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Abstract

This letter considers the problem of estimating expected values of functions that are inversely
weighted by an unknown density using the k-Nearest Neighbor method. L2-consistency is
established. The proposed estimator is also shown to be asymptotically semiparametric
efficient. Some limited Monte Carlo experiments show that the proposed estimator performs
as good as alternative methods in finite sample applications.
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1 Introduction

In this letter we address the problem of estimating quantities of the form

00— E {%} , (1.1)

where f (X) represents the unknown marginal density of a continuous scalar random variable X, Y € R,
and [ represents expectation with respect the joint distribution of (Y, X). This problem is important

because many existing semiparametric estimators of limited dependent variable models make use of

inverse density-weighted expectations like [L1] e.g. |.T.£ﬂb_9j (Ilﬂ%), |L_€‘AAL11€‘J| (IZDDd), |L§3Mb_9j (IZDDd), and

Khan and L (h)ﬁﬁl)

If {Y;, X;}!" | represents a random sample from this distribution, a natural estimator of [T is

I« Y

where f,, (X;) denotes the k-Nearest Neighbor (k-NN) density estimator of f (X;), i.e.

k

In (Xz) = m,

(1.3)

and

R; =R, (X, k) 4 he Euclidean distance between X, and the k-th nearest

neighbor of X; among all the X;’s for j # ¢

for j = 1,...,n. Therefore, estimator can be re-written as

2 n
b = 3D ViRu (Xi,K). (1.4)
i=1
The usage of nonparametric k-NN estimator of f (X), in place of a kernel estimator for example
is particularly helpful in [[2] because [[4] is theoretically easier to handle than [[2] since it does not
involve the ratio of two random quantities. Another important advantage of the k-NN approach is its

local adaptation, a property that is not enjoyed by the kernel method for example.

1.1 An Ordered Data Estimator

The drawbacks of the kernel method partly motivated h;ﬂLhd_ams_cbﬁunagd (IZQDj) to propose an

estimator of [[LT] based on nearest neighbor spacings as follows:

n—k

On =Y _up (2en — 21) /K (1.5)
i=1

where (ym,xm) denote the ith observation when the data are sorted in increasing order of z, i.e. x

is the ith order statistics and y;) is its concomitant. [Lewbel and Schennach (2007) showed that under
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certain regularity conditions, v/7(6,, — 6p) LA N(0,E[var(Y|X)/f? (X)]) when k =o(lnn) as k — oo.
They derived the semiparametric efficiency bound for regular estimators of 6y and proves that §n
achieves it.

Although similar in nature, estimators [[L4] and are fundamentally different. In particular, k& in
L4 refers to the k-th order statistic from the (conditionally on X;) i.i.d. sample {||X; — X ]H}?:_ll with
i # j, while k in refers to the k-th order statistic from the original i.i.d. sample {X;};",. These
differences also make their limiting distribution theory not applicable for fixed or increasing k.

In the next section, it is shown that if £ = k (n) is a predetermined sequence of positive integers, not
dependent on the sample {Y;, X;}"" ;, such that k — oo, and k/n — 0 as n — oo, then estimator [[4]
is also y/n—consistent, and semiparametric efficient. A small Monte Carlo experiment confirms these

predictions.

2 Asymptotic Properties

The derivation of the asymptotic properties of 6,, defined in [[.2HI. 3] relies on the following assumptions:
ASSUMPTION A:

(A1) infyer f (x) > n > 0, where Q represents the finite support of f (z).

(A2) (i) f (z) is continuously differentiable up to the second order over the interior of ®. (ii) E[var(Y|X =
)/ f2(X)] < oo.

(A3) Asn — oo, k — o0, and k/n — 0.

Assumption [AT] is usually made for inverse density weighted estimators such as [[L2] and can be
relaxed at the expense of more complicated proofs. Assumption [A2}(i) is somehow unusual since
no continuity or smoothness are necessary for m(x) = E[Y|X = z], but differentiability of f (x)
is assumed. Assumption [A2}(ii) ensures \/n-consistency. Assumption [A3] is necessary in pointwise

asymptotic theory for k-NN estimators, since it guarantees that both bias and variance of k-NN converge

to zero as sample size increases.

Theorem 1 Under assumption A1-AS3,

E0,] =60 {1+ Op (D},
var (Vi) = Efvar(Y[X)/ 2 (X)] {1 40, (1)}

as n — 00.
Some remarks are in order:

Remark 1 Theorem[dl ensures the L?-convergence of (2. Furthermore, it also implies that var(y/nf,,)

—var(y/nby) as n — oo.



Remark 2 We have been unable to establish limiting distribution theory for 6, since the statistical

dependence among {Y; R, (X;,k)};_, is of a form that is not covered by standard central limit theory for

dependent processes. However, we conjecture that results in|Bi Brei (II Q&é ) can be extended

to establish asymptotic normality of statistics of this form.

Remark 3 From the computational point of view, if Ty is the total number of operations necessary to

sort an n-dimensional array, 0, would require at least nTy such operations for its calculation.

Remark 4 Unlike the ordered estimator discussed in the previous section, 0, can easily be adapted to

handle vector-valued X ’s.

An important issue for both estimators is how k& can be chosen in a given application. Techniques

presented in |Jacho-Ché M) can potentially answer this question, and remains a topic for future

research.

3 Monte Carlo Results
We consider the data generating process used in h@&bﬂ_and_s_cbﬂm.aghl (IZM) We draw z;, €; as inde-

pendent standard normals and construct y; = 2x; (1 +¢;)1(0 < x; < 1),7=1,2,...,n. We then esti-
mate § = Ely/f (x)] by computing [[.4] and using each of the 10000 constructed samples {y;, z;};,
with n = 200, 400, and 600. Figure [l shows the results. The bias, variance and Mean Squared
Error (MSE) of estimators [[.4] (black line) and (gray line) are presented for different values of

k =1,...,40. Their performance are comparable in terms of MSE and variances at different values

of k. This observation reinforces the notion that k plays different roles in the construction of both
estimators. As predicted by theorem [, both estimators have comparable variances, but 6,, seems to be
unbiased for this design, explaining why large values of k seems to improve its precision. As expected,

the MSE decreases for both estimators as sample size increases.

Appendix

Let ||u|| denote the Euclidean norm of the vector u. Set S, = {v : ||v — z|| < r}, a ball centered at =
with radius . G (r) = Pr{X; € S,} is defined accordingly.

Lemma 1 Let h(r) = [r’G7 (r)]7!, X and vy are integers such that E[h(R;)] < oo, then

—A—
Bl (X )X = P (£) 7 (o, ),

Proof. This corresponds to Lemma A.1 of|Q_u.;La1]g_ei_a‘lJ (IZDQd) with ¢ = 1. See |L]J.1ﬁl.ld_LLJ (|19_9j)

for a detailed proof. m




Proof of Theorem [T}
Let e =Y — m (z), then, by construction E[e|X = z] =0, and

27L
Hn:E;m(Xi) o (X, k) + Zez (X, k)

= Tin + Ton,

where we have used the notation ¢; = Y; —m (X;), and the definition of 7, (I = 1,2) should be apparent.
Firstly, notice that E[73,] = 0 by the law of iterated expectations. It then follows from assumption [AT]
(i) that

Tmzkzx@ m (X:) By (Xi, k)] = 22Elm (X) E[R, (X, k) |X]

e
_E [ f[i(fgq {140, (1)} = 60+ 0y (6).

where[A-Tlfollows from Lemma[[with A = —1 and v = 0. Similarly, by the tower property of conditional
expectations (see |Blllmgﬂe;z| (Ilm, Theorem 34.3)), it follows that

E[T2) = kQZE (2R3 (X, K)] = T3 [var(Y | X)E[R2 (X, k) |X]]

=1
2
_dng % <5> {1+0,(1)} (A-2)
o [#ﬂ L+ op(1)} =n"lo® 40, (n70%),

where follows from Lemma [[l with A = —2 and v = 0.
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Figure 1: Monte Carlo results
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