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Abstract
We consider the problem of an investor who allocates his wealth among a risky asset and a managed portfolio. We
obtain the optimal strategies of the fund managers for two different incentive schemes. We discuss an example of
comparison of the efficient frontiers for the investor, in a model with mean reverting returns.
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Introduction

Fund’s managers receive direct and indirect incentives. Direct, or explicit, incentives are
paid directly by the investor under the form of management fees. Indirect, or implicit,
incentives, are provided by the inflows of funds coming from new investors. Such inflows
are related to the performances of the fund and may also have a negative sign, that is
they may actually be outflows, in case of bad performances. The objective of this paper is
to analyze the impact of the incentives on fund’s managers strategies and, consequently,
on the portfolio allocation of the investors.
The empirical relation between fund’s performances and inflows/outflows has been
studied starting from the seminal papers by Chevalier and Ellison (1997) and Sirri and
Tufano (1998). Chevalier and Ellison (1997) provided some evidence that the rate of
inflow linearly increases in the the relative performances with respect to a benchmark,
but it has a lower and an upper bound. Basak, Pavlova and Shapiro (2007) determined
the optimal strategy for a fund’s manager with a power utility and implicit incentives
bounded-linear as in Chevalier and Ellison (1997) in a continuous time model where the
assets follow a geometric brownian motion. Cuoco and Kaniel (2011) determined the
equilibrium prices in a market where portfolio managers receive a direct compensation
from the investors. Here we consider a partial equilibrium model, where prices are given
and one investor allocates his wealth between a market index, an actively managed mutual
fund and a risk-free asset. We assume that the mutual fund is managed by a portfolio
manager who receives an indirect compensation depending on the performance over a
period of length T . The fund’s value is determined by the portfolio strategy of the
manager during the period and by capital inflows/outflows at the end of the period.
The fund flows depend on the fund’s performance relative to a benchmark, that is a
fixed portfolio of stocks and money market. In the related paper Nicolosi, Angelini and
Herzel (2017) determined the optimal strategy for a portfolio manager subject to implicit
incentives. Here we will elaborate on some of the results of that study.
2

The model

We consider a market model with one riskless and one risky asset. One fund manager
follows a dynamic strategy to optimize the utility of his wealth at time T , which is
determined by the relative performance of the fund with respect to a benchmark consisting
of a fixed portfolio of the two assets. One investor, who does not have access to the market
continuously in time, chooses a static allocation at time t = 0 to optimize his utility at
time T . The investor can buy any combination of the two basic assets and of the managed
fund.
2.1

Asset prices

Let us define a complete probability space (Ω, F, P ), with filtration {Ft } t ≥ 0 generated
by a standard Brownian motion Z. The market is composed by a riskless asset with
dynamics
dBt = Bt rdt
(1)
where r is a constant interest rate, and by one risky asset following
dSt = St (µt dt + σdZt )

(2)

where µt is a bounded and {Ft }-progressively measurable process and σ is constant. We
assume that the market price of risk
Xt = σ −1 (µt − r)

(3)

dXt = λX (X̄ − Xt ) + σX dZt

(4)

follows the dynamics
where X̄, λX , and σX are given constants representing, respectively, the long run expected
value of X, the strength of its attraction towards X̄ and the uncertainty on its evolution.
Therefore, the market is dynamically complete and arbitrage free, with the unique stateprice density process satisfying the equation
dξt
= −rdt − Xt dZt .
ξt
2.2

(5)

The manager

A fund manager dynamically allocates the fund’s assets, initially valued at W0 , through
a self-financing strategy in the two basic assets. The value of the portfolio W follows
dWt
= (r + θt σXt )dt + θt σdZt
Wt

(6)

where θt represents the fraction of the portfolio value invested in the risky asset at time
t. Since the strategy is self financing, the process ξt Wt is a martingale with respect to
the natural measure P .
At time T the manager receives an indirect compensation F (WT , YT ), that depends
on the relative performance of the fund with respect to a benchmark Y . The benchmark
is a portfolio with a constant fraction β invested in the risky asset and the remaining
fraction in the riskless one. Hence, the dynamics of the benchmark is
dYt
= (r + βσXt )dt + βσdZt .
Yt

(7)

The manager has a constant relative risk aversion utility function
x1−γ
,
u(x) =
1−γ

γ > 0.

Since the market is complete, we can apply the martingale method proposed by Cox and
Huang (1989) and solve the problem
max E[u(F (WT , YT ))],

(8)

ξT
WT = W0 .
ξ0

(9)

WT

s.t. E

We consider two different specifications of the compensation. The first one, which we
will call spread, is proportional to the final wealth of the fund and is given by
F (WT , YT ) = fT (WT , YT )WT ,

where



fL
if
RTW − RTY < ηL
fL + ψ(RTW − RTY − ηL ) if ηL ≤ RTW − RTY < ηH
fT (WT , YT ) =

fH := fL + ψ(ηH − ηL ) if
RTW − RTY ≥ ηH

(10)

T
and
with fL > 0, ψ = (fh − fL )/(ηh − ηL ) > 0, ηL ≤ ηH , and where RTW = log W
W0
Yt
Y
RT = log Y0 , and we assume Y0 = W0 = 1.
From Basak, Pavlova and Shapiro (2007), Proposition 2, if the following condition

1−1/γ 

fH +ψ
fH +ψ
γ
1
≥ 0, then the optimal
− 1−γ
+
holds (henceforth Condition A): 1−γ
fL
fH
final wealth relative to the benchmark is

WT∗
1/γ−1 −1/γ −1/γ
1/γ−1 −1/γ −1/γ
y
ζ
1ζ≥ζ ⋆
y
ζ
1ζ<ζ⋆ + eηH 1ζ⋆ ≤ζ<ζ ⋆ + fL
= fH
YT

(11)

where ζT = ξT YTγ and y is the Lagrange multiplier that ensures that the optimal wealth
1−γ −γηH
∗
/y and ζ ⋆ > ζ⋆ satisfies ĝ(ζ) = 0,
satisfies W0 =
⋆ = fH e
T }. Furthermore, ζ
 E0 {ξT W

1−1/γ
with ĝ(ζ) = γ fyL ζ
− (fH eηH )1−γ /(1 − γ) + eηH yζ.

We assume henceforth that Condition A holds. Nicolosi, Angelini and Herzel (2017)
provide an explicit solution for the optimal strategy followed by the manager in this case.
The second specification of the compensation function, which we call ”fulcrum”, following Cuoco and Kaniel (2011) is
F (WT , YT ) = bWT + c(WT − YT ).

If b = 1 and c = 0, that is the case when the manager is managing his own money, the
optimal final wealth can be found directly from the first order conditions for problem (8),
(9), and the corresponding wealth at time T is
−1/γ

ŴT =

ξT
H0 (−1/γ)

(12)

where
−1/γ

H0 (−1/γ) = E Q {ζT

}

and E Q is the expectation under the forward risk neutral measure with respect to the
benchmark. For more details on this argument and on the computation of the function
H0 (−1/γ) see Nicolosi, Angelini and Herzel (2017). We remark that, for a deterministic
market price of risk, this solution is the optimal strategy provided by Merton (1971),
while for a mean-reverting market price of risk it is the one found by Wachter (2002).
Henceforth we will refer to such strategy as to the “Normal” one, because it is not
influenced by external incentives.
The optimal final wealth for the fulcrum specification is given by the following result:
Proposition 1 The optimal wealth at time T of problem (8), (9) with compensation
function
F (WT , YT ) = bWT + c(WT − YT )
is
WT∗ =


1 
bŴT + cYT ,
b+c

where Ŵ is the Normal portfolio (12), that is the solution for b = 1 and c = 0.
Proof. The First Order Condition for problem (8), (9) yields to
"
#
−1/γ
yξ
1
T
+ cYT .
WT∗ =
b+c
b+c
The Lagrange multiplier y can be determined by imposing the budget constraint (9):
y −1/γ = (b + c)−1/γ b/H0 (−1/γ). The result follows by using definition (12). ✷
2.3

The investor

At time t = 0 the investor decides the allocation of his wealth in a buy and hold strategy
with a time horizon T , taking his decision by considering the mean and the variance of
a portfolio consisting of the two basic assets and of the managed fund. The objective of
the following examples is to show how the optimal allocation of the investor is affected
by the different kind of incentives of the manager.
To compute the mean and the variance of the random variable (ST , WT∗ ) we simulate
the dynamics (5) and (2) and then we substitute in the optimal final wealth WT∗ of the
manager. Figure 1 shows the efficient frontiers produced by two different specification of
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Figure 1: Efficient frontiers for an investor who allocates his wealth between the risky
asset and the managed portfolio with convex kind incentive (continuous line) or with
linear incentive (dotted line)
the incentive functions. We use the following model parameters: T = 1, r = 0, σ = 0.2,
X0 = 0.5, X̄ = 2X0 , σX = 0.1, λX = log(2)/0.5. The continuous line represents the
frontier of the opportunity set given by investing in the risky asset and in the managed
fund with the spread incentives scheme (10) where following Basak, Pavlova and Shapiro

(2007), we used fL = 0.8, fH = 1.5, ηL = −0.08, ηH = 0.08 and assumed that the
benchmark coincides with the risky asset (i.e. we set β = 1). The dotted line represents
the frontier when the portfolio manager receives fulcrum kind incentive. As shown by
Proposition 1, in this case the optimal wealth is a linear combination of the Normal
portfolio and of the benchmark. Hence the corresponding frontier depends only on the
Normal portfolio and the benchmark and does not change with the contract parameters’
specification.
We observe that for levels of standard deviation greater than that of the benchmark
one, the introduction of the spread incentive positively affect the opportunity set of the
investor. However, this effect disappears when introducing also the risk free asset, since
the slopes of the linear frontiers are very close to each other. However, the two tangent
portfolios are very different. For the spread incentive scheme the tangent portfolio almost
coincides with the managed fund, while for the linear case it is obtained by taking a deep
short position in the managed fund and a deep long position in the benchmark.
In other experiments which we do not report here for brevity, we observe that for
X̄ = X0 , that is when, over the long run, the market price of risk is expected to remain
at the same level as today, there is a significant improvement of the opportunity set even
after introducing the risk-free asset. Differently, when the long run expected value of the
market price of risk X̄ is lower than the current value X0 , the two frontiers get closer and
the effect of the spread incentives becomes less evident.
3

Conclusion

We showed that different incentives affect the choices of portfolio managers and, consequently, of the investors who optimally decide how to allocate their wealth. We considered
two different kind of indirect incentives, the spread and the fulcrum, introduced into the
literature by Basak, Pavlova and Shapiro (2007) and by Cuoco and Kaniel (2011). The
effect of the two different incentive schemes has been shown by an example where the
corresponding efficient frontiers have been plotted after obtaining the relevant distributions by simulation. A challenging and interesting research topic is the determination of
the optimal contract for this instance of the principal-agent problem.
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