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Abstract
The marginal rate of substitution and the relative prices of goods have been used in economics to explain household's
behavior but they have not been used yet in the behavioral economics literature. This note attempts to fill the gap in
the literature with an application to a loss averse investor's demand for a risky asset in a one period model.
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Introduction

The marginal rate of substitution (MRS) and the relative prices of goods are used in economics to explain investor’s behavior but these important concepts have not been applied
yet in the behavioral economics literature (Thaler 2016).1 The aim of this note is to fill this
gap in the literature.2 This is achieved by considering a one-period model for three types
of loss averse investors based on the gross return from investing all initial wealth in the safe
asset being (i) above the reference level, (ii) equal to the reference level and (iii) below the
reference level.
Having low reference levels as in (i) could be driven by a self-enhancement or a feel good
motive. An example, would be when the investor compares her wealth with other investors
that are less successful in the stock market than she is. The investor feels good by doing
comparisons with less fortunate market participants. On the other hand, a reference level
equal to the gross return from the safe asset as in (ii) indicates for example the case where the
investor compares with others that are as successful as the investor. Finally, having a high
reference level as in (iii) can be due to the self-improvement motive (i.e, high aspirations).
For example, the investor compares her initial wealth to the initial wealth of another more
successful investor. The investor wants to self-improve and possible reach and exceed the
wealth of the successful investor.3 Within this set-up we explore the effect of the loss aversion
and the reference level on the MRS and hence on the optimal choice of risk taking. The
summary of our findings is as follows.
Under case (i) we find that the MRS increases with decreased risk-taking as in expected
utility models. It also increases with a decrease in the reference level. Furthermore, the
investor by being sufficiently loss averse causes her MRS to be independent of the loss
aversion parameter. As a result, risk taking is negatively related to the reference level and
independent of loss aversion. Thus, under stated conditions the investor participates in the
stock market.
For case (ii) a critical reference level, the MRS is independent of risky asset holdings.
Here the MRS depends inversely on the loss aversion parameter but is independent of the
reference level. In terms of the optimal solution, the investor will not invest in a risky asset
if the MRS is below the market trade-off of risky wealth even if the expected return of the
risky asset exceeds the risk free rate. This can provide an explanation why a sizeable amount
of people do not own stocks (Haliassos and Bertaut 1995) in the presence of a large equity
premium (Mehra and Prescott 1985).4 The loss aversion parameter plays an important
role for MRS to be below the market trade-off. If it exceeds certain threshold then the
investor will not participate in risk taking. Furthermore, any exogenous driven changes to
the reference level could cause the investor to consider the other two cases.
Finally, in case (iii) the MRS increases when risk taking decreases as in the expected
1

The MRS is the slope of an individual’s indifference curve between wealth in the good and the bad state
of nature (Stiglitz 1969). It shows the maximum willingness to pay to have an additional unit of wealth in
the good state of nature by increasing investment in the risky asset while holding expected utility constant.
2
For prospect theory explanation see Gomes (2005), Bernard and Ghossoub (2010), and He and Zhou
(2011).
3
See Falk and Knell (2004) and Hlouskova and Tsigaris (2012).
4
For alternative explanations of non-participation in the stock market see Barberis et al. (2006), Christelis
et al. (2010), van Rooij et al. (2011) and Berk and Walden (2013).

utility model and in the low reference level leading to an interior (closed form) solution.
However, in this scenario the MRS increases when the loss aversion parameter decreases and
it increases when the investor’s reference level increases. For sufficiently loss averse investor
the optimal solution indicates that an increase in reference levels (aspirations) will lead to
more risk taking while in the low reference level the investor undertakes more risk taking
with lower reference levels. In addition, the strictly positive investment in the risky asset
decreases with increasing degree of loss aversion.
In the next section the model is described. Section 2.1 discusses low reference levels.
Section 2.2 analyzes critical reference levels. Section 2.3 explores high reference levels. Concluding remarks are given in section 3.

2

Portfolio decisions with loss aversion

Consider an investor who is deciding to allocate initial wealth, W1 > 0, toward a risk free
investment in the amount of m and a risky investment in the amount of a. The safe asset
yields a net of the dollar investment return r > 0 and two states of nature determine the
return of the risky asset, x ∈ {xg , xb }. In the good state of nature, the risky asset yields a
net of the dollar investment return xg > 0 with probability p and in the bad state of nature
it yields xb with probability 1 − p.5 Furthermore, the rates of returns of the two assets are
assumed to be such that xb < r < xg .
The terminal wealth W2i is determined as
W2i = (1 + r + (xi − r)α) W1 , i ∈ {b, g}

(1)

where α = Wa1 is the proportion of initial wealth invested in the risky asset. We assume also
that the proportion of wealth invested in the risky asset is within the interval 0 ≤ α ≤ αU ≡
1+r
for final wealth to be non-negative and short-selling being eliminated.
r−xb
The loss aversion is modeled by introducing a typical Kahneman and Tversky (1979)
utility function with loss aversion parameter λ > 1 given as follows

(W2 −Γ)1−γ

,
W2 ≥ Γ
 UG (W2 − Γ) =
1−γ
ULA (W2 − Γ) =

 λU (W − Γ) = −λ (Γ−W2 )1−γ , 0 ≤ W < Γ
2
L
2
1−γ

where Γ > 0 is a reference level of wealth. The loss aversion parameter λ captures the
fact that investors are more sensitive when they experience an infinitesimal loss in financial
wealth than when experiencing a similar size relative gain. The γ parameter determines the
curvature of the utility function for relative gains and losses. We assume that γ ∈ (0, 1)
in order to be consistent with the experimental findings of Tversky and Kahneman (1992).
Finally, it is easy to see that in the domain of relative gains, W2 ≥ Γ, the investor displays
risk aversion, while in the domain of relative losses, W2 < Γ, the investor is a risk lover.
Thus,
5

Similarly as Barberis and Huang (2001), Barberis et al. (2001), Berkelaar et al. (2004), De Giorgi (2011)
and Gomes (2005), we do not consider distorted (subjective) probabilities.


Maxα : V = E(ULA (W2 − Γ)) = E(ULA (λ, Γ, α)) 
such that : W2i = [1 + r + (xi − r)α]W1 , i ∈ {b, g}

0 ≤ α ≤ αU

(2)

In the following definitions we introduce the MRS and its market value.
Definition 1 The marginal rate of substitution (MRS) is the absolute value of the rate at
which an investor gives up wealth relative to the reference level in the bad state of nature to
gain an extra unit of wealth relative to the reference level in the good state of nature while
maintaining the same level of the expected utility, E(ULA (W2 − Γ)). I.e.,
M RS = M RS(α, λ, Γ) =

d(W2b − Γ)
d(W2g − Γ)

dE(ULA (W2 −Γ))=0

Definition 2 The market value of one unit of the relative wealth in the good state of nature
b
equals to xr−x
units of relative wealth in the bad state of nature.
g −r
The following threshold parameter will be used later
Kγ =

2.1

(1 − p)(r − xb )1−γ
p (xg − r)1−γ

(3)

Low reference levels: Γ < (1 + r)W1

Reference levels below the gross return from investing the initial wealth in the safe asset
can make the investor feel good. For example, the investor could be comparing her initial
wealth level invested in the safe asset, (1 + r)W1 , with other investors who have a lower
initial wealth invested in the safe asset, (1 + r)W1p where W1p < W1 , in order to feel good
(self-enhancement). The investor could be comparing to someone who was not as successful
in the financial market in the previous period.
Proposition 1 states the optimal risk taking under this case:
Proposition 1 For 0 < Γ < (1 + r)W1 , λ > max{1, 1/Kγ } and E(x) > r it is optimal for a
loss-averse investor to allocate a positive proportion (of her initial wealth) in the risky asset
such that
1/γ

α∗ =
where MRS(α∗ , λ, Γ) =

r−xb
xg −r

(1 + r)W1 − Γ
W1
− r) + r − xb

1 − K0
1/γ
K0 (xg

and 0 < α∗ <

(4)

(1+r)W1 −Γ
.
(r−xb )W1

Proof. See Appendix.
The optimal solution shows, amongst other typical features, that a decrease in the reference level increases the proportion invested in the risky asset. Also the proportion invested
in the risky asset is independent of loss aversion.

Assuming the investor is sufficiently loss averse, i.e., λ > max{1, 1/Kγ }, she will select
the proportion invested in the risky asset in such a way as to avoid relative losses in the bad
state of nature as in problem (P2) defined in Appendix. The optimal solution is found in
problem (P1) (see Appendix) where wealth in both states of nature, good and bad, is above
the reference level. The MRS for a loss-averse investor defined by (2) with Γ < (1 + r)W1
1 −Γ
and in the region where the optimal investment occurs, 0 ≤ α ≤ (1+r)W
, is
(r−xb )W1

γ
−(r − xb )W1 α + (1 + r)W1 − Γ
p
M RS = M RS(α, Γ) =
1 − p (xg − r)W1 α + (1 + r)W1 − Γ

(5)

(see the proof of Proposition 1 in Appendix). The MRS increases as the proportion invested
in the risky asset decreases. The MRS also increases as the reference level decreases. Hence,
the economic intuition behind the increase in the proportion invested in the risky asset given
a decrease in the reference level is the increase in the investor’s willingness to pay to add risk
to her portfolio, i.e., the increase in the MRS. Furthermore, even though the investor needs
to be sufficiently loss averse, to arrive to the optimal solution, the MRS is independent of
the loss aversion parameter and hence not part of the optimal solution.
The investor’s optimal solution (4) is found by equating the investor’s valuation, as given
by the MRS, of an additional unit of wealth in the good state of nature (net of the reference
level) to the price of an additional unit of wealth
 in the good state of nature (net of the
r−xb
r−xb
reference level). If M RS > xg −r M RS < xg −r along the budget line, the investor will
increase (decrease) risky assets in order to increase (decrease) wealth in the good state of
b
.
nature net of the reference level which reduces (increase) MRS until M RS(α∗ , λ, Γ) = xr−x
g −r
Figure 1 illustrates the optimal solution.

2.2

Critical reference level: Γ = (1 + r)W1

A reference level that coincides with the gross return from investing all initial wealth in the
safe asset reflects a critical level. This could be because a loss averse investor compares with
others that have similar initial wealth.
The marginal rate of substitution for a loss-averse investor defined by (2) with critical
reference level such that Γ = (1 + r)W1 is

γ
p
r − xb 1
M RS = M RS(λ) =
if 0 < α ≤ αU
(6)
1 − p xg − r λ
(see the proof of Proposition 2 in Appendix). Contrary to expected utility models and
the low reference level in the previous section, the marginal rate of substitution is not a
continuous strictly decreasing function of the proportion allocated to the risky asset but is
independent of it. This occurs because the reference level is set equal to the gross return
of the safe asset as is done in many studies (see, e.g., Gomes 2005, Bernard and Ghossoub
2010, and He and Zhou 2011). The investor has no surplus wealth to allocate to the risky
asset as seen also in (4).
In this situation, the marginal rate of substitution will be negatively affected by loss
aversion. As the investor becomes more (less) loss averse, i.e., λ increases (decreases), the
marginal rate of substitution to give up relative wealth in the bad state of nature for an extra

Figure 1: Low reference level: Γ < (1 + r)W1
unit of relative wealth in the good state decreases (increases). The investor’s willingness to
pay to undertake risky investment drops (increases) as λ increases (decreases), while keeping
expected utility constant.
Let us introduce the following threshold probability
pγ =

(r − xb )1−γ
(r − xb )1−γ + (xg − r)1−γ

(7)

A loss averse investor will either not participate in the stock market or put the maximum possible in the risky asset as described in the following proposition. In the following proposition
and discussions we consider M RS for α ∈ (o, αU ].
Proposition 2 It is optimal for a loss averse investor, with the reference level being investment in the safe asset, not to invest in the risky asset if the marginal rate of substitution is
lower than the relative price of wealth in the good state of nature in terms of the bad state
b
b
. If M RS > xr−x
and p > pγ then the investor will continue
of nature, i.e., M RS < xr−x
g −r
g −r
investing all of her initial wealth into the risky asset until α∗ = αU .
Proof. See Appendix.
For Γ = (1 + r)W1 and 0 ≤ α ≤ αU the investor will gain in the good state of nature and
b
suffer losses in the bad state as in (P2) in Appendix. If M RS < xr−x
then the investor’s
g −r
subjective value of obtaining an extra unit of relative wealth in a good state and keeping
expected utility constant will be lower than the market trade-off. Hence, the investor will

reduce the investment to increase her utility until the optimal solution is a non-participation
in the risky activity.
b
then the investor will keep on increasing α until the
On the other hand, if M RS > xr−x
g −r
boundary αU is reached. Since M RS does not decline with increasing α, the upper bound
on risk taking will come in effect to stop the investment.
Figure 2 illustrates the case of α∗ = 0 and Figure 3 illustrates the case of α∗ = αU .
In both figures the budget line indicating the market trade-off of gaining an extra unit of
b
relative wealth in the good state of nature is along the T T ′ line with a slope − xr−x
.
g −r

Figure 2: Critical reference level: Γ = (1 + r)W1
In Figure 2 the straight lines Vi , i = 1, 2, represent the indifference curves. Each indifference curve has a specific expected utility level whichdepends
γ on λ and α, among other
p
r−xb
parameters, and has a slope (valuation), M RS = 1−p xg −r λ1 , which is independent of
the amount invested in the risky asset α, as well as of the wealth reference level Γ, but
dependent on λ. The indifference curves with corresponding expected utility V1 and V2 have
a marginal rate of substitution that is lower than the market trade-off of the relative wealth
in the good state of nature for the relative wealth in the bad state. The linear indifference
curves are flatter than the budget line because λ is relatively high (λ1 ). Reducing α from
α1 to α2 (α1 > α2 ), moves the investor to an indifference curve corresponding to the higher
b
excepted utility (V2 > V1 ). Given that M RS < xr−x
for all values of α the investor will
g −r
maximize expected utility at S where W2b = W2g and α = 0.
Figure 3 illustrates the case when λ2 < λ1 and the MRS that exceeds the market trade-off
r−xb
. The investor will maximize her expected utility at T by increasing her investment until
xg −r
she reaches the expected utility (with value of V4 ) at α = αU .

Figure 3: Critical reference level: Γ = (1 + r)W1
The above analysis indicates that as λ decreases the indifference curves will eventually
equal to and become steeper than the budget line with the investor switching from holding
no risky assets to holding maximum risky assets allowed. Hence, there is a loss aversion level
such that the slope of the indifference curves is equal to the slope of the budget line and any
value of α within the domain can evolve as a solution. We refer to that as the threshold loss
aversion value which is given in the following corollary.
b
and p > pγ are equivalent to 1 < λ < 1/Kγ and
Corollary 1 The conditions M RS > xr−x
g −r
r−xb
M RS < xg −r is equivalent to λ > 1/Kγ .

The threshold for λ is equal to 1/Kγ which represents the attractiveness of investing in the
risky asset and it is the same threshold for the loss aversion parameter as in He and Zhou
(2011). Although changes in the reference level does not affect MRS, it is important to note
that a reduction in the reference level will move the investor to case (i), while an increase in
the reference level will move the investor to case (iii) discussed below. This is why we call
this reference level the critical reference level.

2.3

High reference levels: Γ > (1 + r)W1

Reference levels above the gross return from investing the initial wealth in the safe asset
are due to high aspirations. For example, due to the self-improvement motive she could be

comparing (1 + r)W1 to the wealth of more successful investors. Proposition 3 states the
optimal risk taking under this case:
Proposition 3 For Γ > (1 + r)W1 and λ > max{1, 1/Kγ } it is optimal for a loss-averse
investor to allocate a positive proportion (of her initial wealth) in the risky asset such that


1+(λK0 )1/γ
Γ−(1+r)W1


,
(1 + r)W1 < Γ < ΓU
 (λK0 )1/γ (xg −r)−r+xb

W1
∗
α =
(8)


xg −xb


αU ,
ΓU ≤ Γ < r−xb (1 + r)W1

where M RS(α∗ , λ, Γ) =

r−xb
,
xg −r

ΓU =

xg −xb (λK0 )1/γ
(1
r−xb 1+(λK0 )1/γ

+ r)W1 and

Γ−(1+r)W1
(xg −r)W1

< α ∗ < αU .

Proof. See Appendix.
The optimal solution in this case differs from the low reference level case. Amongst other
typical features, the amount invested in the risky asset increases proportionately with an
increase of the reference level net of the gross return of initial wealth invested in the safe
asset, i.e., Γ − (1 + r)W1 . Contrary to case of low reference levels, the proportion invested
in the risky asset now depends negatively on the loss aversion parameter.
In the case of high reference levels, the investor cannot avoid relative losses when investing
in the risky asset. A sufficiently loss averse investor considers problems (P3) and (P4) in
Appendix. However, the investor avoids problem (P3) in the region given by 0 ≤ α <
Γ−(1+r)W1
as there are relative losses in both, good and bad, states of nature. Thus, the
(xg −r)W1
investor maximizes the utility function of problem (P4) where relative losses are only observed
1
in the bad state of nature and within the region Γ−(1+r)W
≤ α ≤ αU and a reference level
(xg −r)W1
not too high Γ < ΓU . By increasing the proportion invested in the risky asset she avoids
relative losses in the good state of nature but cannot avoid relative losses in the bad state
of nature.
The marginal rate of substitution for a loss averse investor defined by (2) with a high
1
< α < αU is
reference level such that (1 + r)W1 < Γ < ΓU and within the region Γ−(1+r)W
(xg −r)W1
given by

γ
(r − xb )W1 α − (1 + r)W1 + Γ 1
p
(9)
M RS = M RS(α, λ, Γ) =
1 − p (xg − r)W1 α + (1 + r)W1 − Γ λ
which declines as the proportion invested in the risky asset increases. However, unlike in
the case with low reference levels, in this case the MRS increases as the reference level
increases. In this case, an increase in already high aspirations (i.e., the reference level) will
increase in the investor’s maximum willingness to pay for the risky asset as indicated by
MRS. Furthermore, the MRS now depends on the loss aversion parameter and hence is part
of the optimal solution. The higher the loss aversion parameter, the lower the investment in
the risky asset as MRS falls with increased loss aversion.
Assuming that the investor is sufficiently loss averse, i.e. λ > max{1, 1/Kγ }, she will
select the proportion invested in the risky asset by making the MRS, as given by (9), equal
b
b
to xr−x
as before and arrive to the optimal solution. Thus, M RS(α∗ , λ, Γ) = xr−x
. Figure 4
g −r
g −r
illustrates the solution.

Figure 4: High reference level: Γ > (1 + r)W1

3

Conclusion

This note was written in order to explore the role of the marginal rate of substitution on
the optimal choice of risky asset holdings. The MRS shows the maximum willingness to pay
to have an additional unit of wealth in the good state of nature by increasing risk taking
while holding expected utility constant. We find that the maximum willingness to pay to
take risk decreases, remain constant or increases with the reference level depending if the
reference level is set below, equal to or above the gross return from the safe asset. The
MRS depends on loss aversion inversely in all cases except when the reference level is below
the gross return of the safe asset. Hence, we find that the value investors place on risky
assets depends not only on economic fundamentals but also on psychological factors such as
loss aversion and the self-improvement and self-enhancement motives.6 The implication is
that changes in investors’ motives due to psychology could drive stock markets away from
economic fundamentals.
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