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Abstract

We propose a new approach to modeling large elections that overcomes the “paradox
of voting™ in a costly voting framework, without reliance on the assumption of direct
psychic rewards from casting one’s ballot. We consider a two-party system and modify
the standard model in two ways. First, we drop the usual winner-take-all assumption
and instead include a “smooth” policy rule under which the degree to which parties
favor their own interests is increasing in their margin of victory. Second, we assume
that voters are altruistic. Citizens not only get a private benefit as a function of the
proportion of votes cast for the party they support, but they also receive spillovers
from the impact that the policy has on other individuals. We consider two types of
altruistic citizens. Group Minded voters only receive spillovers from the benefit
enjoyed by supporters of their own party. Paternalistic voters also receive spillovers
from imposing the policy of their preferred alternative on the supporters of the other
party. When the size of the electorate grows without bound, limiting turnout rate is
strictly positive if and only if the supporters of both parties are altruistic. Our model
generates comparative static predictions that in accordance with most of the standard
costly voting literature: the closer the election the higher turnout is predicted
(competition effect); turnout rate is higher for the minority party (underdog effect).
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Smooth Politicians and Altruistic Voters:
A New Approach to Modeling Large Elections

I. Introduction

Since the seminal work of Palfrey and Rosenthal (1983), economists have commonly modeled
elections as participation games where voters pay a cost to vote (e.g. Palfrey and Rosenthal,
1985; Campbell, 1999; Borgers, 2004; Goeree and Grosser, 2007; Krasa and Polborn, 2009;
Krishna and Morgan, 2010; Taylor and Yildirim 2011, among others). The popularity of such
models can be explained by their game theoretic micro foundations and their ability to generate
predictions which are consistent with evidence of voters’ strategic behavior (e.g. Riker and
Ordeshook, 1968; Franklin et al., 1994), and comparative static results that are supported by the
majority of empirical studies (e.g. Shachar and Nalebuff, 1999; Blais, 2000). While popular,
current formulations of the costly voting model confront one major drawback — the “paradox of
voting” which was first described in decision theoretic terms by Anthony Downs (1957). To
date, the prediction that turnout rate converges to zero as the size of the electorate grows has only
been overcome in the costly voting model through the incorporation of ad hoc preferences for
voting (see for instance Harsanyi, 1977, 1992; Feddersen and Sandroni, 2006; Coate and Conlin,
2004 ). We propose a new approach to modeling large elections that overcomes this paradox in a
costly voting framework, without reliance on the assumption of direct psychic rewards from
casting one’s ballot.

We consider a two-party system. Citizens are characterized by their political preference and cost
to voting, both being private information, and decide whether to vote or abstain. We modify the
standard model in two ways. First, we drop the usual winner-take-all assumption and instead
include a “smooth” policy rule under which the degree to which parties (or elected officials)

favor their own party’s interests is increasing in their margin of victory. Specifically, we assume



that the benefit from government action is distributed according to a continuous function that is
strictly increasing in the proportion of votes received by a given party. Politicians are then
“smooth” in the sense that a large majority is preferred to a thinner one, even when they receive
more than fifty per cent of the votes.

Second, we assume that voters are altruistic. Citizens not only get a private benefit as a function
of the proportion of votes cast for the party they support, but they also receive spillovers from the
impact that the policy has on other individuals. We consider two types of altruistic citizens.
Group Minded voters only receive spillovers from the benefit enjoyed by supporters of their own
party. Paternalistic voters also receive spillovers from imposing the policy of their preferred
alternative on the supporters of the other party.*

To motivate our assumption about “smooth” politicians, we provide clear empirical evidence of
this type of behavior in the U.S. Congress. In particular, we use a panel data model with member
and Congress fixed effects to demonstrate that the degree to which members of congress adopt
partisan voting records is increasing in the margin of victory in their most recent election.
Altruistic voting behavior is more difficult to identify directly in the data. Here, we are
motivated by the large theoretical literature and experimental evidence regarding altruistic
behavior (see for instance Becker, 1976; Hirshleifer, 1977; Margolis, 1982; Eckel and Grossman,
1996; Andreoni and Vesterlund, 2001; Andreoni and Miller, 2002). Also, following on
arguments made in the Political Science literature (see for instance Edlin et. al. 2007) we
highlight that altruism is one (of many possible) explanations for why turn out in the United
States is highest in presidential elections and higher in gubernatorial elections than in mayoral

elections.

* Technically, Group Mindedness and Paternalism are both forms of paternalistic altruism, in that citizens benefit
from imposing their preferred policy on other individuals, whether they share or not their political preference.



We show that, when the size of the electorate grows without bound, limiting turnout rate is
strictly positive if and only if the supporters of both parties are altruistic. The intuition for this
result is that, although in the limit the weight of each vote becomes negligible, the benefit from
voting increases as the population grows. When the supporters of the two parties display the
same overall level of altruism, our model generates comparative static predictions that in
accordance with most of the standard costly voting literature. Specifically, the closer the election
the higher turnout is predicted (competition effect). Moreover, if voters are Paternalistic, in
equilibrium members of the minority party turn out to vote relatively more frequently than the
supporters of the other alternative (underdog effect). Both these predictions are supported by
empirical studies (see Shachar and Nalebuff, 1999; Blais, 2000). Finally, we provide sufficient
conditions for the equilibrium to be unique.

I1. The Model

We consider a model of costly voting with two parties: P = A, B. Society is composed of N + 1
citizens. Each individual has got the same ex ante independent probability A € (0,1) of being a
supporter of party A and 1 — A of supporting party B. Citizens decide simultaneously whether to
vote or to abstain. If they decide to participate in the election they bear a cost. We assume that
for a generic individual i, supporter of party P, there is a cost to voting c;cp € [gP,EP] c R;.
Members of party P draw their voting costs independently from the differentiable distribution
Fp(cp), with Fp'(cp) > 0 on all the support. While A, F, and F are common knowledge, each
citizen’s preference and cost to voting are private information. If at least one individual votes,
then each member of party P receives a benefit from government action according to the
electoral rule G: [0,1] — [0,1], which is a function of the proportion of total votes z, obtained

by party P. We assume G'(zp) > 0 and finite, G(0) =0,G(1) =1and G(zp) =1 —-G(1 —



zp). If no one votes then the benefit from government action received by each individual is equal
to-.

Individuals receive direct benefits from government allocations, but they also exhibit altruism.
They receive spillovers from the benefits obtained by the other members of their party and may
enjoy positive utility from each member of the other party being subject to their own party’s
policy. The latter may be interpreted as paternalistic altruism. Alternatively, it could also be
interpreted as a form of spiteful preference. For example, we could think of it as the utility that a
supporter of a party enjoys from imposing her own preferred policy on her political adversaries.
Call y£ > 0 the weight that a member of party P places on the welfare of each other supporter of
her party, while yZ > 0 represents the utility she receives from imposing party P’s policy on a
member of the opposite party. We assume that y% and y£ are common knowledge.

Consider individual i, with cost c;, belonging to party P. Call Np and V, the number of
supporters of party P and of votes cast for P, both exclusive of individual i, respectively.
Moreover, define by Vs the number of votes cast for the other party. Notice that for a supporter
of party P voting for the other party is dominated by abstaining, hence citizens' actions boil
down to abstain or to vote for their preferred alternative. Then i’s net benefit of voting is given

by

Vp+1 > ( Vp

W+%ﬂ—q#w+w>o

14 NpyE + (N — Np)y? [G(—
B [ pYp + ( P)VP] Vot Vo1
Ujep =

5[+ NevE + (N = Ne)YE] = if Vo +Vp =0
The solution concept that we employ is Bayesian-Nash equilibrium (BNE). As it is customary in
this literature, we restrict our attention to type-symmetric Bayesian-Nash equilibria, in the sense

that all citizens supporting the same alternative choose the same strategy. In turn, participation



decisions depend on the realization of the individual voting cost. Formally, a strategy is a
mapping sp: [gP,EP] — {0,1}, where sp(c;) = 0 means that individual i supporting party P
abstains and votes otherwise. A strategy profile {s,, sz} is a type-symmetric BNE of the game if
sp(c;) maximizes every individual’s expected payoff, given that all other individuals adhere to
Sp.

We start by exploring voters’ behavior when N + 1 is finite. It is possible to characterize

citizens’ strategies through cut-off values ¢z such that

(1 ifci<cp
sp(er) = {O ifc; > cp

1)
Proposition 1 There exists a pure strategy type-symmetric BNE characterized by the voting
strategy in (1) and thresholds c; and c.

I11. Equilibrium in Large Elections

Having characterized the equilibrium for N + 1 finite, we now turn to analyze voters’ behavior
in large elections. In order to do this we need to introduce some extra notation. First of all, call
v, = 0 the probability that an A-supporter votes in the election. Equally, vy > 0 is the
probability that a member of party B votes. Moreover, given individual i, call 2 and (1 — 1) the
realized proportions of the electorate, exclusive of i, that support party A and B, respectively.
Finally, call v, and vy the realized proportions of the electorate, exclusive of i, that vote for
party A and B, respectively.

For simplicity of notation let us define I, = yf1 +yZ(1—A) and T, = yf 1+ y5(1 - 1).
Similarly, for a B-supporter, Ty = yfA +yE(1 — ) and Ty = v+ yE(1 - 2).

With no loss of generality, consider a supporter of party A. Given a sample of size N + 1,

conditional on the decisions of all other individuals, the expected benefit from voting for an A-



supporter is given by Equation (2).

E[B,] = E [(1 +NF,) [G ( DallN+1 ) -G ($>]

VaAN+9p(1-2)N+1 Vad+9p(1-2)

V4AN + 95(1 = )N > 0] x
P[0AAN +05(1 = )N > 0] + E [2(1 + NE)[9,AN + 95(1 = DN = 0] « P[0,AN +

v5(1 - A)N =0] )
The following proposition summarizes the main result of the paper.

Proposition 2 When N — oo, limiting turnout is positive if and only if [, > 0 and I'z; > 0. If

I, > 0 and I'z; > 0 the expected gross benefit from voting for an A-member is given by

Fp(cp)(1-2) ' ( Fa(cp)d

, while it is equal to
4 [FA(c;)/1+FB(c;)(1—)L)]2 FA(CZ)MFB(CE)(l—A)) g

Fa(ca)h ' ( Fp(cp)(1-1)

fora B-member. f Ty, =T =0, ¢, =
B [FA(c;)/‘HFB(CE)(l—/‘D]Z FA(CZ)1+FB(C§)(1—1)) A B &

N | =
QD
>
o

cp = =then turnout is equal to zero, while it converges to zero otherwise.

N |-

The next corollary follows immediately from the proof of the previous proposition.

Corollary 1 Given G(.) and 4, there exists a pair ([, [s) such that c; = ¢, and ¢}, = c5 for any
(T4, T) with T, > T, and Ty > Tz. Given G(.), A and T > 0 there exists I, such that c; = ¢p V
Tp > Tp.

We focus on large elections where limiting turnout is positive, that is T, > 0 and I'; > 0. We
consider two different types of voters. If members of party P are such that yf = 0 we will say
that they are Group Minded, as they only care about the members of their own party. On the
other hand, we will call them Paternalistic if y2 > 0 and yE > 0. We limit our analysis to the
cases where all citizens are either Group Minded or Paternalistic. Most results carry through to

the case where the supporters of one party are Group Minded, while the members of the opposite

party are Paternalistic. However, the study of the “mixed” case would distract the reader from



the main results, without adding any interesting insights.”

9(caFa(ca)/cpFp(cp)) d(caFa(ca)/cpFp(cp))

Lemma 1 > 0 and

< 0. It cannot be the case that

ayh ovg
%4 < 0 and 2 > 0; similarly, it cannot be that 24 > 0 and 2 < o
ayh oy} ; ; oyE ayE '
Lemma 2
If voters are Paternalistic then a(CAFA(CA;/,/LCBFB ©8)) 0 it cannot be the case that aac/{, > 0 and

dcg

B(ChPA(CA)/chFB(CH)) _ o ong 9% _ 9¢h
aA

< 0. If voters are Group Minded then o T

Proposition 3
i.  Ifvoters are Paternalistic then lim;_,, F4(c;) = 1 and lim,_,, Fg(cg) = 0, while
liml_)l FA(CZ) =0 and llm/1_>1 FB(CE) = 1.

*Fa(ch 4 . . .
cafa(ca) _ V—g, lim,_,y F4(cy) = 0, lim,_,, Fg(cp) = 0,

ii.  If voters are Group Minded then £—%4- =
cgFp(cg) VB

lim,_,; F4(c;) = 0 and lim,_,; Fz(cp) = 0;

Proposition 4 Assume F, = Fz = F and suppose that voters are Paternalistic. There exists 1
such that ¢ (1) > cy(DVA < A, ci(D) < ¢ (A)VA > 1 and CZ(/T) = cg(i).

i. Ifyd +y2 =yf+yEthen = % (Underdog Effect).

ii. Ifyf+yf>y§‘+y§theni>%.

ii. fyl+y2<yd+yBtheni< %
Proposition 5 Assume F, = Fz = F and suppose that voters are Group Minded.

i. If & = yE then c;(1) = cj(A)VA.

ii. If y2 > yE then c;(1) > cp(A)VA.

® Similarly, provided some extra conditions, the main results would also hold in the case where y£ > 0, but y} = 0,
that is when voters only care about the supporters of the opposite party. Nevertheless, we do not analyze this case as
it is not realistic.



iii.  1fyd <yEthen ci() < ci(D)VA.

AF a(ch)

Define 8; as .
AT AP 4(c))+(1-)Fp(ch)

Proposition 6 Assume F, = Fz = F and suppose that y5 + y% = y4 + yE. If y4 > y4 and
B B x 1 1 . £ 1 1
Y > V4 then 6, <5v/1<5,whlle9A >-VA>-.
Proposition 7 (Competition Effect) Assume F, = Fz = F and suppose that y2 + y% = y4 +

YE £ G" (zp) > 0 for zp < %then turnout is higher the closer A is to %

Proposition 8 Assume F, = Fz = F and G"(zp) = 0 for zp < % Suppose also that y 4 + y2 =

e +yE, vy >vyiandyE > yE If i_—l,l < %’then the equilibrium is unique.

Appendix

Proof of Proposition 1

Suppose citizens play according to the strategy defined by (1) and thresholds ¢, and égz. Then for
a supporter of party A the expected gross benefit from voting is given by

E[Ba(a E5)] = 2N =0 (4 ) 44 (1 = 2)N-Na g4 3N (M) (MNa) () (1 —

N—Nyp—Vp

F(&) ™ "F(eg)"e (1 - F(é3)) (A (Va, Ve, Np),

where

[1+yANa+VEN = ND] 6 (FA2) =6 (—2)|  if Va+ V>0

T[A(VA VB NA) — Vat+Vp+1 Va+Vp .
“[1+ 4Ny +yE(N = Np)] if Va+ V5 =0
Similarly E[Bg (&4, ¢g)] represents the expected gross benefit from voting for a supporter of
party B and is calculated in an analogous way. For this to be an equilibrium, it must be the case

that the supporter of A with cost ¢4 and the supporter of B with cost ¢z must be indifferent

between voting and abstaining when all other players adopt the same strategy.



To prove the existence of such equilibrium we construct the function

®d(éy,C5) = (max{min{ E[B4(é,, éB)],EA},gA},max{min{E[BB(éA,éB)],EB},gB}).
As both E[B4(é4,¢g)] and E[Bg(é4, ¢g)] are continuous in ¢, and ¢g, then ® (&4, €g) is also
continuous. Hence, by Brower’s fixed point theorem there must exist a pair (¢, cg) such that
®(c;, c5) = (ci,cp)- 1f cp € (cp, Tp), then all supporters of party P with cost less than c; will
vote and those with higher costs will abstain. Similarly, if c, = cp all members of party P will
abstain, while if c; = cp they will all vote.m
Proof of Proposition 2

Notice that the expectation in Equation (2) is taken over the random variables 1, ¥, and 7. Next,

note that the limiting distributions of 4, ¥,4 and 75(1 — 1) are N [/1, '1(11;’1) ] N [VAA, W}

vp(1-)[1-vp(1-2)
N

and N [vB(l - 1), ]], respectively. As a result we have Plim A = A, Plim V,A =
vsA and Plim 95(1 — 1) = vz(1 — 2). Hence, supposing an equilibrium characterized by
thresholds c; and cg, turnout in equilibrium is equal AF,(c3) + (1 — A)Fg(cg). In order to
evaluate the limit of Equation (2), we must consider two cases.
1) In the first case, suppose that ¢, = ¢, and cg = cg, implying that v, = vg = 0. Here, all other
citizens choose not to vote with probability 1. As a result, the returns to voting for a supporter of
party A are given by:

E[Balvs +vg = 0] = E |5 (1+ NT,)|

Given that A — 2, in the limit, as N — oo, then [, converges to T,. Hence the returns to voting

become infinite if [, > 0, while they are equal to % when T, = 0. Clearly, the same holds for a

supporter of party B, with the gross benefit from voting equal to either infinity or % when I’z > 0



or 'y = 0, respectively. If I, = I'z; = 0, this implies that ¢, = ¢, and cz = cp can only be an
equilibriumifc, > % and cg > % On the other hand, if at least one between I, and I is strictly

positive, then it cannot be the case that c; = c4 and cg = ¢ in equilibrium.

i) In the second case, suppose cp > cp for at least for one party. As a result, for at least one type
the probability of voting is strictly positive, which translates into v, + vg > 0. We begin by
showing that for this case the Plim of the second term in Equation (2) is zero and can thus be
ignored. To see this, first note that the second half of this term is the probability that no one
votes. Following the approach taken by Taylor and Yildirim (2010) it is easy to show that the
limiting marginal distributions of {¥,AN, ¥5(1 — )N} are independent Poisson distributions
with means equal to {v4AN,vz(1 — 1)N}.% As a result,

(v4AN)° [vg(1-A)N]° _ 1
O!eVAA.N O!eVB(l—A)N - eN[VAA+VB(1—2.)].

limy o0 P[94AN + 95(1 — )N = 0] =
Next assume, without loss of generality, that y# > y2 and note that 1 < 1. Thus,
limy e, E [5 (1 + NE3)[92AN + 95(1 = DN = 0] « P[0,AN + 95(1 = )N = 0] <
limAV—col+yAANZ2eNvAA+vE(1—4)=0.

We now turn to the first term in Equation (2). For simplicity of notation let us define

_ Pp(1-12)
T [PaAN+9p(1-2)N+1][4A+95(1-2)]

We can re-write the expression over which we are taking the expectation as:

( % + fA) NA [G(mf{fu_z) ’ AZ_G<17A2+%;7El—z))].

Recall that, by construction, this term is limited to outcomes where 9,AN + ¥5(1 — )N > 0.

Moreover, notice that, by definition:

® See Taylor & Yildirim (2010), Lemma 5.



V4AN . )_ ( VAN
hm [G(ﬁAzN-H?B(l—Z)N FA)=G

5 AzNwB(l_Z)N)] _ ¢ (
N—->oo

/1>A2N
VaAN+Dp(1-2)N )’

Thus we have the result of Equation (Al).

V42 ne V42
z\lzllgo (%+ fA) NA [G(ﬁAsz(l_z) AZ G( )]

ﬁAi+ﬁB(1—i)

VAN +95(1 = )N > 0 =

vp(1-2) G’ ( Val )
[ad+vp(1-2)]°  \Par+9p(1-2)/)°
Recall that the Plim A = A, Plim 44 = v, and Plim ¥5(1 — 1) = v5(1 — 2). This fact,
combined with the result that the second term of Equation (2) converges to zero, implies that,

conditional on 9, AN + ¥5(1 — 2)N > 0, in the limit Equation (2) collapses to

vp(1-1)

)] VAl
A [var+vp(1-2)]? G (VAA+VB(1—A))

Finally, recalling that in equilibrium individuals use a threshold voting strategy, the probability
vp that a member of the generic party P votes is equal to Fp(cp). Hence, we can re-write the

limiting benefit for A-members as

Fe(ch)(1-2) G,( Fa(ci2 )
AP acpr+Fe(cy) -] '

Fa(cp)A+Fp(cp)(1-2) (A2)
The limiting benefit for B-members can be calculated in an analogous way and is equal to
Fa(ca)A , Fp(cp)(1-2)
G : A3
B Facpa+Facy) -] (FA(CZ)/HFB(CE)(l—/D) (A3)
This implies that, in equilibrium, we have
* Fp(cp)(1-2) ' Fa(cp)2
=T A4
“ 4 [Fa(c;a+Fp(cy)(1-D)] (FA(CZ)/1+FB(C§)(1—/1))’ (Ad)
and
* _ Fa(ca)A ' Fp(cp)(1-2)
¢ =I5 [Fa(c)A+Fp(cy)a-D]° G (FA(CZ)HFB(CE)(l—A))' (AS)

Suppose Iy, Iz > 0. We are going to show that equilibrium turnout is bounded away from zero.

(Al)



Notice first that, by definition,

' ( Fa(cp)A ) =G’ ( Fp(cp)(1-1) )
Fa(c)A+Fp(cyp)(1-2) Fa(c)A+Fp(cp)(1-1/"

Therefore, from equations (A4) and (A5) we know that, in equilibrium, the following holds

caFa(cp) _ Ta(-2) _ y42(1-D+yf(1-1)° (A6)
cpFp(cp) gl v 22+vEA(1-2)

From (A®6) it follows that g% > 0 and, as a consequence, there exists a function ¢ such that
B

cp = ¢(cy) and %ff‘) > 0. This means that Fz(¢(c;)) — 0 when ¢ - cy.
A

Suppose that c¢; = ¢4, when N — oo. This implies that, at the limit, the benefit from voting for an
A-member is less than or equal to c,. Notice from (A2) that, since G'(.) is finite and strictly
positive, this is only possible if

3 (1- Fg(o(ch)) (1-
i *FB(CB)(l*l) _ 5( *CAZ)(I 2/1) k<o (A7)
ca—ca [Fa(c)A+Fp(cp)(1-2)] (Falcp)” 4

On the other hand we know from (A3) that, when c; — ¢, the benefit for a B-member tends to

Fa(ca) A 1
A s TRG (). (A8)

(Fa((c))
Note that, if the condition outlined in (A7) holds, it must be the case that Fy (¢>(cj;)) goes to zero
faster than F,(c,). However, this implies that expression (A8) tends to infinity and thus each B-
supporter votes in equilibrium. Analogously, it can be shown that if c; — ¢ then the benefit
from voting for an A-member tends to infinity, proving that turnout is bounded away from zero
in equilibrium.
Finally, suppose I'> = 0. In this case, the limiting benefit from voting for a member of party P is

equal to zero, which means that cp cannot be greater than c, when N — oo. This in turns implies

that the benefit from voting for a member of party P tends to zero, even if [$>0,andas a



consequence c; — cp. Therefore, unless both I’y and I'y are strictly positive, equilibrium turnout

. . . 1 1
is either zero, if I, =T =0,¢c4 =-and cp = -, Or converges to zero otherwise. m

N

Proof of Lemma 1

The fact that a(CAFA(Cg)/ 3F5(h)) ) and a(CAFA(Cg)/ 35 () follows immediately from

d(caFa(cp)/cpFp(cp)) and d(caFa(cy)/cpFp(cp))

(A6). Moreover, notice that can be re-written,

avh avh
respectively, as

acA 1 OF4(cp) 1 ) _dcg (1, 9Fp(cp) 1 )] A9

(CBFB(CB)) [6yA dcy  Falcy) ayj (cg dcg Fp(cp) ( )
and

acA 1 9F4(cp) 1 ) dch (1, OFp(cp) 1 )]
—_— —+ — —+ . Al10
(CBFB(CB)) [6yB dcy  Falcy) ayg (c* dcg Fp(cp) ( )

Therefore, we know from (A9) that

acjl(1 OFa(cy) 1 ) acg(1 OFg(cg) 1 )

vk \c; dcy  Falch) vk \cp dcg  Fp(ep)/’

aCB

> 0. The left hand side of the above inequality would be negative,

while the right hand side would be positive, which is a contradiction.

Similarly, we know from (A10) that

acj:,(i OFa(cy) 1 ) ac;(i OFp(cg) 1 )

v \c dcy  Fa(ch) avg \cp dcp  Fp(ep)/’

A > 0 and < 0. The left hand side would be positive and the right hand side

would be negative, which cannot be. m

Proof of Lemma 2

d(caFa(ca)/cpFp(cp))
A

From (A6) we calculate which is equal to



vA-20)-2vf(1-1) (- Dlvar+yEa- A)][2y§A+yB(1 2/1)]
Alvga+vE(1-2)] A2[yAr+yEa-n)°

The above expression reduces to

—-yByE-02-2yByfra- /’1) YavhA?
2[yfr+yEa-n)° '

(A11)
From (A11) we can see that the sign of the derivative is zero if y2 = yZ = 0 (i.e. citizens are
Group Minded), but it is negative otherwise.

Notice that a(CAFA(CA;iCBFB ©6) equals

acA 1 0Fa(cy) 1 ) acg(1+aFB(c§) 1 )
dcy  Fa(ch) A dcg  Fplep)/|

Thus, if voters are Paternalistic we know that

%(1 OFalcy) 1 )<%(i+aFB(C§) 1 )
) dc,  Fa(cy) ) acy  Fp(cp)/’

Suppose A >0 and oc; B < 0. The left hand side of the above inequality would be positive,

while the right hand side would be negative, which cannot be.

Finally, if citizens are Group Minded we have

@(1 OFalcy) 1 )_%(L OFp(cp) _ 1 )

a1 acy Fa(cy)) 02 acy Fg(cp))
Notice that é + M;—(:A)FA(I = > 0 and —B aF(fT(gB)FB(l =) > 0. Therefore it must be aac; = aacf. [
Proof of Proposition 3
I.  We know from Proposition 2 that
HIFAGCDA + Fy(c) (1 = DI = TeFa (A6 (7D —), (A12)

and

IR DA+ Fa(c3)(1 = D = TuFp(c) (1 = D6 (rradl ), (ALY



When 1 — 0, Equation (A12) reduces to c;Fz(cj)? = 0 and therefore
liml_)o FB(CE) == 0 (A14)
As a consequence, if voters are Paternalistic, the benefit for an A-member converges to

B 1 ! (
Va Fp(cp) Fp(cp)

) when A4 — 0. Since G'(.) is always positive and finite, the latter

tends to infinity and lim,_,o F4(cs) = 1. Analogously Equation (A13) reduces to
c;F,(c))? = 0 when A - 1, implying that

lim,_, F4(cy) = 0. (A15)
Therefore, if voters are Paternalistic, when A — 1 the benefit for a B-member converges

0

a_1 ’ . o
to yp Falcy) (FA(C,Z)) and lim,_,; Fz(cp) = 1.

* * A
ii.  When voters are Group Minded, we know from (A6) that $AZ4€4) — Y4 Thjs together
cgFp(cp) Y8

with (A14), implies that lim;_,, Fg(cp) =1lim,_ F4(c;) = 0. Similarly, given (A15), we
conclude that lim,_,; F,(c3) =limy_,; Fg(cg) = 0. m

Proof of Proposition 4

Given Proposition 3, we know that, by continuity, there must exist at least one value A such that

M < 0 and, therefore, when

ci(4) = c;(1). Moreover, we know from Lemma 2 that
¢, = cp it must be the case that —= aCB a%‘. However, if there were more than one crossing point,

it would imply aa%f < %‘ for at least one of these points, which cannot be. This proves that there

exists a unique 1 such that c; (1) = c5(2), c;(1) > c;(MVA < 2 and ¢;(A) < c5(AVA > 1.

B
Suppose A = = From (A6) we know that “AL(¢4) _ Vi 4 *VA Hence, if yA +v2 =y& +yB then
cgF(c B) VB +YB

ch (A = %) = ¢}, (A ) implying that 1 = If A +yvE <yf +yE thenc; (A = %) <



ci (2 =), which implies that 1 < . Finally, if y{ +v£ >y4 +yE thenc;(1=3) >
(121 - i1
Cp (/1 = 2), meaning that A > >- .

Proof of Proposition 5

caF(ch 4
AF(€n) Y4 1t follows

Recall from Proposition 3 that, when voters are Group Minded, 2—=2- =
cgF(cp) Y8

immediately that if y£ > y5 then c; (1) > c;(A)VA, while c;(1) < cy(DVAifyf < yE and
(D) = cgMDVAIfyl =y;. m

Proof of Proposition 6

Consider first the case of Group Minded voters. Since y? = y4 = 0, assuming y£ + y2
Y4 +yE implies y4 = yE. We know from Proposition 5 that in this case c; (1) = c5(D)VA. It
follows that 8;(4) < - VA < ~and 8;(4) > VA > ~.
Consider now the case of Paternalistic voters. From (A6) we know that

AciF(e)[Avg + (1= Dygl = (1 = DepF(cp)[Avs + (1 = Dyf]. (A16)
Letusre-arrange v +y2 =y +yEasys —y4 =yE —y2. Aswe are assuming that
ya > y4 and yE > y2, this implies that A(y{ — y4) < (1 — D) (¥E —yZ) when 1 < % while the
opposite is true when 1 > % Re-arranging we have Ay4 + (1 — D)yE > Ayf + (1 — D)yBif
A< iand Ay + @A —=DyE < v+ (A= Dyf fora > % In addition, we know that c; > ¢}
for A < %and vice versa. Hence, from (A16) we can conclude that AF(c;) < (1 — A)F(cp) when
A< %and AF(c;) > (1 — A)F(cg) when 1 > % As a consequence 8;(1) < % VA< %and
0; (1) > % VA > %.-
Proof of Proposition 7



Proof of Proposition 8
Consider the benefit from voting of an A-member and differentiate it with respect to c;. We

obtain

B L F(cyA
(1 /DFA{X G (F(C;l),up(c,;)u—/l))y}’

)22l B)p )
A

aF(CA) (

6cA
)’1(1 G [F(cy)A+F(cy)a-n]*

F(cy)A

F(c)A+F(cp)(1-2) and

where X = G" (

BF(CB)

(CA)

v A [AF (cx)—(1=-A)F (cp)]-2A4— F (cp)
B [F(ci)A+F(cp) -]
First of all, recall from the proof of Proposition 2 that A > 0 and, as consequence, (CC*B) > 0.
A

Let us first focus on 1 < % Sinceyi +v2 =y4 +vE, vi > y4 and yE > y2 we know from

Proposition 6 that AF (c;) < (1 — A)F(cg). It follows that G" (.) > 0 and, therefore, X < 0 if

aF(c A) aF(cB)

F(cp) < F(cy). Moreover, AF(cy) < (1 — A)F(cp) implies that Y < 0.

Consider now the case A > % From Proposition 6 we know that AF(c;) > (1 — A)F(cp),

aF(c A) aF(cB)

implying that G"'(.) < 0. Hence,

F(cp) > —=*F(cy,) is a sufficient condition for X < 0.

In addition, let us re-write Y as

A(aF(CB)F( - P (CA)F( B)) aF(CZ’)q—A)F(cg)

\
ach acy

[F(CZ)/1+F(C§)(1—/1)]3

aF(CA) aF(CB)

Notice that Y < 0 if

F( B) > - F(A)

Recall from Proposition 4 that y4 + y5 = y4 + y5 implies ¢; > cjVA < %and ci < cpvaA > %

aF(cA) 6F(CB) BF(CA) BF(CB)

This means that —4— < —4— _%a_ Ve > cfand —4—- > —4—
' F( T ey VA > B F( ) F( )

Vc, < cg are sufficient conditions



for the benefit of an A-member to be weakly decreasing in c; on the intervals A € (0, %) and

aF(C)/F(C)

AE (3, 1). These conditions translate into 9 2<——
2 ac

< 0. The latter can be expressed as

FPE <oandthus = < =
F F F
Finally, note that c; = c5 when A = %and therefore %F(cg) = ag(ccf) F(c;) and AF (c;) =
A A

(1 = 2A)F(cg), implying X = 0 and Y = 0. Thus, in this case, the derivative of the benefit is
equal to zero. If the benefit for an A-member is non-increasing in ¢, it means that there exists at

most one fixed point. Having already proved the existence of an equilibrium, this demonstrates

that, given the assumptions, ';—, < FF is a sufficient condition for its uniqueness. m
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