gt

[U(ct ,gt)+Vk(k, t){ f (kt)− f (kt)τt −ct −gt}]+Vt(k, t +1)

s.t. eqs. (9) and (??). (13)

8) For derivation of these equations, see the appendix.
9) In the model ofKarp and Lee(2003), the termv(gt) can be ignored because the utility function is additively-separable,

while, in our model the same step cannot be applied. Moreover, note that by the definition of Markov property, the
feedback solution meets the property oftime-consistency.
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We then obtain the following first order conditions for an interior maximum as,

∂V(k, t)
∂ct

= Uc(ct ,gt)+Vk(k, t) · (−1)+V(k, t){ f ′(kt)− f ′(kt)τt} = 0, (14a)

∂V(k, t)
∂gt

= Ug(ct ,gt)+Vk(k, t) · (−1) = 0. (14b)

Moreover, Benveniste=Scheinkman equation using the envelope theorem is obtained as,

δ · ∂V(k, t)
∂kt

= Vk(k, t) · (−1)+V(k, t){ f ′(kt)− f ′(kt)τt −gt} = 0. (14c)

Using these equations, we have,
k̇t = Rtkt −Ucδct . (15)

By showing that the open-loop solution coincides with the feedback, the open-loop solution istime-

consistent. Then, we have following:

Proposition 1 Depending on the value of relative risk aversion (φ ), whether the open-loop solution is

time-consistent is determined as follows:

case 1.In case ofφ = 1, these two solutions coincide.

case 2.In case ofφ ̸= 1, these solutions does not coincide.

Proof If φ = 1, eq.(12c) is rewritten as

φt k̇t = φt · f (kt) ·kt −1

So, together with(12a), this equation is rewritten as,

ct = δ
dφ
dt

Ucg (16)

Comparing eq.(12c) and eq.(14c), the following condition should hold:

(φ − dφ
dt

)Ucg = 0

To make these two solutions quadrate, we find the term Ucg = 0, which means that the utility function

is additively separable. Therefore, this case corresponds to the case,φ = 1.

Remark 1. This theorem says, in case ofφ = 1, the open-loop solution istime-consistent. Otherwise,

it is time-inconsistent. From another angle, this result shows that the results ofXie (1997) andKarp and

Lee(2003) are strongly dependent on the assumption that the utility function is additively-separable.

Remark 2. Let us explain the relationship between this result and Controllability10). How the relation-

ship between the co-state variable on the households’ response function, and the equation,λ (0) = 0?

10) As for this issue, seeDockner, Jorgensen, Long and Sorger(2000, Ch.5).
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Before explaining it, let us define the concept of controllability.

Definition

Uncontrollability means the co-state variable of the follower is independent on the leader’s choice,

while Controllability means that the co-state variable of the follower is dependent on the leader’s

choice.

In the models ofXie (1997) andKarp and Lee(2003), their problem is uncontrollable. In other

words, the leader (i.e. the government) cannot the co-state variable by controlling the policy variable

in their model. On the other hand, in our model, the co-state variable at initial point is...

4 Numerical Analysis

In the previous section, we have showed the condition for which the open-loop solution istime-

consistentat the steady state, but it remains undone to clear up how these two solutions differ in the

paths to the steady state. This section presents how the open-loop solution differs from the feedback

with the aid of numerical simulation11). Here, in order to push through numerical simulation, let us

translate the settings described in the previous section into discrete time version. Then, we set the

utility function isU(·) = ∑∞
t=0

(
1

1+δ

)t (cθ
t g1−θ

t )1−φ−1
1−φ , whereδ = 0.6, φ = 0.3, andθ = 0.4. Moreover,

we set the production function asf (kt) = kα
t (α = 0.3).

The algorithm for derivation of the open-loop and feedback solution is respectively summarized

as12),

• Open-loop Solution

1. Determine the initial point and the value of criterion,ε > 0.

2. Linearize the FOCs around the steady state.

3. Derive the difference equation.

4. Repeat until the convergence.

• Feedback Solution

1. Determine the value functionV0(·) at the initial point by guess-and-verify method.

2. Determine the initial point and the value of criterion,ε > 0.

3. By the method of self-generation, seek the the value functionV1(·).
4. Repeat until|Vt+1−Vt | < ε.

5. If the above condition holds, Stop.

The right-side of the above figure (fig.1) depicts the transition paths of open-loop solution and the

left side (fig.2) depicts the feedback solution. From the above figures, we find that the open-loop

11) Regarding theLucas(1990)-type, seeGrüner and Heer(2000).
12) These algorithms of open-loop and feedback are based onJudd(1998, Ch.12) andNovales, Dominguez, Perez and Ruiz

(1999), or Chari, Christiano and Kehoe(1995), respectively. As a simulation software, we use Matlab 2010b.
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Figure 1 Open-loop Solution Figure 2 Feedback Solution

Figure 3 The difference between two solutions

solution decreases as time passes, while the feedback increases as time passes. It should ne noted that

the feedback solution is less than zero at the early stage, which means subsidy from the government,

and after that the tax rate becomes positive. Intuitively, this is because to promote capital accumulation,

the government set tax rate less than zero.

■The Effect of the Difference in Relative Risk Aversion We then show that depending on

the value of relative risk aversion, how these two solutions differ at the steady state by numerical

simulation. By repeating simulation from the caseφ = 0.1,0.2, to φ = 3.0 by every 0.1, we obtain the

fig. 3. From this figure, we find that at the caseφ = 1, these two solution coincide. As the value ofφ
is larger, the difference between two solutions larger.

To summarize, we have:

Proposition 2 As the value ofφ is larger, the difference of capital-income tax rate under two solutions

at the steady state becomes larger. Whenφ = 1, these two solutions coincide.
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5 Conclusion

We analyze the properties of both open-loop and feedback solution in this paper. Future research

is to show (1) the difference between inelastic labor supply case and elastic case and (2) derivation of

feedback solution explicitly under the more general form of function.

References

Cellini, Roberto and Luca Lambertini (2007) “Time Consistent Fiscal Policies in a Ramsey Economy,”Mathe-

matical Social Sciences, Vol. 53, No. 3, pp. 296–313.

Chamley, Christophe (1986) “Optimal Taxation of Capital Income in General Equilibrium with Infinite Lives,”

Econometrica, Vol. 54, No. 3, pp. 607–622.

Chari, V V, Lawrence J Christiano, and Patrick J Kehoe (1995) “Policy Analysis in Business Cycle Models,”

in Thomas F. Cooley ed.Frontiers of Business Cycle Research, Princeton, New Jersey: Princeton University

Press, Chap. 12.

Coleman II, Wilbur John (2000) “Welfare and Optimum Dynamic Taxation of Consumption and Income,”Journal

of Public Economics, Vol. 76, No. 1, pp. 1–39.

Dockner, Engelbert J., Steffen Jorgensen, Ngo Van Long, and Gerhard Sorger (2000)Differential Games in Eco-

nomics and Management Science: Cambridge Univ Press.
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