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❆♣♣❡♥❞✐①

❆ Pr♦♦❢ ♦❢ ▲❡♠♠❛t❛

❆✳✶ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✶

❲❡ ❛r❡ ❣♦✐♥❣ t♦ ❞❡♠♦♥str❛t❡ ❤❡r❡ t❤❛t✱ ✇❤❛t❡✈❡r t❤❡ ♣r✐❝❡ t❤❡ ❣❛❧❧❡r② ♣❛✐❞ t♦ ❜✉② t❤❡
❛rt✇♦r❦✱ ✐t ✇✐❧❧ ❜❡ s♦❧❞ t♦ t❤❡ ❛✉❝t✐♦♥ ❤♦✉s❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✭✶✻✮ ❤♦❧❞s✱ ✇❤✐❧❡ ✐t ✇✐❧❧ ❜❡ s♦❧❞
t♦ t❤❡ ♦✉ts✐❞❡r ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✭✶✼✮ ❤♦❧❞s✳
❚❤❡ ♣r♦♦❢ ✐s ❞✐✈✐❞❡❞ ✐♥ t✇♦ ♣❛rts✳
Pr♦♦❢✳ ❆ss✉♠❡ t❤❡ ❣❛❧❧❡r② ❜♦✉❣❤t t❤❡ ❛rt✇♦r❦ ❢r♦♠ t❤❡ ✐♥s✐❞❡r✱ ✇❤♦ t❤♦✉❣❤t t♦ ❜❡ ✐♥
t❤❡ aigo ♣❛t❤✳ ■❢ t❤❡ ❛rt✇♦r❦ ✐s s♦❧❞ t♦ t❤❡ ♦✉ts✐❞❡r✱ t❤❡ s❡❧❧✐♥❣ ♣r✐❝❡ ✇✐❧❧ ❜❡ ❡q✉❛❧ t♦ ✭✸✮✳
■❢ t❤❡ ❛rt✇♦r❦ ✇✐❧❧ ❜❡ s♦❧❞ t♦ t❤❡ ❛✉❝t✐♦♥ ❤♦✉s❡✱ ❞❡✈✐❛t✐♥❣ ❢r♦♠ t❤❡ ❝❤❛♥♥❡❧ t❤❡ ✐♥s✐❞❡r
❝♦♥s✐❞❡r❡❞ ✇❤❡♥ ❤❡ ❜❛r❣❛✐♥❡❞ t❤❡ ♣r✐❝❡ ✇✐t❤ t❤❡ ❣❛❧❧❡r②✱ t❤❡ ♣r✐❝❡ ✇✐❧❧ ❜❡✿
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aigh|P

ig
aigo ✐♥❞✐❝❛t❡s t❤❛t t❤❡ ❣❛❧❧❡r② s❡❧❧s t❤❡ ❛rt✇♦r❦ t♦ t❤❡ ❛✉❝t✐♦♥ ❤♦✉s❡ ❛❧s♦ ✐❢

✐t ❤❛s ❜❡❡♥ ❜♦✉❣❤t ❢r♦♠ t❤❡ ✐♥s✐❞❡r ❛s ✐❢ ❤❡ t❤♦✉❣❤t ✐t ✇✐❧❧ ❜❡ s♦❧❞ t♦ t❤❡ ♦✉ts✐❞❡r✳ ❯s✐♥❣
❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡s✱ t❤✐s ♣r✐❝❡ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s✿
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1− ρai(1− ρig)− ρig(1− ρgo)
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❙❡❧❧✐♥❣ t❤❡ ❛rt✇♦r❦ t♦ t❤❡ ❛✉❝t✐♦♥ ❤♦✉s❡ ✐♥st❡❛❞ ♦❢ s❡❧❧✐♥❣ ✐t t♦ t❤❡ ♦✉ts✐❞❡r✱ t❤❛t ✐s
aigh ≻ aigo✱ ✐s t❤❡ ♣r❡❢❡rr❡❞ ❝❤♦✐❝❡ ✐❢ P gh

aigh|P
ig
aigo > P

go
aigo✳ ❚❤✐s ✐s s♦❧✈❡❞ ❢♦r ρgh > ρgo✱

✇❤✐❝❤ ✐s ✭✶✻✮✳
❚❤❡ ✏♦♥❧② ✐❢✑ ♣❛rt ♦❢ t❤❡ r❡❧❛t✐♦♥ ✐s ❡❛s② t♦ ♣r♦✈❡✱ s✐♥❝❡ P

gh
aigh|P

ig
aigo > P

go
aigo ❛♥❞ ρgh > ρgo

❛r❡ ❡q✉✐✈❛❧❡♥t✱ ❛♥❞ aigh ≻ aigo ✐♠♣❧✐❡s t❤❛t t❤❡ ♣r✐❝❡ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ aigh ❝❤❛♥♥❡❧
t❤❛♥❦s t♦ t❤❡ ❞❡✈✐❛t✐♦♥ ✐s ❤✐❣❤❡r t❤❛♥ t❤❡ ♦♥❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ aigo ❝❤❛♥♥❡❧✳

❆ss✉♠❡ ♥♦✇ t❤❛t t❤❡ ❣❛❧❧❡r② ❜♦✉❣❤t t❤❡ ❛rt✇♦r❦ ❢r♦♠ t❤❡ ✐♥s✐❞❡r✱ ✇❤♦ t❤♦✉❣❤t t♦ ❜❡
✐♥ t❤❡ aigh ♣❛t❤✳ ■❢ t❤❡ ❣❛❧❧❡r② s❡❧❧s t❤❡ ❛rt✇♦r❦ t♦ t❤❡ ❛✉❝t✐♦♥ ❤♦✉s❡✱ ❛s ❡①♣❡❝t❡❞ ❜②
t❤❡ ✐♥s✐❞❡r✱ t❤❡ s❡❧❧✐♥❣ ♣r✐❝❡ ✇✐❧❧ ❜❡ ✭✻✮✳ ■❢✱ ✐♥st❡❛❞✱ t❤❡ ❣❛❧❧❡r② ❞❡✈✐❛t❡s ❢r♦♠ ✇❤❛t t❤❡
✐♥s✐❞❡r ❡①♣❡❝t❡❞✱ t❤❡ ♣r✐❝❡ t❤❛t t❤❡ ♦✉ts✐❞❡r ♣❛②s ✇✐❧❧ ❜❡✿
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❆ss✉♠❡ t❤❛t t❤❡ ❣❛❧❧❡r② ❜♦✉❣❤t t❤❡ ❛rt✇♦r❦ ❢r♦♠ t❤❡ ❛rt✐st✱ ✇❤♦ t❤♦✉❣❤ t♦ ❜❡ ✐♥ t❤❡
ago ♣❛t❤✳ ■❢ t❤❡ ❣❛❧❧❡r② s❡❧❧s t❤❡ ❛rt✇♦r❦ t♦ t❤❡ ♦✉ts✐❞❡r✱ t❤❡ s❡❧❧✐♥❣ ♣r✐❝❡ ✇✐❧❧ ❜❡ ❡q✉❛❧ t♦
✭✾✮✳ ■❢✱ ✐♥st❡❛❞✱ t❤❡ ❣❛❧❧❡r② s❡❧❧s ✐t t♦ t❤❡ ❛✉❝t✐♦♥ ❤♦✉s❡✱ ❞❡✈✐❛t✐♥❣ ❢r♦♠ ✇❤❛t t❤❡ ❛rt✐st
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❚❤❡ ✏♦♥❧② ✐❢✑ ♣❛rt ♦❢ t❤❡ r❡❧❛t✐♦♥ ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ♣r♦✈❡✱ s✐♥❝❡ ρgh > ρgo ✐s ❡q✉✐✈❛❧❡♥t
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ago✱ ❛♥❞ t❤❡ ❢♦r♠❡r ❡①♣r❡ss✐♦♥ ✐s tr✉❡ ✐❢ agh ≻ ago✳
❆ss✉♠❡ t❤❛t t❤❡ ❣❛❧❧❡r② ❜♦✉❣❤t t❤❡ ❛rt✇♦r❦ ❢r♦♠ t❤❡ ❛rt✐st✱ ✇❤♦ t❤♦✉❣❤ t♦ ❜❡ ✐♥ t❤❡

agh ♣❛t❤✳ ■❢ t❤❡ ❣❛❧❧❡r② ✇✐❧❧ s❡❧❧ t❤❡ ❛rt✇♦r❦ t♦ t❤❡ ❛✉❝t✐♦♥ ❤♦✉s❡✱ t❤❡ s❡❧❧✐♥❣ ♣r✐❝❡ ✇✐❧❧
❜❡ ❡q✉❛❧ t♦ ✭✶✶✮✳ ■❢✱ ✐♥st❡❛❞✱ t❤❡ ❣❛❧❧❡r② s❡❧❧s t❤❡ ❛rt✇♦r❦ t♦ t❤❡ ♦✉ts✐❞❡r✱ t❤❡ ♣r✐❝❡ ✇✐❧❧
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❚❤❡ ✏♦♥❧② ✐❢✑ ♣❛rt ♦❢ t❤❡ r❡❧❛t✐♦♥ ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ♣r♦✈❡✱ s✐♥❝❡ ✭✶✻✮ ✐s ❡q✉✐✈❛❧❡♥t t♦
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❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ♣r♦♦❢✳

❆ss✉♠❡ t❤❡ ❣❛❧❧❡r② ❜♦✉❣❤t t❤❡ ❛rt✇♦r❦ ❢r♦♠ t❤❡ ✐♥s✐❞❡r✱ ✇❤♦ t❤♦✉❣❤ t♦ ❜❡ ✐♥ t❤❡
aigo ♣❛t❤✳ ■❢ t❤❡ ❣❛❧❧❡r② s❡❧❧s ✐t t♦ t❤❡ ♦✉ts✐❞❡r✱ t❤❡ s❡❧❧✐♥❣ ♣r✐❝❡ ✇✐❧❧ ❜❡ ✭✸✮✱ ✇❤✐❧❡ ✐❢ ✐t
s❡❧❧s t❤❡ ❛rt✇♦r❦ t♦ t❤❡ ❛✉❝t✐♦♥ ❤♦✉s❡✱ t❤❡ s❡❧❧✐♥❣ ♣r✐❝❡ ✇✐❧❧ ❜❡ t❤❡ ♦♥❡ ✐♥ ✭❆✳✷✮✳ ❙❡❧❧✐♥❣
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❆ss✉♠❡ ♥♦✇ t❤❛t t❤❡ ❣❛❧❧❡r② ❜♦✉❣❤t t❤❡ ❛rt✇♦r❦ ❢r♦♠ t❤❡ ✐♥s✐❞❡r✱ ✇❤♦ t❤♦✉❣❤ t♦ ❜❡
✐♥ t❤❡ aigh ♣❛t❤✳ ■❢ t❤❡ ❣❛❧❧❡r② s❡❧❧s t❤❡ ❛rt✇♦r❦ t♦ t❤❡ ❛✉❝t✐♦♥ ❤♦✉s❡✱ t❤❡ s❡❧❧✐♥❣ ♣r✐❝❡
✇✐❧❧ ❜❡ ✭✻✮✱ ✇❤✐❧❡ ✐❢ ✐t ❞❡✈✐❛t❡s ❛♥❞ s❡❧❧s ✐t t♦ t❤❡ ♦✉ts✐❞❡r✱ t❤❡ ♣r✐❝❡ ✇✐❧❧ ❜❡ ✭❆✳✹✮✳ ❋♦r
t❤❡ ❣❛❧❧❡r②✱ aigo ≻ aigh ✐s ❡q✉✐✈❛❧❡♥t t♦ P

go
aigo|P

ig
aigh > P

gh
aigh✱ ✇❤✐❝❤ ✐s s♦❧✈❡❞ ❢♦r ✭✶✼✮✳

❆ss✉♠❡✱ ✜♥❛❧❧②✱ t❤❛t t❤❡ ❣❛❧❧❡r② ❜♦✉❣❤t t❤❡ ❛rt✇♦r❦ ❢r♦♠ t❤❡ ❛rt✐st✱ ✇❤♦ t❤♦✉❣❤t
t♦ ❜❡ ✐♥ t❤❡ ago ♣❛t❤✳ ■❢ t❤❡ ❣❛❧❧❡r② s❡❧❧s t❤❡ ❛rt✇♦r❦ t♦ t❤❡ ♦✉ts✐❞❡r✱ t❤❡ s❡❧❧✐♥❣ ♣r✐❝❡
✇✐❧❧ ❜❡ ✭✾✮✱ ✇❤✐❧❡ ✐❢ ✐t s❡❧❧s t❤❡ ❛rt✇♦r❦ t♦ t❤❡ ❛✉❝t✐♦♥ ❤♦✉s❡✱ t❤❡ s❡❧❧✐♥❣ ♣r✐❝❡ ✇✐❧❧ ❜❡
✭❆✳✻✮✳ ❚❤❡ ❣❛❧❧❡r② ✇✐❧❧ s❡❧❧ t❤❡ ❛rt✇♦r❦ t♦ t❤❡ ♦✉ts✐❞❡r ✐❢ ago ≻ agh✱ t❤❛t ✐s ❡q✉✐✈❛❧❡♥t
t♦ P go

ago > P
gh
agh|P

ag
ago✱ ✇❤✐❝❤ ✐s s♦❧✈❡❞ ❢♦r ✭✶✼✮✳



❆ss✉♠❡ ♥♦✇ t❤❛t t❤❡ ❣❛❧❧❡r② ❜♦✉❣❤t t❤❡ ❛rt✇♦r❦ ❢r♦♠ t❤❡ ❛rt✐st✱ ✇❤♦ t❤♦✉❣❤t t♦ ❜❡ ✐♥
t❤❡ agh ♣❛t❤✳ ■❢ t❤❡ ❣❛❧❧❡r② ❛❝t✉❛❧❧② s❡❧❧s t❤❡ ❛rt✇♦r❦ t♦ t❤❡ ❛✉❝t✐♦♥ ❤♦✉s❡✱ t❤❡ ♣r✐❝❡ ✇✐❧❧
❜❡ ✭✶✶✮✱ ✇❤✐❧❡ ✐❢ ✐t ❞❡✈✐❛t❡s ❛♥❞ s❡❧❧s ✐t t♦ t❤❡ ♦✉ts✐❞❡r✱ t❤❡ ♣r✐❝❡ ✇✐❧❧ ❜❡ ✭❆✳✽✮✳ ❚❤❡ ❣❛❧❧❡r②
✇✐❧❧ ♣r❡❢❡r s❡❧❧✐♥❣ t❤❡ ❛rt✇♦r❦ t♦ t❤❡ ♦✉ts✐❞❡r ✐❢ ago ≻ agh✱ t❤❛t ✐s✱ ✐❢ P go

ago|P
ag
agh > P

gh
agh✱

✇❤✐❝❤ ✐s s♦❧✈❡❞ ❢♦r ✭✶✼✮✳
❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

❆✳✷ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✷

❲❡ ♥♦✇ ❞❡♠♦♥str❛t❡ t❤❛t✱ ✐♥❞❡♣❡♥❞❡♥t❧② ♦♥ ✇❤❛t ✐s t❤❡ ♣r✐❝❡ ♣❛✐❞ ❜② t❤❡ ✐♥s✐❞❡r✱ ❤❡ ✇✐❧❧
s❡❧❧ t❤❡ ❛rt✇♦r❦ t♦ t❤❡ ❛✉❝t✐♦♥ ❤♦✉s❡ ✇❤❡♥ ✭✶✽✮ ❤♦❧❞s✱ ❛♥❞ ❤❡ ✇✐❧❧ s❡❧❧ t❤❡ ❛rt✇♦r❦ t♦ t❤❡
❣❛❧❧❡r② ✇❤❡♥ ✭✶✾✮ ❤♦❧❞s✳
❚❤❡ ♣r♦♦❢ ✐s ♠❛❞❡ ✉♣ ♦❢ ❢♦✉r ♣❛rts✳
Pr♦♦❢✳ ❆ss✉♠❡ t❤❡ ✐♥s✐❞❡r ❜♦✉❣❤t t❤❡ ❛rt✇♦r❦ ❢r♦♠ t❤❡ ❛rt✐st✱ ✇❤♦ t❤♦✉❣❤t t♦ ❜❡ ✐♥ t❤❡
aih ♣❛t❤✳ ■❢ t❤❡ ✐♥s✐❞❡r s❡❧❧s t❤❡ ❛rt✇♦r❦ t♦ t❤❡ ❛✉❝t✐♦♥ ❤♦✉s❡✱ t❤❡ s❡❧❧✐♥❣ ♣r✐❝❡ ✇✐❧❧ ❜❡
❡q✉❛❧ t♦ ✭✶✸✮✳ ■❢✱ ✐♥st❡❛❞✱ t❤❡ ✐♥s✐❞❡r s❡❧❧s t❤❡ ❛rt✇♦r❦ t♦ t❤❡ ❣❛❧❧❡r②✱ ❦♥♦✇✐♥❣ t❤❛t t❤❡
❣❛❧❧❡r② ✇✐❧❧ s❡❧❧ ✐t t♦ t❤❡ ❛✉❝t✐♦♥ ❤♦✉s❡ ❛❢t❡r✇❛r❞s ✭❛ss✉♠✐♥❣ t❤❛t ✭✶✻✮ ❤♦❧❞s✮✱ t❤❡ s❡❧❧✐♥❣
♣r✐❝❡ ✇✐❧❧ ❜❡ ❡q✉❛❧ t♦✿

P
ig
aigh|P

ai
aih = (1− ρig)P

ai
aih + ρigP

gh
aigh|P

ai
aih ✭❆✳✾✮

✇❤❡r❡ P
gh
aigh|P

ai
aih = (1− ρgh)P

ig
aigh|P

ai
aih + ρghP

o
R✳ ❯s✐♥❣ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡s✱ ✇❡ ❝❛♥ r❡✇r✐t❡

✭❆✳✾✮ ❛s✿

P
ig
aigh|P

ai
aih =

(1− ρig)(1− ρai)P
a
R + ρaiρih(1− ρig)P

o
R

[1− ρig(1− ρgh)] [1− ρai(1− ρih)]
+

ρigρghP
o
R

1− ρig(1− ρgh)
✭❆✳✶✵✮

❚❤❡ ✐♥s✐❞❡r ✇✐❧❧ ♣r❡❢❡r t♦ s❡❧❧ t❤❡ ❛rt✇♦r❦ t♦ t❤❡ ❛✉❝t✐♦♥ ❤♦✉s❡ ✭aih ≻ aigh✮ ✇❤❡♥ ✭✶✸✮
✐s ❣r❡❛t❡r t❤❛♥ ✭❆✳✶✵✮✳ ❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ ρih >

ρigρgh
1−ρig(1−ρgh)

✱ ✇❤✐❝❤ ✐s ✭✶✽✮ ✇❤❡♥ ✭✶✻✮

❤♦❧❞s✳
❆ss✉♠❡ ♥♦✇ t❤❛t t❤❡ ✐♥s✐❞❡r ❜♦✉❣❤t t❤❡ ❛rt✇♦r❦ ❢r♦♠ t❤❡ ❛rt✐st✱ ✇❤♦ t❤♦✉❣❤ t♦ ❜❡

✐♥ t❤❡ aigh ♣❛t❤✳ ■❢ t❤❡ ✐♥s✐❞❡r s❡❧❧s t❤❡ ❛rt✇♦r❦ t♦ t❤❡ ❣❛❧❧❡r② ❛s ❡①♣❡❝t❡❞ ❜② t❤❡ ❛rt✐st
✭❛♥❞✱ ❛❢t❡r✇❛r❞s✱ t❤❡ ❣❛❧❧❡r② ✇✐❧❧ s❡❧❧ t❤❡ ❛rt✇♦r❦ t♦ t❤❡ ❛✉❝t✐♦♥ ❤♦✉s❡✱ ❛ss✉♠✐♥❣ t❤❛t
✭✶✻✮✮✱ t❤❡ s❡❧❧✐♥❣ ♣r✐❝❡ ✇✐❧❧ ❜❡ ✭✼✮✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ t❤❡ ✐♥s✐❞❡r s❡❧❧s t❤❡ ❛rt✇♦r❦ t♦ t❤❡
❛✉❝t✐♦♥ ❤♦✉s❡✱ ❤❡ ✇✐❧❧ ❣❡t✿

P ih
aih|P

ai
aigh = ρihP

o
R +

(1− ρih)(1− ρai) [1− ρig(1− ρgh)]P
a
R + ρaiρigρgh(1− ρih)P

o
R

1− ρai(1− ρig)− ρig(1− ρgh)
✭❆✳✶✶✮

❚❤❡ ✐♥s✐❞❡r ✇✐❧❧ ♣r❡❢❡r t♦ s❡❧❧ t❤❡ ❛rt✇♦r❦ ❞✐r❡❝t❧② t♦ t❤❡ ❛✉❝t✐♦♥ ❤♦✉s❡ ✭aih ≻ aigh✮ ✇❤❡♥
✭❆✳✶✶✮ ✐s ❣r❡❛t❡r t❤❛♥ ✭✼✮❀ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ ❤❛✈❡ ✭✶✽✮ t♦ ❤♦❧❞ ✇❤❡♥ ✭✶✻✮ ✐s ✈❡r✐✜❡❞✳
❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ♣r♦♦❢✳

❆ss✉♠❡ ♥♦✇ t❤❛t t❤❡ ✐♥s✐❞❡r ❜♦✉❣❤t t❤❡ ❛rt✇♦r❦ ❢r♦♠ t❤❡ ❛rt✐st✱ ✇❤♦ t❤♦✉❣❤ t♦
❜❡ ✐♥ t❤❡ aih ♣❛t❤✳ ■❢ ❤❡ s❡❧❧s t❤❡ ❛rt✇♦r❦ t♦ t❤❡ ❛✉❝t✐♦♥ ❤♦✉s❡ ❛s ❡①♣❡❝t❡❞ ❜② t❤❡
❛rt✐st✱ ❤❡ ✇✐❧❧ ❣❡t ✭✶✸✮✱ ✇❤✐❧❡ ✐❢ ❤❡ s❡❧❧s t❤❡ ❛rt✇♦r❦ t♦ t❤❡ ❣❛❧❧❡r② ✭t❤❛t ✇✐❧❧ s❡❧❧ t❤❡
❛rt✇♦r❦ t♦ t❤❡ ♦✉ts✐❞❡r ❛❢t❡r✇❛r❞s✱ ❛ss✉♠✐♥❣ t❤❛t ✭✶✼✮ ❤♦❧❞s✮✱ t❤❡ s❡❧❧✐♥❣ ♣r✐❝❡ ✇✐❧❧ ❜❡
P

ig
aigo|P

ai
aih = (1 − ρig)P

ai
aih + ρigP

go
aigo|P

ai
aih✱ ✇❤❡r❡ P

go
aigo|P

ai
aih = (1 − ρgo)P

ig
aigo|P

ai
aih + ρgoP

o
R✱

t❤❛t ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s✿

P
ig
aigo|P

ai
aih =

(1− ρig)(1− ρai)P
a
R + ρaiρih(1− ρig)P

o
R

[1− ρig(1− ρgo)] [1− ρai(1− ρih)]
+

ρigρgoP
o
R

1− ρig(1− ρgo)
✭❆✳✶✷✮



❚❤❡ ✐♥s✐❞❡r ✇✐❧❧ ♣r❡❢❡r t♦ s❡❧❧ t❤❡ ❛rt✇♦r❦ t♦ t❤❡ ❛✉❝t✐♦♥ ❤♦✉s❡ ✐♥st❡❛❞ ♦❢ t♦ t❤❡ ❣❛❧❧❡r②
✭aih ≻ aigo✮ ✇❤❡♥ t❤❡ ♣r✐❝❡ ✐♥ ✭✶✸✮ ✐s ❣r❡❛t❡r t❤❛♥ t❤❡ ♦♥❡ ✐♥ ✭❆✳✶✷✮✱ ❛♥❞ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t
t♦ ❤❛✈❡ ✭✶✽✮ t♦ ❤♦❧❞ ✇❤❡♥ ✭✶✼✮ ✐s ✈❡r✐✜❡❞✳

❆ss✉♠❡ ♥♦✇ t❤❛t t❤❡ ✐♥s✐❞❡r ❜♦✉❣❤t t❤❡ ❛rt✇♦r❦ ❢r♦♠ t❤❡ ❛rt✐st✱ ✇❤♦ t❤♦✉❣❤ t♦ t❤❡
✐♥ t❤❡ aigo ♣❛t❤✳ ■❢ ❤❡ s❡❧❧s t❤❡ ❛rt✇♦r❦ t♦ t❤❡ ❣❛❧❧❡r② ❛s ❡①♣❡❝t❡❞ ❜② t❤❡ ❛rt✐st✱ t❤❡
s❡❧❧✐♥❣ ♣r✐❝❡ ✇✐❧❧ ❜❡ ✭✹✮✳ ■❢ t❤❡ ✐♥s✐❞❡r s❡❧❧s t❤❡ ❛rt✇♦r❦ t♦ t❤❡ ❛✉❝t✐♦♥ ❤♦✉s❡✱ ❞❡✈✐❛t✐♥❣
❢r♦♠ ✇❤❛t t❤❡ ❛rt✐st t❤♦✉❣❤t✱ ❤❡ ✇✐❧❧ ❣❡t P ih

aih|P
ai
aigo = (1 − ρih)P

ai
aigo + ρihP

o
R✱ ✇❤✐❝❤ ❝❛♥

❜❡ r❡✇r✐tt❡♥ ❛s✿

P ih
aih|P

ai
aigo = ρihP

o
R +

(1− ρih)(1− ρai) [1− ρig(1− ρgo)]P
a
R + ρaiρigρgo(1− ρih)P

o
R

1− ρai(1− ρig)− ρig(1− ρgo)
✭❆✳✶✸✮

❚❤❡ ✐♥s✐❞❡r ✇✐❧❧ ♣r❡❢❡r t♦ s❡❧❧ t❤❡ ❛rt✇♦r❦ t♦ t❤❡ ❛✉❝t✐♦♥ ❤♦✉s❡ ✭aih ≻ aigo✮ ✇❤❡♥ ✭❆✳✶✸✮
✐s ❣r❡❛t❡r t❤❛♥ ✭✹✮✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ ✭✶✽✮ ✇❤❡♥ ✭✶✼✮ ✐s ✈❡r✐✜❡❞✳
❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ♣r♦♦❢✳

❆ss✉♠❡ t❤❛t t❤❡ ✐♥s✐❞❡r ❜♦✉❣❤t t❤❡ ❛rt✇♦r❦ ❢r♦♠ t❤❡ ❛rt✐st✱ ✇❤♦ t❤♦✉❣❤ t♦ ❜❡ ✐♥ t❤❡
aih ♣❛t❤✳ ■❢ ❤❡ s❡❧❧s t❤❡ ❛rt✇♦r❦ t♦ t❤❡ ❛✉❝t✐♦♥ ❤♦✉s❡ ❛s ❡①♣❡❝t❡❞ ❜② t❤❡ ❛rt✐st✱ t❤❡ s❡❧❧✐♥❣
♣r✐❝❡ ✇✐❧❧ ❜❡ ❡q✉❛❧ t♦ ✭✶✸✮✳ ■❢ ❤❡ ✇✐❧❧ s❡❧❧ t❤❡ ❛rt✇♦r❦ t♦ t❤❡ ❣❛❧❧❡r②✱ t❤❡ s❡❧❧✐♥❣ ♣r✐❝❡ ✇✐❧❧
❜❡ ✭❆✳✶✵✮✳ ❚❤❡ ✐♥s✐❞❡r ✇✐❧❧ ♣r❡❢❡r t♦ s❡❧❧ t❤❡ ❛rt✇♦r❦ t♦ t❤❡ ❣❛❧❧❡r② ✭aigh ≻ aih✮ ✇❤❡♥
✭❆✳✶✵✮ ✐s ❣r❡❛t❡r t❤❛♥ ✭✶✸✮✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❤❛✈❡ ✭✶✾✮ t♦ ❤♦❧❞ ✇❤❡♥ ✭✶✻✮ ✐s ✈❡r✐✜❡❞✳

❆ss✉♠❡ t❤❛t t❤❡ ✐♥s✐❞❡r ❜♦✉❣❤t t❤❡ ❛rt✇♦r❦ ♣❛②✐♥❣ ✭✽✮ t♦ t❤❡ ❛rt✐st✳ ■❢ ❤❡ s❡❧❧s t❤❡
❛rt✇♦r❦ t♦ t❤❡ ❣❛❧❧❡r②✱ t❤❡ s❡❧❧✐♥❣ ♣r✐❝❡ ✇✐❧❧ ❜❡ ❡q✉❛❧ t♦ ✭✼✮✱ ✇❤✐❧❡ ✐❢ ❤❡ s❡❧❧s ✐t t♦ t❤❡
❛✉❝t✐♦♥ ❤♦✉s❡✱ ❞❡✈✐❛t✐♥❣ ❢r♦♠ ✇❤❛t t❤❡ ❛rt✐sts ❡①♣❡❝ts✱ ❤❡ ✇✐❧❧ ♦❜t❛✐♥ ✭❆✳✶✶✮✳ ❍❡ ✇✐❧❧
♣r❡❢❡r t♦ s❡❧❧ t❤❡ ❛rt✇♦r❦ t♦ t❤❡ ❣❛❧❧❡r② ✭aigh ≻ aih✮ ✐❢ ✭✼✮ ✐s ❣r❡❛t❡r t❤❛♥ ✭❆✳✶✶✮✱ ✇❤✐❝❤
✐s ✈❡r✐✜❡❞ ✇❤❡♥ ✭✶✾✮ ❛♥❞ ✭✶✻✮ ❤♦❧❞✳
❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ t❤✐r❞ ♣❛rt ♦❢ t❤❡ ♣r♦♦❢✳

❆ss✉♠❡ t❤❡ ✐♥s✐❞❡r ❜♦✉❣❤t t❤❡ ❛rt✇♦r❦ ❢r♦♠ t❤❡ ❛rt✐st✱ ✇❤♦ t❤♦✉❣❤t t♦ ❜❡ ✐♥ t❤❡ aih
♣❛t❤✳ ■❢ ❤❡ s❡❧❧s t❤❡ ❛rt✇♦r❦ t♦ t❤❡ ❛✉❝t✐♦♥ ❤♦✉s❡✱ t❤❡ s❡❧❧✐♥❣ ♣r✐❝❡ ✇✐❧❧ ❜❡ ✭✶✸✮✱ ✇❤✐❧❡
✐❢ ❤❡ s❡❧❧s ✐t t♦ t❤❡ ❣❛❧❧❡r② ❤❡ ✇✐❧❧ ❣❡t ✭❆✳✶✷✮✳ ❍❡ ✇✐❧❧ ♣r❡❢❡r t♦ s❡❧❧ t❤❡ ❛rt✇♦r❦ t♦ t❤❡
♦✉ts✐❞❡r ✭aigo ≻ aih✮ ✇❤❡♥ t❤❡ ♣r✐❝❡ ✐♥ ✭❆✳✶✷✮ ✐s ❤✐❣❤❡r t❤❛♥ t❤❡ ♦♥❡ ✐♥ ✭✶✸✮✱ ✇❤✐❝❤ ✐s
tr✉❡ ✇❤❡♥ ✭✶✾✮ ❤♦❧❞s ❛♥❞ ✭✶✼✮ ✐s ✈❡r✐✜❡❞✳

❆ss✉♠✐♥❣ t❤❛t t❤❡ ✐♥s✐❞❡r ❜♦✉❣❤t t❤❡ ❛rt✇♦r❦ ❢r♦♠ t❤❡ ❛rt✐st✱ ✇❤♦ t❤♦✉❣❤t t♦ ❜❡ ✐♥
t❤❡ aigo ♣❛t❤✳ ■❢ ❤❡ s❡❧❧s t❤❡ ❛rt✇♦r❦ t♦ t❤❡ ❣❛❧❧❡r②✱ t❤❡ s❡❧❧✐♥❣ ♣r✐❝❡ ✇✐❧❧ ❜❡ ✭✹✮✱ ✇❤✐❧❡ ✐❢
❤❡ ❞❡✈✐❛t❡s ❢r♦♠ ✇❤❛t t❤❡ ❛rt✐st t❤♦✉❣❤t ❛♥❞ s❡❧❧s t❤❡ ❛rt✇♦r❦ t♦ t❤❡ ❛✉❝t✐♦♥ ❤♦✉s❡✱ t❤❡
s❡❧❧✐♥❣ ♣r✐❝❡ ✇✐❧❧ ❜❡ ✭❆✳✶✸✮✳ ❚❤❡ ✐♥s✐❞❡r ✇✐❧❧ ♣r❡❢❡r t❤❡ aigo ❝❤❛♥♥❡❧ t♦ t❤❡ aih ❝❤❛♥♥❡❧
✇❤❡♥ ✭✹✮ ✐s ❣r❡❛t❡r t❤❛♥ ✭❆✳✶✸✮✱ ✇❤✐❝❤ ✐s tr✉❡ ✇❤❡♥ ✭✶✾✮ ❤♦❧❞s ❛♥❞ ✭✶✼✮ ✐s ✈❡r✐✜❡❞✳
❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

❇ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶

❲❡ ♥♦✇ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✶✳ ❚❤❡ ♣r♦♦❢ ✐s ❞✐✈✐❞❡❞ ✐♥ t✇♦ ♣❛rts✳
Pr♦♦❢✳ ❚❤❡ ❛rt✐st ✇✐❧❧ ♣r❡❢❡r t♦ s❡❧❧ t♦ t❤❡ ✐♥s✐❞❡r t❤❛♥ t♦ s❡❧❧ t♦ t❤❡ ❣❛❧❧❡r② ♦r t♦ t❤❡
❛✉❝t✐♦♥ ❤♦✉s❡✱ ✇❤❡♥ ✭✶✻✮ ❛♥❞ ✭✶✽✮ ❤♦❧❞s✱ ✇❤❡♥ P ai

aih > max{P ag
agh, P

ah
ah }✳ ❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t



t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠✿






















(1−ρai)P
a
R
+ρaiρihP

o
R

1−ρai(1−ρih)
>

(1−ρag)Pa
R
+ρagρghP

o
R

1−ρag(1−ρgh)
(1−ρai)P

a
R
+ρaiρihP

o
R

1−ρai(1−ρih)
> (1− ρah)P

a
R + ρahP

o
R

ρigρgh − ρih + ρihρig − ρihρigρgh < 0

ρgh > ρgo

✭❇✳✶✮

❚❤❡ s②st❡♠ ✐s s♦❧✈❡❞ ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ ✭✷✵✮✱ ✇❤❡♥ ✭✶✻✮ ❤♦❧❞s✳
❚❤❡ ❛rt✐st ✇✐❧❧ ♣r❡❢❡r t♦ s❡❧❧ t♦ t❤❡ ✐♥s✐❞❡r t❤❛♥ t♦ s❡❧❧ t♦ t❤❡ ❣❛❧❧❡r② ♦r t♦ t❤❡ ❛✉❝t✐♦♥

❤♦✉s❡✱ ✇❤❡♥ ✭✶✼✮ ❛♥❞ ✭✶✽✮ ❤♦❧❞s✱ ✇❤❡♥ P ai
aih > max{P ag

ago, P
ah
ah }✳ ❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡

❢♦❧❧♦✇✐♥❣ s②st❡♠✿






















(1−ρai)P
a
R
+ρaiρihP

o
R

1−ρai(1−ρih)
>

(1−ρag)Pa
R
+ρagρgoP

o
R

1−ρag(1−ρgo)
(1−ρai)P

a
R
+ρaiρihP

o
R

1−ρai(1−ρih)
> (1− ρah)P

a
R + ρahP

o
R

ρigρgo − ρih + ρihρig − ρihρigρgo < 0

ρgh < ρgo

✭❇✳✷✮

❚❤❡ s②st❡♠ ✐s s♦❧✈❡❞ ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ ✭✷✵✮✱ ✇❤❡♥ ✭✶✼✮ ❤♦❧❞s✳
❚❤❡ ❛rt✐st ✇✐❧❧ ♣r❡❢❡r t♦ s❡❧❧ t♦ t❤❡ ❣❛❧❧❡r② t❤❛♥ t♦ s❡❧❧ t♦ t❤❡ ✐♥s✐❞❡r ♦r t♦ t❤❡ ❛✉❝t✐♦♥

❤♦✉s❡✱ ✇❤❡♥ ✭✶✻✮ ❛♥❞ ✭✶✽✮ ❤♦❧❞s✱ ✇❤❡♥ P
ag
agh > max{P ai

aih, P
ah
ah }✳ ❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡

❢♦❧❧♦✇✐♥❣ s②st❡♠✿






















(1−ρag)Pa
R
+ρagρghP

o
R

1−ρag(1−ρgh)
>

(1−ρai)P
a
R
+ρaiρihP

o
R

1−ρai(1−ρih)
(1−ρag)Pa

R
+ρagρghP

o
R

1−ρag(1−ρgh)
> (1− ρah)P

a
R + ρahP

o
R

ρigρgh − ρih + ρihρig − ρihρigρgh < 0

ρgh > ρgo

✭❇✳✸✮

❚❤❡ s②st❡♠ ✐s s♦❧✈❡❞ ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ ✭✷✶✮✱ ✇❤❡♥ ✭✶✻✮ ❤♦❧❞s✳
❚❤❡ ❛rt✐st ✇✐❧❧ ♣r❡❢❡r t♦ s❡❧❧ t♦ t❤❡ ❣❛❧❧❡r② t❤❛♥ t♦ s❡❧❧ t♦ t❤❡ ✐♥s✐❞❡r ♦r t♦ t❤❡ ❛✉❝t✐♦♥

❤♦✉s❡✱ ✇❤❡♥ ✭✶✼✮ ❛♥❞ ✭✶✽✮ ❤♦❧❞s✱ ✇❤❡♥ P ag
ago > max{P ai

aih, P
ah
ah }✳ ❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡

❢♦❧❧♦✇✐♥❣ s②st❡♠✿






















(1−ρag)Pa
R
+ρagρgoP

o
R

1−ρag(1−ρgo)
>

(1−ρai)P
a
R
+ρaiρihP

o
R

1−ρai(1−ρih)
(1−ρag)Pa

R
+ρagρgoP

o
R

1−ρag(1−ρgo)
> (1− ρah)P

a
R + ρahP

o
R

ρigρgo − ρih + ρihρig − ρihρigρgo < 0

ρgh < ρgo

✭❇✳✹✮

❚❤❡ s②st❡♠ ✐s s♦❧✈❡❞ ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ ✭✷✶✮✱ ✇❤❡♥ ✭✶✼✮ ❤♦❧❞s✳
❚❤❡ ❛rt✐st ✇✐❧❧ ♣r❡❢❡r t♦ s❡❧❧ t♦ t❤❡ ❛✉❝t✐♦♥ ❤♦✉s❡ t❤❛♥ t♦ s❡❧❧ t♦ t❤❡ ✐♥s✐❞❡r ♦r t♦ t❤❡

❣❛❧❧❡r②✱ ✇❤❡♥ ✭✶✻✮ ❛♥❞ ✭✶✽✮ ❤♦❧❞s✱ ✇❤❡♥ P ah
ah > max{P ai

aih, P
ag
agh}✳ ❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡

❢♦❧❧♦✇✐♥❣ s②st❡♠✿






















(1− ρah)P
a
R + ρahP

o
R >

(1−ρai)P
a
R
+ρaiρihP

o
R

1−ρai(1−ρih)

(1− ρah)P
a
R + ρahP

o
R >

(1−ρag)Pa
R
+ρagρghP

o
R

1−ρag(1−ρgh)

ρigρgh − ρih + ρihρig − ρihρigρgh < 0

ρgh > ρgo

✭❇✳✺✮

❚❤❡ s②st❡♠ ❛❜♦✈❡ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ ✭✷✷✮✱ ✇❤❡♥ ✭✶✻✮ ❤♦❧❞s✳



❚❤❡ ❛rt✐st ✇✐❧❧ ♣r❡❢❡r t♦ s❡❧❧ t♦ t❤❡ ❛✉❝t✐♦♥ ❤♦✉s❡ t❤❛♥ t♦ s❡❧❧ t♦ t❤❡ ✐♥s✐❞❡r ♦r t♦ t❤❡
❣❛❧❧❡r②✱ ✇❤❡♥ ✭✶✼✮ ❛♥❞ ✭✶✽✮ ❤♦❧❞s✱ ✇❤❡♥ P ah

ah > max{P ai
aih, P

ag
ago}✳ ❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡

❢♦❧❧♦✇✐♥❣ s②st❡♠✿























(1− ρah)P
a
R + ρahP

o
R >

(1−ρai)P
a
R
+ρaiρihP

o
R

1−ρai(1−ρih)

(1− ρah)P
a
R + ρahP

o
R >

(1−ρag)Pa
R
+ρagρgoP

o
R

1−ρag(1−ρgo)

ρigρgo − ρih + ρihρig − ρihρigρgo < 0

ρgh < ρgo

✭❇✳✻✮

❚❤❡ s②st❡♠ ✐s s♦❧✈❡❞ ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥ ✐♥ ✭✷✷✮✱ ✇❤❡♥ ✭✶✼✮ ❤♦❧❞s✳
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