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Abstract

This paper is interested to study how credit market imperfection will affect agent’s edu-
cation choice. Essentially, we want to investigate the following question: will agent choose
not to attend college or other level of education simply because they are less abeled or
because they are borrowing constrained at the credit market? Moreover, we calibrate a
life-cyle model into U.S economy and perform some quantitative analysis in order to find
out how people’s education choice respond to different credit market condition. Results
suggest that improving credit market condition quantitatively could enhance the average
education attainment level and decrease the the overall income inequality in the economy.
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1 Introduction

Different people make different education choice: some people choose to attend college;
some people pursue furthermore for a Master or Doctoral degreewhile some others may
not even finish high school. Different education choice may lead toa sharp life-time
income difference across all agents. The empirical evidence from U.S data also suggest
that an increasing number of people choose to receive more education and the income
inequality from different types of education attainment tends to become sharper and
sharper.

0

10,000

20,000

30,000

40,000

50,000

60,000

1975 1980 1985 1990 1995 2000 2005

Not high school High school
Some college At least Bachelor degree

Mean Annual Earning by Education Attainment

10,000

20,000

30,000

40,000

50,000

60,000

70,000

1975 1980 1985 1990 1995 2000 2005

Not high school High school
Some college At least bachelor

Number of people older than 25years by level of education (thousands)

2



It is generally believed that innate ability is the critical element that generates these
heterogeneity among agents, other potential channels may also include initial wealth,
human capital accumulation technology etc. This paper mainly focus on the channel
of borrowing constraint. To be more precisely, we present a model to study how credit
imperfection leads to different education choice. The essential question we attempt to
ask is everything else being the same, how people’s education choice vary according to
the magnitude of borrowing constraint. Since people receive more income from higher
education, hence studying of this question will also enable us to understand the extent
of income inequality arising from credit market imperfection.

Credit market imperfections are pervasive in the case of education loans due, in part
to the fact that human capital does not act as collateral for loans, there is a moral hazard
issue in lending to finance education. Credit market imperfection inthe paper is cap-
tured by the level of endogenous credit limit, which defines how muchagent can borrow
against their future income in youth in order to receiving education. Endogenous debt
constraint is firstly proposed by Kehoe and Levine (1993). Endogenous credit limit is
crucial to our analysis, and matter significantly in explaining the macroeconomic conse-
quences of credit constraints for education.

The mechanism throughout the paper works explicitly as follows: agents’ wage in-
come is assumed to be monotonically increasing in term of both ability andeducation,
and higher education is supposed to be more expensive. Therefore less abeled agent may
be constrained from borrowing due to the credit market imperfection, and they have to
go for lower education, and this may potentially amplify the income inequality among
agents. The mechanism is embedded in a three-period OLG framework where agents
are heterogenous in term of innate ability, and no initial wealth is assumed for all agents.
Agents make the education choice in the youth, which will be affectedby agent’s innate
ability and credit market condition. In the middle age, agents repay the loan and receive
the wage income based upon their education and ability level. Agent continues to work
through the old age. No unemployment and layoff is considered in the paper.

This paper contributes to the literature that connect income inequality with the credit
market imperfection: Priya (2000) describes the credit marketimperfection by assum-
ing an exogenous constant probability of default. Galor (1993) assumes that a higher yet
fixed interest rate from borrowing than from self-financing. To the best of our knowl-
edge, Wang(2003) is the first paper that describes endogenous debt constraint in a con-
text that studies the issue of income inequality, and in their work thedefault probability
depends on the education dis-utility in youth. The main contribution of this paper can
be recognized in the following respects: firstly, we model a continuum education choice
instead of a binary decision such as to receive education or not. We believe that a contin-
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uum of education will give us more insight on which education attainment level will be
more affected if credit market condition gets improved, and also it will give a more pre-
cise measure on income inequality once more available education choices are included.
Secondly, in our paper, the endogenous debt constraint depends on agent’s innate ability,
and thus also hinges on agent’s intending education choice.

We extend the theoretical model into a life-cycle model and calibrateit to U.S econ-
omy. Quantitative analysis suggest that when credit market is perfect, the average ed-
ucation attainment level will be greatly increased, moreover income inequality across
agents will also be reduced. We also discuss some potential credit policy such as ex-
tending or shortening the punishment periods in the event of default, we could quantify
the contribution of a better credit market market to agent’s education choice and income
inequality.

The remaining of the paper is organized as follows: section 2 describes the general
environment, we discuss the prefect credit market equilibrium in section 3 and section
4 defines the imperfect credit market equilibrium, some numericalexamples are offered
in section 5. Section 6 calibrates the model into U.S economy andSection 7 perform
some counter factual exercise. Finally Section 8 concludes.

2 Model setup

2.1 Environment

The economy is populated by a unit mass of population. Each agent can live three peri-
ods: youth, middle age and old age. Agents are heterogenous in term of innate ability.
Once agent is born, his ability is a random draw from a distributionfunction: F , andF
is defined on the interval[a, ā].

Suppose in the economy there are a continuum types of education available indexed
by i, the tuition for educationi at periodt is denoted bykt(i), wherekt(.) is assumed to
be continuous and twice differentiable. We also impose the assumption thatk′t(j) > 0

andk′′t (j) > 0, hence higher education is more costly.

Young agent has no initial wealth, hence in order to receiving educationj, they have
to borrowkt(j)/Rt in the youth, and pay backkt(j) in the middle age.For agents with
ability a, his middle age income from receiving education is given ase(i, a), wheree(i, a)
is assumed to be continuous and twice differentiable with respect to both i anda. More-
over, we assume higher type of education deliver more income for every agent, that is
∂e(i, a)/∂i > 0, and also we assume∂e(i, a)/∂i > 0, which means higher ability agents
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will always earn more income from receiving any kind of education. In the old age,
agent’s income is assumed to be a fraction of middle age income, the fraction is denoted
by �.

Agent who is born att has life-time utility as follows:

u(ctt, c
t
t+1, c

t
t+2) = u(ctt+1) + �u(ctt+2)

3 Perfect Credit Market

In this section we assume credit market is perfect in a sense thatagents are committed
to repay their loan made in youth.

Throughout the whole paper, I am going to make the following assumptions:

Assumption 1
e11(i, a) < 0, e12(i, a) > 0

Assumption 2
e1(i, a) < k′(i)for each a

These two assumptions above are indeed very general, a CES utility function with
elasticity of substitution less than one will satisfy assumption 1. Assumption 2 requires
that the marginal cost from receiving education will be more than theincrease of middle
age income from receiving a marginal more unit of education.

Proposition 1: Given assumption 1, in the perfect credit market scenario, agents with
higher ability will choose a higher level of education.

[Insert Figure 1]

The formal proof of proposition 1 is offered in appendix. However it is very straight-
forward to show it in figure 1. All we need for higher ability agents choosing more
education is the convexity of tuition function and the concavity ofe(i, a) in i, and both
of them are guaranteed from assumption 1. Now we will move on to define the perfect
credit market equilibrium as follows:

Definition 1: The perfect credit market equilibrium consists of an interest rateR, edu-
cational choicesi(a) and consumption allocations{c1(a), c2(a) such that
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1. GivenR, agenta chooses education typei(a) and{c1(a), c2(a)} to maximize their
life-time utility:

max{Ui}

where Ui =
c1−�
1

1− �
+ �

c1−�
2

1− �

c1 + c2/R = e(i, a)(1 +
�

R
)− k(i)

2. Market clearing conditions:
∫ ā

0

s[R, y1(a, R), y2(a, R)]dF (a) =

∫ ā

0

k(i∗(a, R))

R
dF (a)

where

y1(a, R) = e[i∗(a, R), a]− k(i∗(a, R))

y2(a, R) = �e[i∗(a, R), a]

Given the definition of perfect credit market equilibrium, we needto investigate the
existence and uniqueness of such an equilibrium, before that we derive the following
two lemmas. Lemma 1 essentially states that agent’s optimal education choice will be a
decreasing function of interest rate R. This result is intuitive in a sense that when interest
rate is low, agents needs to repay more from the education loan made in youth, and this
could potentially discourage agent from receiving more education. Moreover, the stan-
dard results that saving function is increasing in R also hold within current framework,
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which can be proved through Lemma 2.

Lemma 1: Given Assumptions 1-2, it can be shown

∂i∗(a, R)

∂R
< 0

Lemma 2: saving function satisfies the following properties:

∙ s(R, e(i, a)− k(i), �(i)e(i, a)) is increasing inR.

Since saving function is increasing in R and at the demand side, theborrowing is de-
creasing in R. In combination Lemma 1 with Lemma 2, we thus can derive the existence
and uniqueness of equilibrium in the following proposition.

Proposition 2: Given assumptions 1-3,there exists a unique perfect credit market
equilibrium withR > 0.

4 Imperfect Credit market

In this section, we will move on to the imperfect credit market scenario. When the credit
market is imperfect, agents are not committed to repay their loan in theyouth. Also due
to lack of commitment, agents are not allowed to borrow in the middle age. To sim-
plify analysis, here we assume, if agents default, he will be caught with probability 1.
If agents default, basically he will be restrained from both lending and borrowing in the
middle age. Note that all the theoretical results can still go throughby simply extending
the model by assuming that agents will be caught with certain probability less than 1 in
the event of default.

In the following, we will investigate the conditions under which agent will default. Es-
sentially, agent will default if at least one of the two conditionssatisfy: agent is a bor-
rower in the middle age or his default payoff is greater than the solvency payoff, the later
condition can be expressed as follows:

u(e(i, a)) + �u(�(i)e(i, a)) > (1 + �)u(c1(a)) + �u(c1(a)(�R)
1
� )

wherec1(a) =
e(i,a)(1+ �

R
)−k(i)

1+ (�R)
1
�

R

Proposition 3: If agent of abilitya does not default at educationi, then agents with
higher ability agents will not default either.

The proof of proposition 3 can be found from the appendix.
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The equilibrium outcome from perfect credit market will not be supported in the
imperfect credit market scenario, for instance, if any agent is aborrower in the middle
age in the perfect credit market equilibrium, which means the following condition holds:

e(i, a)− k(i)

e(i, a)
<

�

(�R)
1
�

then this equilibrium will no longer be supported when credit market is imperfect. In the
following, I illustrate a numerical example to show that it is actually the case that some
agent will default from their perfect credit market equilibrium outcome when credit mar-
ket is imperfect.

Now we move on to the determination of credit limit in the imperfect creditmarket
scenario.

Lemma 3: when(�R)
1
� < � , then it is optimal for agents to borrow in the middle age,

hence they are constrained and their credit limit is zero.

In the following, I denotebb(i, a, R) to be the solution to the following equation:

u(e(i, a)) + �u(�e(i, a)) = u(c1(a)) + �u((�R)
1
� c1(a))

wherec1(a) =
e(i,a)(1+ �

R
)−bb(i,a,R)

1+ (�R)
1
�

R

Lemma 4: When(�R)
1
� ≥ � , if the credit limit is set to bebb(i, a, R), then agents will

always lend in the middle age.

Therefore the credit limit is set as follows: Denoteb(i, a, R) to be the credit limit
level for agenta if she wants to achieve educationi, then

b(i, a, R) =

{

bb(i, a, R) if (�R)
1
� ≥ �

0 otherwise

Lemma 5: b(i, a, R) satisfies the following properties:

∙ b(i, a, R) is non-decreasing ina for eachi.

∙ b(i, a, R) is non-decreasing ini for eacha.

∙ For any giveni, b(i, a, R)/e(i, a) is constant across alla

Denoteio(a) to be the solution of the following equation:

Rb(i, a, R) = k(i)
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Lemma 6: If agenta is constrained by educationio(a), then he will also be borrowing
constrained for alli > io(a).
[Insertpicture]

Denote
i(a, R) = min{i∗(a, R), io(a, R)}

Proposition 6: Given assumption 1-3, higher ability agents still choose more education
in the imperfect credit market.
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Definition 2:The Imperfect credit market equilibrium consists of an interest rateR, ed-
ucational choicese(i, a) and consumption allocations{c1(i, a), c2(i, a)} such that:

(1) GivenR, agenta chooses education typej and{c1, c2} to maximize their life-time
utility:

max{Uj}

s.t Rb(i, a, R) ≥ k(i)

where Uj = max
c1,c2

ln(c1) + � ln(c2)

c1 + c2/R = e(i, a)(1 +
�(i)

R
)− k(i)

(2) Market clearing conditions:
∫ ā

0

s[R, y1(a, R), y2(a, R)]dF (a) =

∫ ā

0

k(i∗(a, R))

R
dF (a)

where

y1(a, R) = e[i∗(a, R), a]− k(i∗(a, R))

y2(a, R) = �(i∗(a, R))e[i∗(a, R), a]

Proposition 7: Given all assumptions, there exists at least two equilibrium: autarky
is always an equilibrium, the other equilibrium hasR >> �/�.

Numerical Illustration

Before we proceed to the calibration part, we will offer a simple numerical example to
illustrate how a perfect credit equilibrium may not be supported when the credit market
is imperfect in the sense that when agent can not commit to repaythe loan made in youth.

First I assume ability is uniformly distributed on interval[0, 1], the earning function
has the form:

e(i, a) = (1 + i)0.5a0.5

Moreover, the parameter values are assigned as follows:

� = 0.6

� = 0.5

� = 1

k(1) = 0.3
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If credit market is perfect, I can solve

a = 0.38

R = 2.84

Given this setting, if credit market is not perfect, I can solve

a = 0.58

R = 4.92
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As shown in the graph above, when credit market is imperfect, thereare some agents,
who otherwise can become skilled if credit market condition is perfect, can not receive
education.

Quantitative Analysis

A life cycle model

We now explore the quantitative implication of the theoretical model. Each agent is
assumed to liveT periods, and we usep to denote the age agent enters the labor market.
Moreover, there is no consumption before entering labor market.Therefore agent’s life-
time utility is represented as follows:

T−p
∑

t=0

�tu(ct)
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The instantaneous utility function will take the CRRA form:

u(ct) =
c1−�
t

1− �

In the quantitative analysis, we will drop the assumption on continuum education
choice,and suppose there are several education choice available:college and advanced
programme. Advanced programme refers to agents with schooling more than 19 years.
Therefore agent can choose not to enter college, enter college or enter advanced pro-
gramme.Every agent will retire at ageR. Agent receives no income after retiring. The
earning function is assumed to be linear in ability level and constant over time, and
agents with more education will work at more productive jobs. To be precise, the in-
come at each period will take form:

wt = 0 i = 0

wt = ia, i ∈ {1, 2}

If agent chooses not to enter college, he will enter the labor market at agep and no
tuition cost will be incurred. The life-time budget constraint fornot-college school agent
is given as:

T−p
∑

t=0

ct
(1 + r)t

=

R−p
∑

t=0

0
(1 + r)t

If agent chooses to enter college, he will borrow tuition and repay them after entering
labor market at agep. We assume the type of education loan requires to repay them
at a constant amountk1 for d years after entering labor market. The life-time budget
constraint for college agent is thus given as:

T−p
∑

t=0

ct
(1 + r)t

=

R−p
∑

t=0

1a

(1 + r)t
− k1

Similarly the life-time budget constraint for advanced programme agent is given as
follows, the only difference is agent needs to repay the loan at aconstant amountk2 for
d years, wherek2 > k1.

T−p
∑

t=0

ct
(1 + r)t

=

R−p
∑

t=0

2a

(1 + r)t
− k2

The optimal consumption path for all agents satisfies:

ct+1

ct
= g = (1 + r)

1
�

4.1 Perfect credit market scenario

Therefore when credit market is perfect in a sense that agent is committed to repay the
loan, agent will choose to attend college if and only if he will get a higher life-time
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utility from entering college:

c1−�
1

1− �

1− [�g1−�]T−p

1− �g1−�
>

c1−�
0

1− �

1− [�g1−�]T−p

1− �g1−�

where

c0
1− ( g

1+r )
T−p

1− g
1+r

= 0
1− 1

(1+r)R−p

1− 1
1+r

c1
1− ( g

1+r )
T−p

1− g
1+r

= 1a
1− 1

(1+r)R−p

1− 1
1+r

− k1

Similarly, agent will choose to attend advanced programme iff the following holds:

c1−�
2

1− �

1− [�g1−�]T−p

1− �g1−�
>

c1−�
1

1− �

1− [�g1−�]T−p

1− �g1−�

where

c1
1− ( g

1+r
)T−p

1− g
1+r

= 1a
1− 1

(1+r)R−p

1− 1
1+r

− k1

c2
1− ( g

1+r )
T−p

1− g
1+r

= 2a
1− 1

(1+r)R−p

1− 1
1+r

− k2

Proposition: Agents with higher ability will choose more education.

4.2 Imperfect credit market scenario

The life-time utility for non-college agent is given as:

v0(a) =
c1−�
0

1− �

1− [�g1−�]T−p

1− �g1−�

wherec0 satisfies:

c0
1− ( g

1+r )
T−p

1− g
1+r

= 0
1− 1

(1+r)R−p

1− 1
1+r

When agent can not commit to repay the loan, we assume if agent default on the loan,
agent will be punished as autarkic for� periods. Therefore agent will reenter the credit
market at agep+ �. Therefore the solvency payoff for college agent is given as:

v1(a) =
c1−�
0

1− �

1− [�g1−�]T−p

1− �g1−�

wherec0 satisfies:

c0
1− ( g

1+r )
T−p

1− g
1+r

= 1a
1− 1

(1+r)R−p

1− 1
1+r

− k1
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The default payoff for college agent is given as:

V d
1 (a) =

1− ��

1− �

(1a)
1−�

1− �
+ �−�{

c1−�
0

1− �

1− [�g1−�]T−p−�

1− �g1−�
}

wherec0 satisfies:

c0
1− ( g

1+r )
T−p−�

1− g
1+r

= 1a
1− 1

(1+r)R−p−�

1− 1
1+r

Similarly, the solvency payoff for advanced program agent isgiven as:

v2(a) =
c1−�
0

1− �

1− [�g1−�]T−p

1− �g1−�

wherec0 satisfies:

c0
1− ( g

1+r )
T−p

1− g
1+r

= 2a
1− 1

(1+r)R−p

1− 1
1+r

− k2

The default payoff for advanced programme agent is given as:

V d
2 (a) =

1− ��

1− �

(2a)
1−�

1− �
+ �−�{

c1−�
0

1− �

1− [�g1−�]T−p−�

1− �g1−�
}

wherec0 satisfies:

c0
1− ( g

1+r
)T−p−�

1− g
1+r

= 2a
1− 1

(1+r)R−p−�

1− 1
1+r

Denoteao1 andao2 to be the solution of the following equations:

V d
1 (a

o
1) = v1(a

o
1)

V d
2 (a

o
2) = v2(a

o
2)

Denoteap1 andap2 to be the cutoff ability level for attending college and advanced pro-
gramme respectively when agents can commit to repay the loan. Define a∗1 anda∗2 as
follows:

a∗1 = max{ap1, a
o
1}

a∗2 = max{ap2, a
o
2}

Thereforea∗1 anda∗2 will be the cutoff ability level for attending college and advanced
programme respectively when agent can not commit to repay the loan.

Proposition: a∗2 > a∗1 if and only if the following conditions hold:

ao1 < ao2

Finally, the market clearing condition can be rewritten as:
∫ a∗

1

0

C0(a)dF (a) +

∫ a∗

2

a∗

1

C1(a)dF (a) +

∫ 1

a∗

2

C2(a)dF (a) = [

∫ a∗

1

0

0adF (a) +

∫ a∗

2

a∗

1

1adF (a) +

∫ 1

a∗

2

2adF (a)](R− P )
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whereCi(a) denotes life-time consumption level of agenta who chooses educationi.
For non-college agents:

C0(a) = c0
1− gT−p

1− g)

wherec0 satisfies:

c0
1− ( g

1+r )
T−p

1− g
1+r

= 0
1− 1

(1+r)R−p

1− 1
1+r

For college agents:

C1(a) = c0
1− gT−p

1− g

wherec0 satisfies:

c0
1− ( g

1+r )
T−p

1− g
1+r

= 1a
1− 1

(1+r)R−p

1− 1
1+r

− k1

For advanced programme agents:

C2(a) = c0
1− gT−p

1− g

wherec0 satisfies:

c0
1− ( g

1+r )
T−p

1− g
1+r

= 2a
1− 1

(1+r)R−p

1− 1
1+r

− k2

4.3 Parameters

We now discuss the parameter values used for the quantitative analysis. We assume
ability is distributed on the interval[0, 1] with distribution function given as:

F (a) = a�

In the baseline model,� will be assigned to be 1, which implies ability obeys uniform
distribution. � will be subjected to sensitive analysis in later chapter. We set� = 2,
which implies an IES of 0.5.� is chosen to be 0.9.

Given all the baseline parameters, the three endogenous variables arek1, k2 andr. In
the following I assume all the conditions that guarantee high ability agent will choose
more education are satisfied here. Given all the endogenous variables solved below, I
then all those conditions are indeed satisfied.

The income level among agents is plot below.
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Table 1: Baseline Model Parameters
Parameter Value To match

Chosen parameters

� 2
� 0.9
� 10 U.S Legal Environment
� 1
1 1

p 25 U.S Demographics
R 65
T 80

Calibrated parameters

a1 0.6 fraction of non-college agents is 0.6
a2 0.8 faction of advanced programme agents is 0.2
0 0.175 the median no-college agents annual income

to median college agents annual income is 4
2 2.33 the median advanced programme agents annual income

to median college agents annual income is 3

Table 2: Endogenous Variable

Parameter Value

k1 1.42
k2 4.42
r 0.066

16



4.4 Perfect credit market results

In this section, we look at the perfect credit market results by keeping the same tuition
level solved from last section and all the baseline parameters will remain the same as
well. We are interested to see, if credit market is perfect, whatthe individual education
choice will be. The results are given below:

Table 3: Perfect Credit market results
Parameter Value

a1 0.36
a2 0.36
r 0.11

The results suggest that when credit market is perfect, more agent will choose type 2
education, fewer agent will not receive education and no one willgo for type 1 education.
Overall the average education attainment level increases. Furthermore, we compute the
gini coefficient for agent’s present value of life-time income within both scenarios where
credit market is perfect or not. The results are listed as follows:

Table 4: Gini Coefficient Comparison

Perfect credit Imperfect credit
Gini 0.36 0.45

It can be found out that when credit market is perfect, the gini coefficient decrease
about20% as opposed to the situation where agents can not commit to repay the loan.
Therefore a potential policy suggestion that can be drawn from this exercise is to reduce
the extent of credit market imperfection will be helpful in term of decreasing income
inequality.

4.5 Counterfactual Exercise

In this section, we will do some counterfactual exercise such asextending the punish-
ment periods for default; designing some taxation scheme; we want to study the policy
implication which can help reduce the income inequality and enhance the average edu-
cation level among agents.

The first exercise we perform is to manipulate the value�, which is essentially the
length of punishment periods in the event of default. The resultsseem to be consistent
with the intuition: a higher value of�, which implies a more severe punishment will dis-
courage agent from defaulting, and thus this could potentially increase the credit limit
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level for each agent, hence more agent will not be borrowing constrained and more agent
will get to make their optimal education choice.

Table 5: Effects of�
a1 a2 r

Baseline 0.6 0.8 0.066
� = 8 0.62 0.82 0.058
� = 12 0.59 0.79 0.0716

The second exercise we intend to implement some taxation scheme among agents.
The goal is to check what could be the potentially taxation policy that mighthelp reduce
income inequality and enhance the average education attainment level in the economy.
Explicitly, we suppose tax rate on agents with at least certain college degree (a > a2) are
same, and on agents who have never been to college are same (a ≤ a2). Denote�1 to be
the tax rate on agents with at least certain college degree (a > a2), and�0 is the tax rate
on agents who have never been to college.

Variable Imperfect

a1 a2 R gini �0

�1 = 0 0.477 0.783 2.456 0.36

�1 = 0.1 0.590 0.904 2.381 0.323 -0.125

�1 = 0.2 0.705 0.969 2.3483 0.273 -0.1114

�1 = −0.1 0.537 0.867 2.398 0.34 0.268

Conclusion

[To be added]
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Appendix

Proof to Proposition 1:
Denotei∗(a, R) to be the solution of the following problem:

max
i

e(i, a)(1 +
�

R
)− k(i)

Theni∗(a, R) satisfies the following equation:

e1(i, a)(1 +
�

R
)− k′(i) = 0

Take derivative with respect toa gives:

∂i∗(a, R)

∂a
=

e12(i, a)(1 +
�
R)

k′′(i)− e11(1 +
�1

R )

Therefore, given assumption 1, we can show:∂i∗(a, R)/∂a > 0.

Proof to Lemma 1:
Take the derivative ofi∗(a, R) with respect toR gives:

∂i∗(a, R)

∂R
=

e1(i, a)
�(i)
R2

e11(i, a)− k′′(i)

In combination with assumption 1, we can show:∂i∗(a, R)/∂R < 0.

Proof to Lemma 2:
Given CRRA utility form, the saving functions(R, e(i, a)− k(i), �e(i, a)) has the follow-
ing form:

s(R, e(i, a)− k(i), �(i)e(i, a)) = [e(i, a)− k(i)]
(�R)

1
�

R + (�R)
1
�

−
�e(i, a)

R + (�R)
1
�

Given lemma 1 and assumption 2, it suffices to show that saving function is increasing
in R.

Proof to Proposition 2:
From lemma 2, we know the saving function is increasing inR, moreover, it can be
shown that:

∂(k(i∗(a, R))/R)/∂R =
Rk′(i)

i∗(a,R)
∂R − k

R2

From lemma 1, it can be shown that:

∂i∗(a, R)

∂R
< 0

Therefore the lending function is decreasing in R, and thus the equilibrium is unique.
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Proof to Proposition 3:
The incentive of not defaulting is to smooth consumption between middle and old age,
therefore intuitively, the less the ratio of old age income to middleage income, the more
likely agent will choose not to default. The ratio of old age income tomiddle age income
is given as:

�e(i, a)

e(i, a)− k(i)

The ratio is decreasing in term ofa for eachi, hence it suffices to show If agent of ability
a does not default at educationi, then agents with higher ability agents will not default
either.
Proof to Lemma 3:
The saving function can be expressed as follows:

[e(i, a)− k(i)]
(�R)

1
�

R + (�R)
1
�

−
�e(i, a)

R + (�R)
1
�

It can be shown that when(�R)
1
� < �, thens(R, e(i, a) − k(i), �e(i, a)) is negative, and

thus agent is a borrower in the middle age.

Proof to Lemma 4:
For log case (� = 1), solvingbb(i, a, R) from

ln(e(i, a)) + � ln(�(i)e(i, a)) = (1 + �) ln(c1(a)) + � ln(�R)

wherec1(a) = 1
1+� (e(i, a)(1 +

�(i)
R )− bb(i, a, R)) gives:

(
�(i)

�R
)

�

1+� (1 + �) = 1 +
�(i)

R
−

bb(i, a, R)

e(i, a)

Since�R > �(i), thus(�(i)�R )
�

1+� >
�(i)
�R , which can also be written as:

(
�(i)

�R
)

�

1+� (1 + �)−
�(i)

R
>

�(i)

�R

Therefore this proves:

1−
bb(i, a, R)

e(i, a)
>

�(i)

�R

Hence agents will always save in the middle age.
When� > 1, solvebb(i, a, R) from

c1−�
1 [1 +R

1−�

� �
1
� ] = e(i, a)1−�[1 + ��1−�]

wherec1(a) =
e(i,a)(1+ �

R
)−bb(i,a,R)

1+ (�R)
1
�

R

gives:

bb(i, a, R) = e(i, a)(1 +
�

R
)− e(i, a)(1 + ��1−�)

1
1−� (1 +R

1−�

� �
1
� )

�

�−1
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It can be shown that:
1−

bb(i, a, R)

e(i, a)
>

�

(�R)
1
�

Above is equivalent to showing:

(1 + ��1−�)
1

1−� (1 +R
1−�

� �
1
� )

�

�−1 >
�

R
+

�

(�R)
1
�

which is also equivalent to showing:

(1 + ��1−�)
1

1−� (1 +R
1−�

� �
1
� )

1
�−1 (�R)

1
� > �

Above inequality holds when(�R)
1
� > �. This completes the proof.

Proof to lemma 5:
Following lemma 4, it is straightforward to see thatbb(i, a, R) is linear ine(i, a).

Proof to Proposition 6:
Under imperfect credit market, agent’s optimization problem becomes:

max{Uj}

s.t Rb(i, a, R) ≥ k(i)

where Uj = max
c1,c2

u(c1) + �u(c2)

c1 + c2/R = e(i, a)(1 +
�(i)

R
)− k(i)

Follow similar proof as proposition 1, and it can establish the proof.
Denoteio(a) to be the solution of the following problem:

e(i, a) ∗ cons = k(i)

where
cons = (1 +

�

R
)− (1 + ��1−�)

1
1−� (1 +R

1−�

� �
1
� )

�

�−1

sincebb(i, a) = cons ∗ e(i, a), and1− bb(i,a,R)
e(i,a)

> �

(�R)
1
�

, therefore it can be shown that:

cons < 1

Therefore given assumption 2, it can be shown that:

dio(a)

da
=

e2(i, a)
k′(i)
cons − e1(i, a)

> 0

Proof to Proposition 7:
When interest rate is too low, every agent has incentive to default, and thus in equilibrium
the credit limit is set to be zero for each agent, and thus lending iszero, which means
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Autarky is the only equilibrium. WhenR > �/�, follow similar proof as proposition 2,
the other equilibrium can be guaranteed.
It can be shown that:

∂io(a, R)

∂R
(e1(i, a)−

k′(i)

R
) =

−k(i)

R2
− e(i, a)

∂cons

∂R

Moreover, it can be shown that:
∂cons

∂R
> 0
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