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Abstract
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Constraints on profit income distribution and production efficiency
in private ownership economies with Ramsey taxation

1. Introduction.

Diamond and Mirrlees (DM) [1971] revisited the problem first posed by Ramsey [1927]
about alternative policy instruments that can be employed when there are informational
constraints on the implementation of the second-welfare theorem. Using a general equilib-
rium model they showed that, when personalized lump-sum transfers are not available to
the government as redistributive devices, commodity (Ramsey) taxation can be employed
as an alternative, albeit second-best, means of redistribution. They showed that produc-
tion efficiency was desired by the second-best optimal commodity tax system and that
taxation of inter-firm transactions was not required.

The general equilibrium model they employed was one where technologies of firms
exhibited constant returns to scale. Thus, consumers received no profit incomes. An
extension of this model to decreasing returns to scale technologies (see e.g., Guesnerie
[1995] and Weymark [1979]) led to similar results regarding production efficiency when
private firms were subject to one-hundred percent profit taxation with the proceeds going
back to consumers as a uniform lump-sum transfer (also called a demogrant).!

To check the robustness of the result on second-best production efficiency under more
general settings, the DM model was extended to allow consumers to receive profit incomes
in proportion to the shares that they owned in the private firms.2 A series of papers
pioneered by Dasgupta and Stiglitz (DS) [1972] and followed up by Mirrlees [1972], Hahn
[1973], Sadka [1977], and Munk [1980] concluded that, in such models of privately owned
firms, second-best production efficiency continues to be desirable if the government can
implement firm-specific profit taxes. Challenges in the general proof of this result were
brought to light by these papers and, more recently, by Reinhorn [2010).

In general, the ability of the government to implement a firm-specific system of profit
taxation is questionable. More realistic scenarios, one could argue, may be those where
profit tax rates vary only across groups of private firms, i.e., the number of profit tax rates
the government can peg may be smaller than the number of private firms. Further, the
rigid institutional rules by which profit incomes are distributed among consumers may be
more general than the ones considered in the literature cited above. This paper extends
the above results in these directions.

In particular, we show that second-best production efficiency remains desirable when

profit tax rates can vary across groups of firms provided that the institutional rules which

1 For an excellent exposition of these results see Myles [1995].
2 As in a Arrow-Debreu private-ownership economy.
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define profit incomes of consumers depend on the distribution of profits across these groups
of firms. We show that all the previous results on second-best production efficiency follow
as special cases of our result. On one extreme is the DS case, which involves the finest
partition of the set of private firms—each firm-group in this partition comprises of a single
firm and hence the case of firm-specific profit taxation. On the other extreme is the DM and
Guesnerie [1995] case, which involves the coarsest partition of the set of private firms—only
one firm-group that contains all the firms and government implementing a single (uniform)
rate of profit taxation. Then there are cases that lie in between these two extremes.

Our strategy of proof is different from the earlier papers. Production inefficiency at a
tax equilibrium implies that the aggregate supply of the firms is not on the frontier of the
aggregate technology of the economy. With profit maximizing private and public-sector
firms, this implies that the producer price vectors faced by private and public firms in
such a tax equilibrium are not proportional, implying that there are differences in the
marginal rates of technical substitution across these two types of firms. Hence, an increase
in aggregate supply is technically feasible by reallocating production across these firms.
In fact, we show that, at such a tax equilibrium, there are changes in the price vectors
faced by private and public firms which will ensure that an increase in aggregate supply
is consistent with profit maximizing choices of firms at these new prices. Ceteris paribus,
such an increase in aggregate supply implies an increase in the aggregate income in the
economy. The question is can this increased aggregate income be distributed to consumers
in a manner that respects the existing institutional rules of income distribution in the
economy and improves the welfare of all consumers? In general, the institutional rules of
income distribution and the restrictions on the ability of the government to implement
profit taxation can constrain severely such welfare improvements. However, we show that
our institutional set-up that we described above permits the distribution of the increased
aggregate income across consumers in a welfare improving manner.

In our proof, we take recourse to an intermediate construct of an economy with
producer price vectors varying across (groups of) private-sector firms.? Hence, implicitly,
this implies a wedge between price vectors faced by firms and, hence, the taxation of
transactions between firms are allowed. We show that this economy exhibits second-best
production efficiency, albeit, unlike in the DM model, this means that firms are subject
to proportionate rates of intermediate-input taxation. It is shown that the second-best
allocations of this economy are the same as those of an economy where all private firms
face the same price vector but are subject to profit taxes. This implies that second-
best equilibrium allocations with intermediate-input taxation can also be decentralized as

3 This is as in the earlier literature.
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second-best tax equilibrium allocations with no intermediate-input taxation but with firms
being subject to profit taxation.

The results on second-best production efficiency and intermediate-input taxation are
important for three reasons: Second-best production efficiency supports the use of pro-
ducer prices as the right proxies for the generally unobservable shadow prices for the cost-
benefit evaluation of public sector projects.4 The recommendation of either proportionate
intermediate-goods taxation or profit taxation with no intermediate-goods taxation min-
imizes also the practical administrative costs of implementing a system of Ramsey taxes,
e.g., it supports tax structures like VAT. Our analysis also suggests how, by understand-
ing the rules of profit income distribution in the economy, the government can potentially
design a system of profit taxation that can further both its redistributive and efficiency
objectives.

In Section 2, we lay out our general equilibrium model. We define two types of profit-
making economies—those with firm-group specific profit taxes and those with firm group
specific prices. In Section 3 we prove a preliminary lemma. In Section 4, we employ this
lemma to prove Theorem 1 that states that second-best production efficiency is desirable
in profit-making economies with firm-group specific prices. In Section 5, we obtain as
corollaries of Theorem 1 two results: one, the desirability of second-best production effi-
ciency in profit-making economies with firm-group specific profit taxes and two, the case
for either proportionate intermediate-input taxation in profit-making economies or profit
taxation with no intermediate goods taxation. In Section 6, we conclude.

2. The model.

There are N commodities indexed by k, H consumers indexed by h, and I 4+ 1 firms
indexed by i. We denote the index set of consumers as H = {1,..., H} and the index set
of firms as Z = {0,...,/}. We assume that firm 0 is a public sector firm, while all others
are private firms.

For every firm i € Z, the technology is denoted by Y? ¢ RY. The aggregate technol-
ogy is Y =3 .Y

For all h € H, the gross consumption set of consumer h is X" C Rﬁ and the
preferences over X" are represented by continuous, quasi-concave, and locally nonsatiated
utility functions v : X* — R with images u/(2"*). The endowment vector of consumer h
is denoted by e € Rﬂ\: )

Let £ = (X", u", ") nen, (Y)iez) denote the vector of economic fundamentals spec-
ified above.

4 See Little and Mirrlees [1974], Boadway [1975], and Dréze and Stern [1987].
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We assume that all firms are price-takers. For all ¢ € Z define the set of prices for

which profit maximization is well defined as

B’ :={pc RY \ {0"}| p- y is bounded from above for all y € Y} (2.1)

and define the profit function 7* : B* — R with image

w(p) =sup {p-y'| y' €Y'}, (2.2)
yl
The supply vectors of firm ¢ € Z are obtained from the solution mapping of (2.2) as
y': B — R with image y'(p).° For all i € T define the frontier of Y7 as

Vi = {yZ € Yi| gji > yi implies that gji ¢ Yi}. (2.3)

Similarly, we can define Y as the frontier of the aggregate technology Y.

The vector of consumer prices is denoted by ¢ € R_]X . Income of every consumer h € 'H
is denoted by m" € R.. Let the mapping z” : Rﬂ\: x R, — RN with image z"(q, m")
denote the Marshallian demand vector of consumer h and let the mapping V" : Rf xRy —
R with image V" (g, m") be the corresponding indirect utility function. Every consumer
receives a demogrant, which is denoted by m € R. The income of consumer h € H in
economy F comprises of his endowment income, profit income that he receives from the
private firms, and the demogrant that he receives from the government. A partition of
Z\{0} (the index set of all private sector firms) is denoted by P = {P,..., Pr}. Members
of a partition will be indexed by ¢ or .

2.1. A profit-making economy with firm-group specific profit tazes.

A profit-making economy with firm-group specific profit taxes is an economy derived
from F where the private firms are partitioned into various groups, the government can
implement profit taxation with the profit tax rates varying across firms depending on the
groups to which they belong, and the consumers receive profit incomes which depend on
the distribution of firm-group profits. If P = {Py,..., Pr} is such a partition, then we
denote the vector of firm-group specific profit tax rates by 7 = (r%,... 77) € RT, i.e., all
firms in each firm-group t = 1, ..., T are subject to the same profit tax rate 7 so that the
net of tax profit of firm-group ¢ is (1 —7°) Y ;cp, 7' (p), which we denote in the definition

below by the function a’

. The profit incomes that consumers receive in such economies
assume the form below. The form is very general requiring only that profit incomes of
all consumers should add up to the total net of tax profits in the economy (condition (i)

in the definition below) and that the profit income received by each consumer should be

5 In general, 3*(p) need not be a singleton set, i.e., the solution mapping y*(p) need not be a function.
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non-negative (condition (ii) in the definition below). Examples 1 to 3 below consider a

well-known functional form and some of its special cases that satisfy these conditions.

Definition. A map of profit incomes with firm-group specific profit tazes that is associated
with a partition P = {Py,..., Pr} of Z\ {0} is a continuous vector-valued map

;R — R (2.4)
with image
rl = 7"71377( al,...,a")
, (2.5)
rit :rgﬁ( al,...,a")
where a = {(al, ... ,aT> is obtained as the vector-valued mapping a : RT x ﬂiez\{o}Bi —

R” with image
0’1(7-17 s 7TT7p) = (1 - Tl) Ziépl ﬂ-z(p)

: (2.6)
(T ) = (=) Sy ™ (0)
such that
(1) Shere s (A=) Tiep, #0) ooy (1=7T) Ty 7(0) ) = Spep(1=7") Ticp, 7 ()
and

(i) for all h € H, 7“%77( (1-— Tl) ZiePl m(p) ..., (1— TT) EiePT ™ (p) ) > 0.

Definition. Let £(E,P,rp ;) denote a profit-making economy with firm-group specific
profit taxes associated with a partition P = {Py,..., Pr} of Z\ {0} and a map of profit
incomes rp ». A tax equilibrium of E(E, P, rp ;) is a configuration (g, p, %74, ..., 7T, m) €

RN x RT*! such that®

T
th(q, Z_:XI; (1 = 7Hp) + 3% +Ze and

heH heH (2.8)
mh = T»},l;ﬂ_((l — 7 Z (p),...,(1 =71 Z 7'(p)) +m + qe", Y heH.
iePy i€Pp
6 Vector notation: for = and y in R™,
T >y ST > Y, Vi:la"w”ﬂ
r>ysctyandx; >y, Vi=1,...,n, (2.7)

r>ys x>y, Vi=1,....n

Also, recall that the income m” of each consumer h comprises of his profit income, endowment income,
and the demogrant received from the government.
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Some examples.

Consider the standard case where the profits are distributed to consumers according
to an exogeneous H x [-dimensional matrix of shares © with typical element 6’? > (0 which
denotes the share of consumer A in the profit of the private firm 7. Thus, we require
S0 =1foralli €T and h € H. Let O denote the set of matrices © with these
properties.

Ezample 1. Let © € O. If P = {{1},...,{I}} (i.e., P is the finest partition of the set of
all private firms), then the map of profit incomes with firm-group specific profit taxes is
given by

=l (1=l (), ..., (1=7Dal(p)) = 01 (1—7") 7' (p)+. . +07(1—7")7 (p), Vh € H.
(2.9)
This is the DS case of firm-specific profit taxation.

Ezample 2. If © € O is such that 01" = 6" for all h € H and i € T \ {0}, then the coarsest
partition P of Z \ {0} that can be used to define a map of profit incomes with firm-group
specific profit taxes is P = {Z \ {0}} and the map of profit incomes is given by

= (1=7) Y () =6"(1—-7)> 7'(p), VheH (2.10)
1€Z\{0} 1€l

A special case of this example is O = % and 7 = 0. This is equivalent to the Guesnerie

[1995] and Weymark [1979] case, where the profits of all firms are subject to a uniform
(one-hundred percent) profit tax rate and the government returns its profit tax revenue as

a uniform lump-sum transfer to all consumers.”

Ezample 3. P ={P,...,Pr}. Let © € O be such that 9? = Ot forallh e H,t=1,...,T,
and ¢ € P;. Then, the map of profit incomes with firm-group specific profit taxes is given
by

t=rp, (O (=), o Y (=7 )T (p)

ieP; i€Pp

=M1 —H) 7+ + 01 -7 7(p), VheEH

1€P; 1€Pp

(2.11)

This covers the case where government can implement more than a single but not quite
firm-specific profit tax rates, i.e., 0 < T < I, and where profit incomes of consumers

depend on distribution of profits in the 7" groups of firms.

7 This is also trivially the DM case where constant returns to scale is assumed, so that profits of firms
are zero.
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Definition. Let £(E,P,rp ;) be a profit-making economy with firm-group specific profit

taxes associated with a partition P = (Py, ..., Pr) of Z\ {0} and a map of profit incomes

rpr. A tax equilibrium (g, p,p°, ', ..., 77, m) of E(E,P,rp,) is a production efficient

tax equilibrium of E(E,P,rp ) if Zle yi(p) +1y°(p°) e Y.

The second-best problem for £(E, P, rp ;) is to find the mapping Veiop, Ag-1— R

with image®

V'P,Tpﬂ—(Sla st = Z spVi(q,m

subject to (2.12)
<q,p,po7 T m) satisfying (2.8).
A solution to (2.12) is called a second-best tax equilibrium of E(E,P,rp ;).
Definition. A second-best tax equilibrium (§, 7,70, 71, ..., #T, /) of £(E, P, rpr) is a

production efficient second-best if it is production efficient. If all second-best tax equilibria
of E&(E,P,rp ) are production efficient, then E(E, P, rp ;) exhibits second-best production
efficiency or production efficiency is desirable at the second-best of E(E,P,rp ;).

2.2. A profit-making economy with firm-group specific prices.

In this paper, we show that production efficiency is desirable at the second-best of
E(E,P,rp;). To do so, we consider a more general institutional structure than a profit-
making economy with firm-group specific profit taxes. This is an economy with profit
incomes where the government can implement firm-group specific prices. We denote such
an economy by E(E, P, rp,). The set of tax equilibrium allocations of £(E, P, rp ;) turns
out to be a subset of the set of tax equilibrium allocations of £(E,P,rp,). Moreover,
we show in Section 4 that £(E,P,rp,) exhibits second-best production efficiency. In
Section 5 we show that all the second-best tax equilibrium allocations of E(E,P,rp )
can be decentralized as tax equilibrium allocations of £(E,P,rp ). The desirability of
production efficiency at the second-best of £(E, P, rp ;) will hence follow.

Let P = {P1,...,Pr} be a partition of Z \ {0}. For all £ = 1,...,T, we denote
Nie ptBi by B; and the price vector faced by firm-group P; is denoted by pf € Rﬂ\_f .

Definition. A map of profit incomes with firm-group specific prices that is associated with

a partition P = {Py,..., Pr} of Z\ {0} is a continuous vector-valued map
rpp: R — RY (2.13)
8 Ap_1 is the H — 1-dimensional unit simplex in R¥. (st,.. .,SH) € Apg_1 can be interpreted as

a vector of welfare weights attached to consumer utilities. The second-best utility possibility frontier is
obtained by solving the second-best optimization for all possible vectors of welfare weights.

7
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with image

rl :7’71371)( al,...,a")
, (2.14)
rH :rgp( al,...,a")
where a = (a!, ..., a”) is obtained as the vector-valued mapping a : H:{:l B, — RT with
image
al(pla s 7pT) = ZiePl ﬂ-Z(pl)
: (2.15)
aT(p17 s 7pT) = ZiEPT 7T-Z‘(pT)
such that
(i) ZheH T%,p(ZiePl Wl(pl) y e ZiePT WZ(pT» = Zptep ZiePt Wl(pt) and

(ii) forall h € H, vl (Sicp, 70" 5o, Yicp, 7' (7)) 2 0.

Definition. Let £(E,P,rp,) denote a profit-making economy with firm-group specific
prices associated with a partition P = {Py,...,Pr} of Z \ {0} and a map of profit
incomes rp . A tax equilibrium of E(E,P,rp,) is a configuration (g, p', ... pl,m) €
RY x Hthl B; x R such that

T
5 0 < 2S00 110 + 3 ¢ and
t=14cP,

heH heH (2.16)
m" =rp (YY), Z ' (p")) +m+qe", VheH.
iGPT

1€P;

As in the previous section we can define an efficient tax equilibrium of economy
E(E,P,rp,p). Note that the system of equations (2.16) is homogeneous of degree zero in
in p',...,p", ¢, and m and is homogeneous of degree zero in p?. Hence, it admits two
normalization rules.® Under the maintained assumptions on consumers’ preferences, the

budget constraints hold as equalities under utility maximization, that is, for all h, we have
q-z"(q,m") = mh". (2.17)

To show that at a tax equilibrium of E(E, P, rp ), the government budget is balanced, we
multiply both sides of the first part (a vector of inequalities) of (2.16) by ¢ and employ

9 For example, we can adopt the normalization rules pi =1 and p§ = 1.
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(2.17) to obtain

T
q-Zw’%qv ZZ N+a " @)+ ) e
t=1icPh,

heH

:>ZZ7T )+ Hm+q- Zeh<

t=11icP; heH

T
ZZP )+ )+ YD a0y ) g > e

t=1 1P, t=1 P, heH

éHm<ZZq Py ) +a- " 0"

t=1icP;
T .
< St 2iepla =0y ) +a-y°(P°)
= H
T .
:$m<Zﬁdhmw—ﬂwﬂm+m—ﬁk¢W%W“ﬁ@%

H
(2.18)

Condition (2.18), which is an implication of Walras law, says that the demogrant is financed
from the government’s revenue from indirect taxation and the sale of publicly produced
goods to the consumers.

The second-best problem for £(E, P, rp ) is to find the mapping Vprp, Ag_1—R
with image

Vp,rp’p(sl, sty = max Z spVi(q,m

subject to (2.19)

(q,p°,pt, ..., pT,m) satisfying (2.16).

A solution to (2.19) is called a second-best tax equilibrium of E(E,P,rp,). As in the previ-
ous section we can define a production efficient second-best tax equilibrium of £(&, P, rp )

and the desirability of production efficiency at the second-best of E(E,P,rp ;).
3. A preliminary lemma.

Assumptions 1 and 2 stated below are regularity assumptions on the technologies of

firms. They are similar to the ones employed in the previous literature on this topic.

Assumption 1. For all i € Z, Y7 is closed, convex, contains 0, is not a cone, and satisfies
Yi4+ RN c Y
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Assumption 2. For all i € Z, the set B’ is non-empty and there exists p € RJL_ N B’

Assumption 1 excludes firms that exhibit constant returns-to-scale. This exclusion
seems without loss of generality as these firms are associated with zero profits and hence
the presence of such firms offers no constraints on the distribution of profits in the economy
(the issue of focus in this paper). Note that under Assumptions 1 and 2, for all i, 7 is
continuous, non-negative valued, linearly homogeneous, and convex on the set B’.

Let £(E,P,rp,) denote a profit-income economy with firm-group specific prices as-
sociated with a partition P = {Py,...,Pr} of Z\ {0}. Forallt =1,...,T and p’ € By,
we denote the supply of firms in P, € P as y'(pl), i.e., y'(p') = > icp, y'(pt). For all
t=1,...,T, the frontier of Y = Zz’ePt Y? is denoted by yt 10

Let (pt,...,pl) € Hthl By and p° € BY. Assumption 3 (below) restricts our analysis
(which we claim is without loss of generalityll) to the case of technologies with smooth
frontiers.

Remark 1 (below) presents the well-known fact that, under our assumptions, the
vector of aggregate supply Zthl vt (ph) + 0 (p°) lies in Y if the price vectors p°, ..., pT are
proportional.

Lemma 1 shows that if there exist t,# € {0,1,...,T} such that p' and pt/ are not
proportional,!2 then there exist changes in price vectors faced by firms in groups ¢ and ¢/
that can strictly increase the aggregate supply (i.e., lead to a higher aggregate supply than
Zszl yH(p") 4+ 3°(p°)) given the profit maximizing behavior of our price-taking firms and,
hence, Zszl v (p") +4°(p°) is not in Y. Before formally stating Lemma 1, we first present
two examples to illustrate the point made in this lemma. Example 4 (below) considers the
case of smooth production frontiers, while Example 5 shows that the argument extends to
the non-smooth case. In both the examples, it is assumed that N = 2, there is no public
production, I = 2, and P = {{1},{2}}. Good two is the output and good one is the
input of these firms, so that if y = (y1,92) € R? is a production vector, then 32 > 0 and
y1 < 0. Let us also denote a hyperplane with normal p and constant a by H(p,a) and its
lower and strictly lower half-spaces by H<(p,a) and H<(p,a), respectively. Similarly we
can define the upper and strictly upper half-spaces of H(p, a).

10" Note the slight abuse of notation: the technology, its frontier, and a production vector corresponding
to any firm i € Z are denoted by Y, Y, and y*, respectively, while the aggregate technology, its frontier,
and a production vector obtained by summing over all firms in P, for t = 1,...,T are denoted by Y, Y,
and g, respectively. However, in what follows, it will be clear always whether we are referring to a firm
in Z or to a group of firms F;.

11 We defend this claim with an example below.

12 0Oy, in the non-smooth case, if the sets of support prices of (p') and y* (p'') do not intersect.

10
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1
Ezample 4. Suppose technology of Firm 1is Y! = {y! € R?| vy < (—¢1)?} and Y? =

{y* € R?| y5 < (—y%)%} Suppose Firms 1 and 2 face price vectors p! = (1,1) and
p2 = (1, %% respectively. It can be verified that the profit maximizing production vector
of Firm 1 will be y!(p!) = (=1, 1), while that of Firm 2 will be 3?(p?) = (—8,2). Since p!
and p? are not proportional, it is well-known (and can be easily verified) that the aggregate
production vector y := y*(p!) + y2(p?) = (—9,3) must lie in the interior of Y := Y1 +Y?2.
In fact, at these production vectors, the marginal productivity of input in Firm 1 is 2,
which is less than the marginal productivity of input equal to 12 in Firm 2. This suggests
that reallocating some of the input from Firm 1 to Firm 2 will result in an increase in the
aggregate output. The question is whether there exist such reallocations which can also
be supported as profit maximization choices of firms. We show below that this is true.

Since p! and p? are not collinear, Figure 1 shows that there exist changes Ay' =
(%, —2) and Ay? = (—%, g) in production vectors of Firms 1 and 2, respectively, such
that p' - Ay! and p? - Ay? are non-positive and the aggregate change in production is
positive, i.e., Ay = Ayl + Ay? = &, %> > 0. In particular, as seen in the figure,
Ay' € H<(p*,1) N Hx(p?,0). Similarly Ay? € H<(p?,0) N Hs(p',0).13

Note however, that such changes may not be technologically feasible, e.g., for Firm
2, 2 (p?) + Ay? = (—8.25,4.5) and 4.5 > (8.25)%. Nevertheless, Figure 2 shows that Ay?
can be suitably scaled so that it becomes technologically feasible with respect to Y2, e.g.,
7% =2 (p?) + ﬁAyQ — (—2.482,1.354) lies in Y2. By scaling down Ay? further, we
obtain points that lie on the line segment joining ? and y?(p?). Each such point, when
added to y'(p!) + Ay!, results in higher aggregate output that y. For any such point
that lies in the interior of of Y2, Figure 2 shows that there exist production points in the
frontier Y2 that are bigger. Since these points are on the frontier, there will exist producer
prices that support them as profit maximizing choices for the private-sector. p2”* and p2”
are two such price vectors. In fact, a sequence of such price vectors {pQV} converging to
p? can be constructed.14 A similar sequence of price vectors for firm 1 {ply} converging
to p! can also be constructed using A y'. It is clear from such a construction that, for all

v, we will have y!'(p'") + 2(p*") > y.
Ezample 5. Suppose technology of Firms 1 and 2 are (see also Figure 3)

Vi={y' e R y3 <5(-yi), 0<(-yi)<1

<3+42(—y), (—yi) =1}, and 3

13 Note that these changes imply reducing the input usage of Firm 1 and increasing the input usage of
Firm 2.

14 por example, these can be support vectors for a sequence of production vectors converging to y?(p?)
and lying on the part of the frontier Y2 that is on the left of 32(p?).
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Y2={y? e R?|y3 <3(-y}), 0<(-15) <4 a2
<84 (—yd),  (—v}) >4},

so that the aggregate technology is

Y={yeR*yp<5(-y), 0<(—y) <1,
<243(—y), 1<(—y)<5 (3.3)
<T7+2(-y1),  (—wy1) =5}

Any production vector y such that y = y! +y? where y! € Y1 and y? € V2 lies in Y if and
only if the sets of support prices of y' and y? have a non-empty intersection, e.g., consider
y = (=5,17) € Y,y = (—1,5) € V1 and y? = (—4,12) € V2. The set of support prices
of y! is (see Figure 3)

pry") = {peRA p=N(51)+X2(2.1), VA1 20, A2 > 0} (3.4)
and the set of support prices of y? is
P(y°) ={p € R p= (3. 1) + ha(L,1), VA1 >0, A2 > 0}. (3.5)

It is clear that pl(y') N p?(y?) # 0.

Suppose Firms 1 and 2 face price vectors p! = (2,1) and p? = (1,1) and suppose
Firms 1 and 2 choose bundles ' = (—6,15) € y'(p') and 9? = (—5,13) € y*(p?) as
their profit maximizing choices. (See Figure 3.) The set of support prices p'(7') is the
set of all (non-zero) prices proportional to the vector p! = (2, 1), while the set of support
prices p?(7?) is the set of all (non-zero) prices proportional to the vector p? = (1,1). It
is clear that p'(7') N p?(y%) = 0 and, hence, § = ' + 7* = (—11,28) does not lie in
Y. If the price vector faced by Firm 2 is changed to p* = p', while the price vector
faced by Firm 1 is unchanged, then the profit maximizing choice of Firm 2 changes to
y2(p?) = 42 = y* = (—4,12) € Y2 For Firm 1, both the bundles ' = (—6.8,16.6) and 3"
lie in y*(p1) (see Figure 3). If Firm 1 can be made to change its profit maximizing choice
to ¢! from ¢!, then the new aggregate supply vector is § = (—10.8,28.6), which is strictly
bigger than .

Assumption 3 below will be made to restrict our analysis to the case of smooth and
strictly convex technologies.’® Though the examples above illustrate the generality of
the conclusion of Lemma 1 for convex, smooth, and non-smooth production technologies,
the apparatus required to prove the non-smooth case is more elaborate, while it will add

nothing new to the general intuition.!©

15 The restriction to strictly convex technologies implies that the supply mappings of firms are functions.

16 e general non-smooth and convex case will require working, for example, with normal and tangent
cones (see, e.g., Rockafellar [1978] and Cornet [1989]) to define the cones of support prices for points on
the frontiers of the technology sets.
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Assumption 3. For all i € Z, there exist smooth and strictly quasi-convex functions
f7: RY — R with images fi(y) such that Y? = {y € RN| fi(y) < 0}.17

Remark 1. Let Assumptions 1, 2, and 3 hold and let P = {P},..., Pr} be a partition of
T\ {0}. Suppose p' € By forallt =1,...,T and p® € BY. If p°, p', ..., p’ are proportional
to each other then Zle yt(ph) +°(p°) e V.18

Lemma 1: Suppose Assumptions 1, 2, and 3 hold and let P = { P, ..., Pr} be a partition

of T\ {0}. Suppose p' € By for allt = 1,...,T and p* € B°. Suppose there ewist

t,t' €{0,1,..., T} such that p' is not proportional to Pl Lety = Z;—F:o y'(p'). Then there
XY /

exist sequences {p'’'} — pt and {p* } — p* and an integer © such that P yH(Bh) +

y (") +y" (p

tl’U

) > g for allv > 0.

4. Desirability of production efficiency at the second-best of a profit-making
economy with firm-group specific prices.

The following theorem proves that production efficiency is desirable at any second-
best of a profit-making economy with firm-group specific prices. Conditions (a) and (b)
of the theorem ensure that local Pareto nonsatiation, as defined in Hahn [1973], always
holds. In particular, condition (b) is the DM version of local Pareto nonsatiation, i.e.,
there exists a good that is in positive (or negative) net demand by all consumers.
Theorem 1: Suppose E(E,P,rp,) is a profit-making economy with firm-group specific
prices associated with a partition P = {Py,..., Pr} of Z\ {0} and a map of profit incomes
rpp. Let Assumptions 1, 2, and 3 hold. Suppose either

(a) there exists h such that u" is strictly monotonic or
(b) there exists a commodity k and a consumer h' € H such that
(i) le(q,mh/)—ezl > 0 and xZ(q,mh)—eg >0,VheH, geRY, and mh,,mh €R
or
(i1) le(q,mh/)—egl <0 and xz(q,mh)—ez <0,YVheH, ¢gcRY, and mh,,mh €eR
holds. Then production efficiency is desirable at the second-best of E(E, P, rpp).

17 A function f: RN — R is smooth if it is C°, i.e., its partial derivatives of all orders exist. Note
that under Assumptions 1 and 2, the set Y? has a functional representation for all i € Z. Assumption 3
only ensures that this functional representation is smooth and strictly quasi-convex.

18 This follows from Koopmans’ well-known result on interchangeability of set summation and optimiza-
tion. In the non-smooth case, this generalizes to the sets of support prices of y°(p°), y*(p'),...,yT (")
having a non-empty intersection.

19 See Weymark [1978] for a generalization of condition (b).
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Proof: Define Py = {0} so that {Py, P1,...,Pr} is a partition of Z. Suppose 5 :=
(g,p",...,p",m) € RN*T+1 is a solution to (2.12) but 7 := ZtT:() y'(p') ¢ Y. Remark 1
implies that there exist ¢,¢ € {0,...,T} such that ﬁtl £ kp! for any x > 0.

Step 1: We show that, starting from p' and ﬁt/, there exist changes in producer prices of
firm-groups t and t' which lead to an aggregate supply greater than .

This is true because Lemma 1 demonstrates that there exist sequences {ptv} — pt
and {ptw} — ﬁt/ such that y*(pt") + yt/ (ptw) > g for all v > 0, where v is defined as in
Lemma 1.

This implies that the aggregate income or the value of aggregate output measured
using consumer prices § increases when producer prices p and ﬁt/ change to pt" and ptw

for all v > v, that is,

/ X —
MY =q-[> @) +y' ) +y 0" ) >q-g= M, Vo> (4.1)
1t

Step 2: We show that there exists a b > 0, two scalars \* > 0 and a > 0 and two new

b ’ i
price vectors for firm-groups t and t' defined by pt = Xpt" and pt = X'p!  such that,
for all h € 'H, the profit incomes defined at the old and new price vectors do not change,

i.€.,
Fh.— 7";’571)( (Z Wi(ﬁl))l;ét,t’a Z Wi(ﬁt), Z Wi(ﬁt/) )
ep 1€P; i€l
=, (ST L YAl ) =

1€EP) 1€ Pp
(4.2)

The continuity of the profit functions 7* implies that Y, P, (") — Y P, mi(pt). If
> iep, ™ (p") = 0 then choose any e > 0. If Y, p @(p') > 0 then choose € such that 0 <
€ < Y iep, m(P"). Then, there exists v' such that for all v > v' we have | Y, p 7 i (pt") —
> iep, ™ (0")] < e. Our choice of € implies that, for every v > vf, the sign of ZzePt 7 (pt")
is the same as the sign of Y, cp @ (p'): if Y ;cp, 7(p') = 0 then Y-, p ' (p Y)Y > 0 and if
>iep, ™ (0') > 0 then Y, p 7 (p* “) > 0. Similarly, we can define ot

20 1f any one of t or t’ is 0, say t’, then 7" will not be an argument of the income map 7p .
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Pick ¢ to be any v > max{v’, vt/, 9}. Choose scaling factors A\! and A such that

NS () = 30 7 () and

1€P; 1€P;

N Y ) = 3 6.

1€EPy 1€Py

(4.3)

This is possible, e.g., if Y, p, 7" (p") = 0, then A = 0 needs to be chosen. If Y-, p, 7'(p") >
0, then A\ is given by

ZiGPt ﬂ-i(ptv)
which is well defined as Y, p, 7' (p'") # 0. (Note, A\* > 0 and A > 0.) Then (4.2) follows

from (4.3) and the linear homogeneity of the profit functions. Thus, the profit incomes of

A= : (4.4)

individual consumers do not change when p' and ﬁt/ change to pt and and ﬁt/.

Step 3: We show that Step 2 implies that the move to Pt, ]’5'5/ results in no change in the
aggregate profit income generated in the economy and that this implies that the increase
in aggregate income from M to M? must show up as an increase in the government’s tax
revenue.

Summing (4.2) over all h and including the profits of the public sector, we obtain?!

T
SN TAE) AP+ Y A =S A, (4.5)

I#t,t' ieP 1€P; 1€P, =0 1€eh

Thus, the aggregate profits of firms do not change when p' and ﬁt/ change to Pt and and
Kt

5. Define §it := yt(ﬁt), and §it =y (F).
* >k ’
MY =M=q-[Y @) +§+7"]
I£t,8
e N (S 2 R o) IR e R A 0 B L S R DI L L
£t £t

=S (@) -y N+l +1a-1"- 3"

£t
DD IUED SN AR B

14t icP, i€p; i€Py
(4.6)

21 Note that this is true for both cases: (i) both ¢ and ¢’ are not equal to 0 and (ii) one of ¢ or ¢ is 0.
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Similarly,

T
M=>1q-p)-d'@+> D @) (4.7)
1=0 1=0 i€ P,
Since M — M > 0, it follows from (4.5) that the government’s revenue from commodity

. . % k! . . .
taxes is higher when we move to p?, p* keeping consumer prices and producer prices for

the firm groups other than ¢ and ¢ unchanged, that is,

T
G=la yO+la -7+ la- >3 @ J' (7] =: G.
I#t,t! -1
(4.8)

Step 4: We show that the increase in the government’s revenue can be used to construct
another tax equilibrium where utility of at least one consumer is higher, with no loss in
utility for the others: this is obtained by either increasing the demogrant by an appropriate
amount (this is possible if (a) holds) or by decreasing (increasing) the consumer price of,
and hence the tax on, the pth commodity by an appropriate amount (this is possible if b(i)
(b(ii)) holds).

For all h define 2*(g, 7" +m+q-e") = 7", 3, 7" = 7, and e := el (4.2) implies

that for all h, 2" = 2"*(g, F"+m+q-e"). Since 7 < g+e < DAy yl(ﬁl)—l—ﬁt—l—@kt/%—e = J+e,
we have 7 € {Jj +e} +RN_.
Since z" ) or b(ii) hold,
we can apply the DM argument to find § := (G_, §) and & such that (1) >on (4
m+q-eh) =3, 8 € Nx(z) C {§ + e} + RY_ and (2) u"(#") > u(z") for all h and
uP(F") > uM(z") for some h.2? This implies that & := ({, (p Do, Bt ﬁt/,rm is another
tax equilibrium configuration of £(E, P, rp ) that Pareto dominates 5.23 This contradicts
the fact that § is a solution to (2.12).

If condition (a) holds, then we can exploit the continuity of " in m for all h to find
m > m and € such that (1) thh(cj,?kh—f—m—i—(j eh)) =3, 3" € Nx(z) C {§ —e} +RN_
and (2) u(z") > u(z") for all h and u"(#") > u"(z") for some h.2* This again leads to
a tax equilibrium that Pareto dominates s, which once again contradicts the hypothesis
of the theorem.?° W

is a continuous function of ¢;. for all h, clearly, if condition b(i

22 Note, this implies reducing (increasing) the consumer price on commodity k that every one likes and
has a non-negative net demand (dislikes and has a non-positive net demand).

23 Note that it is always possible to make the new tax equilibrium configuration conform to the normal-
ization rules adopted e.g., if the normalization rules are pj = 1 and p{ = 1 and if t # 1,0 and ¢’ # 1,0,
then divide (§, (p')1.1.0, ¢, D" ",m) by p} and p° by Y.

24 Note, this is made possible by the fact that e > G in (4.8), so that it is possible to distribute all or
a part of this increased government budget-surplus as a higher demogrant.

25 Once again, the new tax equilibrium can be reconfigured to conform to our normalization rules.
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5. Corollaries of Theorem 1:
Two results follow as corollaries of Theorem 1.

Corollary 1 of Theorem 1: Production efficiency is desirable at the second-best of a

profit-making economy with firm-group specific profit taxes.

Proof:
Step 1: We show that the set of tax equilibrium allocations of E(E,P,rp ) is a subset of
the set of tax equilibrium allocations of E(E,P,rp,,).

T /m) be a tax equilibrium of a profit-making econ-

Let a, = {(q,p,p°,7%,...,7T
omy with firm-group specific profit taxes £(E,P,rp ) associated with a partition P =
{P1,..., Pr} of T\ {0} and a map of profit incomes rp . Define &, := (q,p°,p',...,p’,m)
with p' := (1 —7")p for all ¢t = 1,...,T. Let £&(E,P,rpy) be a profit-making economy

with firm-group specific prices, where?0

rppla) = rp.s(a) (1)
For all t = 1,...,T, the linear homogeneity of the profit function implies >, pT Wp') =
(1—7") Y iep, @ (P), and for all h € H, we have

rpp( DB, Y w0T) ) =rp (=) Y7 (B),. (1=7T) Y A (B)).

i€P; 1€Pp 1€P; 1€Pr
(5.2)
This implies that &, is a tax equilibrium of £(E, P, rp ) that results in the same allocation
as @, in economy E(E, P, rp ;).
Step 2: We show that every second-best of E(E,P,rp,) can be decentralized as a tax
equilibrium of E(E,P,rp 7).

Theorem 1 implies that if (g, p", p',...,p’,m) is a second-best of £(E, P, TP p), then
there exist positive scalars A2,..., AT such that p! = Xp! for all t = 2,...,T. Choose
p=p, 7t =0,and 7' =1— X forallt =2,...,T. Then {(q,p,p°,7%,..., 77, m) is a tax
equilibrium of £(E,P,rp ;).

Steps 1 and 2 imply that production efficiency is desirable at the second-best of
EE,P,rp,)2 "1

Corollary 2 of Theorem 1: If profit taxes cannot be implemented then intermediate-
inputs should be taxed proportionately. Alternatively, firm-specific profit taxation justifies
not taring inter-firm transactions in profit making economies.

26 Recall the definitions of maps of profit incomes for firm-group specific profit taxes and firm-group
specific prices in Sections 2.

27 of course, this follows under the conditions laid down in Theorem 1 as translated to economy
5(E,,P,7”7>77—).
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Proof: Consider a profit-making economy with firm-group specific prices E(E,P,rp ).
Let P be a partition of Z \ {0}. Thus, the government can implement firm-group specific
prices in such an economy. This means that non-zero wedges are allowed between price
vectors faced by any two groups of private firms in this economy, e.g., p* — ptl is the wedge
between the price vectors p! € R_]X and ptl € R_]X faced by private firms in firm-groups ¢ and
t’, respectively. Thus, transactions that happen between these two groups of private firms
are effectively taxed. Thus, this economy permits a very general system of intermediate
input taxation. Theorem 1 demonstrates, however, that at the second-best of such an
economy producer prices are proportional to each other, e.g., if (g, PO pt, Pt m) is a
second-best of E(E, P, rp ), then there exist positive scalars A2, ... AT such that pt = \p!
for all t = 2,...,T, where p' is the price vector for firms in group 1. Thus, the wedge
between price vectors of firm-groups ¢ and ' at this second-best is pl()\t—)\tl). Transactions
in commodities between these two firm-groups are, hence, taxed proportionately at a rate
A — A", Alternatively, from Corollary 1 of Theorem 1 (above) it follows that this second-
best can be decentralized as a second-best tax equilibrium of a profit-making economy
with firm-group specific profit taxes. But this precludes intermediate goods taxation as
all firm-groups face the same producer price p' in this economy. Rather, firm-groups are
subject to firm-group specific profit tax rates 71 =1 — X for all t = 1,...,7. It is in this
sense that Corollary 2 of Theorem 1 follows. B

As a special case, the famous implication with regards to intermediate input taxation
for DM and Guesnerie [1995] models follows:2® If government can implement one-hundred
percent profit taxation and redistribute proceeds to consumers as a demogrant, then in-
termediate input taxation is not desirable.

6. Conclusions.

There is a classic literature that studies the desirability of production efficiency in
economies with Ramsey taxation where firms make positive profits which can potentially
be partly taxed away and partly distributed back to consumers. The results of this classic
literature are often invoked to justify the use of producer prices as proxies for shadow
prices in cost-benefit tests of marginal public sector projects. We show that the desirabil-
ity of second-best production efficiency depends on the link between the constraints on
government’s profit taxation power and the institutional rules by which (profit) incomes
are distributed in the economy. We generalize results in the literature by showing that
second-best production efficiency is desirable whenever firms can be organized into groups
such that (i) profit tax rates vary across these groups and (ii) consumer incomes depend on

28 Recall, this case is equivalent to the case where P is the coarsest partition of private firms, i.e.,
P ={Z\{0}} and 0} = L for all h and i € T\ {0}.
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the distribution of profits across these groups. Thus, the fewer (larger) the number of firm-
groups, the lesser (more) are the profit tax rates that are required to ensure second-best
production efficiency. The two cases studied in the literature of firm-specific and uniform
(e.g., one-hundred percent) profit taxation follow as two special cases of our general result.
The result follows because, at any production inefficient status-quo of such economies,
the private sector producer price vector and the prices in the public sector (the latter re-
flect the true shadow prices in the economy) are not proportional. The differences in the
marginal rates of substitution in the private and public sectors imply that production
can be reallocated between these sectors to increase aggregate output and income in the
economy. Lemma 1 proves that, in an institutional structure where producers are price
takers and maximize profits, small changes in the two price vectors can be constructed
that ensure that this potential increase in the aggregate output can be supported as profit
maximizing choices of firms. The continuity and linear homogeneity of the profit func-
tion imply that by implementing firm-group specific profit taxation, the government can
effectively implement further (but proportionate) changes in producer prices that ensure
that the net of tax firm-group profits, and hence the profit incomes of the consumers that
depend on the distribution of the firm-group profits, remain at the status-quo levels, while
at the same time there are no further changes in the (increased) supply by firms. This
must mean that the increase in aggregate income shows up as an increase in the tax and
public sector incomes of the government, which can be used to change commodity taxes
or to increase demogrant incomes of people in a Pareto improving way. Thus, there are
always Pareto improvements at any production inefficient status-quo of such economies.
The mechanism suggests why this strategy does not work, generally, in most private
ownership economies when restrictions on profit taxation are not consistent with the rules
of income distribution as outlined above in (i) and (ii). This is because, while a production
inefficient status-quo suggests that there are changes in producer prices that can increase
the aggregate output in the economy, any attempt by the government to change profit
tax rates to maintain net of tax profits at the status-quo levels, may not translate into
maintaining profit incomes of the consumers at the status-quo levels. Thus, all of the
increased output may not, in general, become available to the government for designing
Pareto improving changes in taxes and demogrant. Private ownership diverts some of the
increased resources from the government coffers and puts it into the hands of consumers
as profit incomes. But the private ownership structure could be such that it may lead to
an inequitable distribution of profit incomes and a decrease in welfare of some consumers,
which no government policy may be able to correct with the remaining resources, that
is, there may exist no directions of change in the government policy instruments that
are Pareto-improving, equilibrium preserving, and compatible with the existing private

ownership structure. Our analysis hence suggests how, by understanding the rules of
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profit income distribution in the economy, the government can potentially design profit
taxation that can promote both its redistributive and efficiency objectives.

We also show that in economies with Ramsey taxation where consumers also receive
profit incomes, proportionate intermediate input taxation is recommended in the absence
of profit taxation. Alternatively, profit taxation is a perfect substitute for intermediate
input taxation. The classic result of DM (extended as in Guesnerie [1995] to take account
of profit making economies) on no intermediate input taxation follows as a special case of
our model with profit taxation where all firms are subject to one-hundred percent profit
taxation with the tax proceeds being redistributed back to consumers as a demogrant.
In this sense, the recommended structure of intermediate input taxation also serves both

efficiency and redistributive objectives of the government and supports tax systems such
as VAT.

APPENDIX

Proof of Lemma 1. Smoothness of ¥ and Y implies that H(p',p' - y'(p')) and

H(ptlapt/ : yt/
respectively.

(pt/)) are unique supporting hyperplanes for Yt and Y at ¢! (p') and T (ﬁt/),

Step 1. Since p' and pt/ are not collinear, H(p',0) is not a supporting hyperplane for
H-> (ﬁt/, 0) and H(]ﬁt/, 0) is not a supporting hyperplane for Hx(p,0) at 0. This implies
that there exist Ay' € RN and Ayt/ e RY such that the following is true:2?

Ayt € H(p',0) N H= (3", 0),
Ay' e Ho(p',0) N Hx(p',0), and (A.1)
Ayt + Ayt > 0N

This implies that y*(p') + y* (5') + Ay’ + Ay’ > §. Denote y'(p) by §' and y' (5') by
gt'. Since 7' and gjt/ belong to Yt and }A/t/, Assumption 3 implies that f!(3') = 0 and

@) =o.

Step 2. Recall that V f(g!) is defined as the linear mapping such that for all {h"} — 0V,
we have
by L@ R =@+ VEORT e )
hv—0N |hY| h—oN  |hY|
where e(h?, ¢') = fU(g' +hY) — [fL(7") + V fL(5')h?]. We show that there exists v* > 0 such
that Vfi(y') = +!p’. Take any point y € Y such that y # ¢*. Then, from the convexity

—0, (A.2)

29 The intuition becomes clear when one sees Figure 1.
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of Y, fi(g' + Ay — 7)) < 0 for all A € [0,1]. Using (A.2) and the fact that f!(y*) = 0,
we have

VIO —9) _ o SO Ny =) - 1Y S0 Ay - 7))
ly— 7" A=0 [y =4[ A =0y =gt

<0. (A3)

Since this is true for all y € Y, V(') is a normal to a supporting hyperplane of Y at
y'. Since, V't is smooth and H (pt, p* - 4*) is also a supporting hyperplane of Y at 4!, there
must exist 4¢ > 0 such that Vf!(3') = +!p’. Similarly, we can prove that there exists
~' > 0 such that V' (71) =~ p’".

Step 3. (A.3) implies that Ay’ - Vfi(p') < 0 and Ay - V(') < 0. Choose a sequence
{Av} such that A?Ay’ — 0 and A\? > 0 for all v. We now show that there exists v’ such
that for all v > v/, we have y*" := gt + A\’ Ay’ € Y*. From (A.2) we have

{7+ 20y — f1(7') — XV () AY

Ii = 0. A4
Since f1(5') = 0 and V(') Ay < 0 (from Step 2), we have
UG AAYY) V) AY
1 = 0. A5

Hence, there exists a large enough v’ such that for all v > v/, we have f!(y' + A" Ay!) <0,
and hence y'’ := ¢t + \?Ayt € intY? for all v > ¢/.3Y Similarly, we can prove that there
exists v” such that for all v > v”, we have ytw =gt + AN Ay € inty?.

Step 4. We now show that there exist sequences {p!"} and {ptw}, and a positive integer

) > it + ¢, Define & = max{v/,v"}.

For every v > 0, y'" € Y*. It can therefore be shown that there are continuous maps

kU (y") == max, {r > 0|[y"" + k1] € Y} and /{t/(ytw) = maxy {k > OHytw + k1N €

Yt/}.?’l For all v > 7, it is clear that (i) y*" + yt/v > it + ¢! and so (y" + wt(yt)1N) +

(" + R IN) > gt g () (0 R ()Y) and (5 4 & (3" )1Y) Delong to
v

Yt and Y, respectively, and (iii) {y'" + st(y")1V} — 3t and {yt/v + Ryt 1N -
g'. Define pt" = %Vft(ytv + Kl (yt")1N) and ptlv = #Vft,(ytw + /{tl(yt/v)lN). The

tv t/U

o such that for all v > 9, we have y'(p'") + yt (p

smoothness of functions f! and f imply that {p'"} — p’ and {pt/v} — p'. Clearly,
v (") = 4" + kt(y?)1Y and yt/ (ptw) = ytw + Kt (ytw)lN, so that for all v > 0, we have

%

vy Yt ) >+t

30 For any set A C R", intA is the interior of A relative to R".
31 Assumptions 1 and 2 guarantee the existence of such maps.
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Hence, for all v > ©, the conclusions of the lemma follow for sequences {p!"} and
v
{r'}
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