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Abstract

Intertemporal choices involve a great heterogeneity among discount mechanisms. In order to catch such diversity, we
introduce an axiomatic Subjective Discounted Utility (SDU) model based on separability assumption. The originality of
the SDU model rests on the fact that decision makers discount subjective periods, namely decision weights can be
described as standard discount functions of time perception. In particular, our model appears as a generalization of
both exponential and hyperbolic approaches.
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1. Introduction

Intertemporal choices deal with tradeoffs betweemards that occur over time. An
immediate consequence is that discounting, whigbresses the relative weight of future
periods compared with the present period, is tleerstone of intertemporal decision. In this
paper, we focus on models where separability israed namely rewards are independently
discounted from each others. Such models will Heeadaiscounted Utility (DU) models.
The intertemporal reference model is the Exponkrdigcounted Utility (EDU) where
decision weights follow geometrical decrease withet The axiomatic foundations of the
EDU model, built around the specific axiom of siatrity, were provided by Koopmans
(1972) or Fishburn and Rubinstein (1982). For a fimeades, a large body of empirical
literature has shown that stationarity is systecadlyi violated and that the way of discounting
future periods varies considerably from one studlyamother. This has led to a growing
diversity of discount mechanisms in theoretical eled In particular, alternative models
named Hyperbolic Discounting Utility (HDU) as in éwenstein and Prelec (1992) or as in
Laibson (1997) have attempted to catch the property of decredsipgtience which states
that Decision Makers (DM) are the more sensitivérnong changes the closer these changes
are to the present. More recently, other empistadiies even found increasing impatience as
in Gigliotti and Sopher (2004) and such a behakias been axiomatized in Bleichrodt Rohde
and Wakker (2009). However before Albrecht and W€h895), there was no clear reason
explaining the great diversity of elicited discoduanctions. Albrecht and Weber provided a
decisive insight on the topic by introducing timergeption into standard discount
mechanism. By analogy to space perception, timeepéon may lead to deformation of
future time intervals especially when they are v@isgant from the observation period. In this
way the abundant variety of time perceptions magoaenodate the great diversity in time
discounting. Other fields of human sciences suchPagcholog§ have undertaken to
implement the individual perception of time in arde explain intertemporal choices. In the
model providing by Albrecht and Weber, time percapts applied to distant future (a month,
a year or even a decade) contrary to the traditiaea of time perception in Psychology
which is mainly dedicated to the “specious” preqentew seconds from now). In particular,
the two authors presented hyperbolic discountingrasxponential discounting of a Weber-
Fechner time perceptidriThat is why it is quite paradoxical that time gaption has raised so
little interest from economists. A first explanatiowould be that the Weber-Fechner “law” (or
other psychological laws) has been built for vehprs time intervals whereas most of
economic studies have an interest for choices viwglmore delayed rewards. In this paper,
time perception functions are defined for shormtgyeriods as well as for long term time
intervals. We argue that the lack of axiomatic faton for time perception is the major
cause of the limited diffusion of time perceptiondiscounting approaches. The main goal of
this paper is to provide a sound axiomatic fourmhatof a separable representation of
preferences where decision weights are defined atbrecht and Weber model. By analogy
to the well known Subjective Expected Utility defthfor uncertain choices, we call such a
model Subjective Discounted Utility (SDU) to empizasthat discounting rests on time
perception. The SDU model is compatible with arscdunt mechanism and both generalizes
the EDU model and the HDU model. This paper is oigd as follows. Section 2 gives
notations and specifies the environment on whiehSBU will be built. Section 3 provides

! Loewenstein and Prelec define their model as Gdimed Hyperbolic Discounting whereas Laibson cills
Quasi Hyperbolic Discounting.

% In Psychology, for instance, an important apprdactime perception is the Internal Clock Theory.

% Ernst Weber (1795-1878) and Gustav Fechner (188Tpointed out a logarithmic time perceptionvidtich
delayed time intervals are underestimated.
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the main result and defines a clear relationshipvéen the degree of impatience and the
nature of time perception. In the end, sectionrdchaes.

2. Intertemporal Preferenceswith Separability

In this section, the general framework needed tormain theorem is stated. For an index set
S ={0,..,k, ..,n}, a time sequence= {t,, ..., ty, ..., t,} iS a series oft + 1 periods where
periodt, € P (P is a subset oR* containing0) and the set of time sequencesTis
{t:S—>P withvk € S, t, =0 andVk € S — {n}, t, < ty4+1}. In the same way, an outcome
sequencer = {x, ..., X, ..., X, } iS @ series ok + 1 outcomes where, € C (C is a subset of
R) and the set of outcome sequenceX is {x : S —» C}. The decision set i& =X x T and
gathers all the finite timed outcome sequencesa Asnsequence, a choice alternativa is

a collection of future dated reward(x,t) = {xq, ..., Xk, e, Xpn; tos eeer tiy eeer bt} =
{Cxr; ti) Ikes Where(xy; t,) means that outcoms, is received at periot},. The goal of this
section is to provide a DU representation for tipneferences, that is the intertemporal utility
function satisfies separability in the followingnse U(x,t) = Y yesu(ti)u(x,) (1). For
simplicity, we introduce the following notationsrfaommon future dated rewards. For a
given time sequencg the notation(z;a,t) means that reward for perigdof the outcome
sequencdz, t) (with i € t) is replaced with the reward at the same period. Similarly the
notation(z; ja, b,t) means that rewards for periodsnd; of the outcome sequence, ¢)
(with i, j € t) are respectively replaced with rewardandb at the same periods and so on. A
binary relationz is defined omA x A. As usual,> and ~ are defined to be respectively the
asymmetric and symmetric partsof We introduce a set of axioms which are definedafb

t in T and for all periods, j, k, [ in time sequencei < j; k < 1), for all x,y € X and for all
a,b,c,d € C.

A.1 Regularity

A regular binary relatiork is a continuous monotonic weak orland has neutral
elementx” in X such thaw's,t € T and for all subsed in S:

(xax,s) ~ (xax, 1)

With a slight abuse of notation, we shall write tieutral element irX as follows:x* =
(x*,x*, ...,x*) since x* is neutral on time preferences if is neutral facte period. By
simplification, we shall note finite timed outcorsequences which have non neutral rewards
on period sefl as follows(x;x,s) = (x,x).

A.2 Separ ability
First Order SeparabilityA.2.a)
(%010, b,t) Z (x1i416,d,t) = (V110 b,t) T (Vi410.d, t)
Second Order Separabilitp.2.b)
i (x*;a) ~ (x*jb)

th . ~ *. ’b * ~ * ,b
(x*ka) ~ (x*lb) en (x lc) (x i,ja )=> (x kC) (x k1Q )

* A weak order is a transitive and complete binaglation. We retain strict monotonicitia > b implies
(x;a,t) > (x;b,t)). Continuity applies twice: for(x,s) > (y,t), Yk €S, 368, >0 which is strictly
preferential preserving such thét',s) > (y,t) with x’ = (xg, ..., Xx—1, X — Ok, X41, --» %) and (x,s") >
(y,t) with s = (Sg, -+, Sk—1, Sk + Ok» Sk41s -+ » Sn)-
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Separability is the key axiom for the DU model. &ability raises simultaneously two
different aspects of time preferences and thdtasé¢ason why this axiom is divided into two
parts.First Order Separabilityimplies there is no interaction between differpatiods and
Second Order Separabilitg introduced to isolate the impact of time inecdion weights.
We do not claim for a high level of descriptive mavassociated to Separabifityut the main
advantage lies in focusing the study on decisioighis.

A.3 Impatience

a2 b2 0= (xa) % (xba)

Impatience says that earlier is always better tlaer. It is now usual to incorporate
impatience in the core properties of discount fioms.

Definition 1 (Discount Functions)

A discount functionu : P — ]0,1] is a function which simultaneously satisfies theeé
following properties:

(d1) u(0) =1 (Normalization)
(d2) wu(ty) > 0 (Positive discounting)
(d3) u is (weakly) decreasing with), (Impatience)

Property (d1) says that there is no discount ferghesent period and (d2) implies that the
DM has minimal concern for all future periods, nattar how far from the present are. Lastly
(d3) exhibits impatience. We are now able to preptise separable representation of
preferences on which the main result of this papkbe built. All the proofs are gathered in
Appendix.

Theorem 1 (DU Representation)
The two following statements are equivalent:
(*) The binary relatiogr satisfies A.1-A.3
(**) There exists a continuous functién A — C such that

(x,t) 2 (y,5) UK, t) 2 U(y,s) withU(x, ) = L= u(tidulxe) (1)

WhereU is called the present equivalent, is a continuous discount function amdis a
continuous instantaneous utility function define@tpositive multiple, witlhx(x*) = 0.

The DU representation (1) has a general form smathing is said about the nature of
discounting for decision weights. The EDU and HDWd®als can be deduced from the DU
model by introducing a specific discounting axioifhe EDU representation needs a
stationarity axiom leading ta(i) = A' (1 = e~" with r > 0) and the HDU representation is
built on a decreasing impatience axiom which inesldiscount function ag(i) = (1 +i)™"

(r > 0) (Harvey (1995) fob = 19).

® For an exhaustive review of time paradoxes linkitti the DU model and especially with separabilige for
instance Frederick, Loewenstein and O’Donoghue Zp00he Choquet Utility models as in Chateauneuf an
Rébillé (2004) turn separability into sequentigla@bility to capture variation aversion.

® Harvey (1995) proposed the following discount fimwu(i) = (b/(b + i))".
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3. The SDU Mode

The departure point for the claim of the SDU modethe variety of discount mechanisms
pointed out by the experimental literature. Fortanse Frederick, Loewenstein and
O’Donoghue (2002) highlighted that “this literatusveals spectacular variations across (and
even within) studies”. To top it all, they addedttthe growing number of studies in the last
decades has not produced a diminishing rangediteglidiscount rates. Such diversity in time
discounting is unexplained by the standard DU nwdahce each of them alternatively
restricts the attention on a single discount pat(EDU or HDU). Albrecht and Weber (1995)
seminal article proposed for Theorem 1 the follayvaxpression for discount weights: for all
i € P, u(i) = 2»D wherel is the standard discount facigr= e~" with » > 0) andp a time
perception function. Time perception functions sfanm all real periods into subjective
periods and allow distortion of future time intdszaor instance a DM can exhibit a kind of
time compression (or concave time perception) so time perception of the coming year
(i = 12 if periods are months) is estimated to only sixithe p(12) = 6). Conversely a DM
whose time perception of the coming year is esehad eighteen months will express time
extension (or convex time perception). It is impatt to note that time perception is
independent from the nature of time interval (wogkday, week end or holiday) and only
depends on the rank of the period in time orderifige next definition sharpens the meaning
associated with time perception functions througletsof intuitive properties.

Definition 2 (Time Perception Functions)

The functionp : P —» P’ (where?P’ is also a subset ®* containing0) is a time perception
function if and only if it satisfies the three foling properties:

(p1) p(0) =0 (Normalization)
(p2) p(ty) = 0 (Positive Time)
(p3) p(tr) < p(tyxs+1) (Time Order Preserving)

Normalization implies that the present is not sutedito time distortion. Positive Time says
that subjective period is still a period and of rsauthe last property ensures that the natural
order of time is verified.

Observation 1
For all discount functionu defined as in definition 1, there is a unique tiperception
functionp as in definition 2 such that:

VieP, u(d) =219 (0<1<1)

Observation 1 was first noted by Albrecht and Welieis a purely formal representation of
time discounting without any axiomatic foundatioor time perspective. In other words,
subjective time remains an exogenous element ibthenodel. We argue that the latter is
the main barrier preventing time perception fronitigg more audience in intertemporal
choice. Zauberman andli. (2009) emphasize that the traditional “research ttribute
hyperbolic discounting to changes in the percepbtiorvaluation of outcomes at different
points of time”. The authors claim that hyperbaliscounting evidence has likely to be found
from changes in the valuation of prospective tifigerefore time perspective is a key factor
to explain how any discount mechanism departs frexponential discounting. In the
following, we endogenize subjective time showingviiome perspective may be inserted into
a behavioral axiom. In the spirit of Albrecht ancbér (1995), we introduce the SDU model
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whose functional representation satisfies (1) amstadinting weights can be written as
standard discountind@ (< 4 < 1) of the time perception functignas previously defined:

n

Ux,t) = Z Pu(x)  (2)

k=0

The next axiom aims at incorporating time perceptido the DU model switching over the
SDU model which relies on subjective time exporamiscounting.

A.4 Subjective Discounting
For all periods, j,k € P (i <j with p(j) + p(k) € P’) and for alla,b € C

(x*;a) ~ (x*;b) = (x*p_l(p(i)+p(k))a) ~ (x*p‘l(p(j)+p(k))b)

The Subjective Discounting Axiom captures the iversity in elicited discount rates since
it accommodates any discounting axiom in the DU ehofihe meaning of A.4 is quite easy
to perceive. First, all discount axioms involve esftjve time in both members of the
proposition. Conditions in definition 2 ensure that does exist and ip converts all real
periods in subjective dates therm! produces the reciprocal transformation namely each
subjective date is associated to a unique objegbeaod. Furthermore the expression
p(i) + p(k) can be interpreted in a traditional way considgpifk) as a common subjective
delay. To illustrate, suppose that a 90 immediateard is the same than obtain 100 in one
period (say one year) s@;90) ~ (x;100). Then A.4 implies for a two period decay that
(x390) ~ (x;_l(p(1)+p(2))100). Of course, it is not necessary that(p(1) + p(2)) = 3. If the case,

thenp(i) = i that is to say time perception is reduced to dbjedime’ and A.4 changes for
stationarity:(x*;a) ~ (x*;b) = (x*;yxa) ~ (x*;4xb). The SDU Model reduces to the EDU model
with u(i) = A%, With the same example, (i) = In(1 + ai) (a > 0) where time perception
is an extension of the Weber-Fechner law for lcgmgnttime interval, setting to 1 gives

p Y (p(1) +p(2)) =5. The DM exhibits decreasing impatience and A.4obees the central
axiom used by Harvey (1995)*;a)~ (x*;b) = (x"iskasan@) ~ (*"jrrarapnb) With p(i) =
A+ ai)™.

Theorem 2 (SDU Representation)

The two following statements are equivalent:
(*) The binary rélen x satisfies A.1-A.4
(**) The representifghction ofz is a SDU function (2)

The main Theorem completely determines the natuidescounting through the definition of
time perception. Therefore it seems natural to timk nature of the discount weight with a
specific time perception property. In a nutshek, will show that the impatience class may be
linked with the concavity (or convexity) property the time perception function. If we
assume that SDU decision weights are twice difteable, then it is possible to use the
Prelec’s criteriof y(i) in order to associate to each discount wejglt single degree of
impatience. A well known result is that fare P — {0}, decreasing (resp. constant,
increasing) impatience holds if and only i) > 0 (resp.= 0, < 0).

" Actually time perception needs to be linear, taat(t) = m x t withm > 0.

8 Prelec (2004) proposed an “intertemporal ArrowtPreneasure y(i) = i)

wr (@)
e + 0 for the degree of

impatience.
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Theorem 3
For a SDU representation of preferences (2), desirga (resp. constant, increasing)
impatience holds if and only if time perceptioisoncave (resp. linear, convex) function.

We finally present a specific case to illustrateeditem 2 and Theorem 3. Assume that time

perception follows a Steven's power fawith (i) = i# (8 > 0). The Subjective Discounting
axiom becomes:

()~ 0 0) = (3, (s + 1) /8) ~ (5,(¢% + k) 8)

The main interest of this case is to consider wiffe impatience degrees depending on the
single value of parameters™ and especially, Steven’s time perception allowsreasing
impatience. This result directly arises from theservation that concavity (convexity) only
depends on the value @ If § =1 then the Subjective Discounting Axiom reduces to
stationarity and the DM has exponential discountimg illustrate the case whefe< 1, take

for instance the valug = 0,5. Then A.4 becomes as follogw,s) ~ (y,t) = (x,i + k +
2(ik)%%) ~ (y,j + k + 2(jk)*5). Thus the axiom departs from stationarity by tipnemium

(i, k) = 2(ik)®>. The functiont increases with timgi and k) so the more rewards are
delayed in distant future and the more the DM W4llikely to wait for obtaining the greater
reward. The opposite interpretation statessfor 1.

Corollary 1
Assume the SDU model holds with a Steven’s timsppetive. Then the representative
intertemporal utility function has the followingrio:

n

UGt = ) 1 uta) $>0) 3)
k=0
Decreasing (resp. constant, increasing) impatiehodds if and only if0 < g <1 (resp.

B=1p>1).
4. Conclusion

The introduction of time perception into standardertemporal decision methodology
provides a sound foundation for explaining the diitg of discount mechanisms. The
Subjective Discounting Axiom appears as a simplg wwageneralize all DU models. Making
a step further, time perception might be a key el#@nto resolve the tricky issue opened by
Drouhin (2009) explaining why hyperbolic DM coule time consistent by allowing, for
instance, concave time perspectives.

Appendix

Proof of Observation 1

For alli € P setf(i) = 2*YD wherep is a time perception function. Then (p1) implied ) sincef (0) = 1,
2»® > 0 implies (d2) and (p3) leads to (d3) fordecreases with (0 < A < 1). Moreover, (d1), (d2) and (d3)
simultaneously ensure that the image seff@]0,1]. Then the uniqueness of time perception is triviml

° Stanley Smith Stevens (1906-1973)
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Proof of Theorem 1

((+%) = (%))(1) implies A.1-A.3 is immediate.

() = (*%)) For allt in T, by Gorman (1968), A.1 and A.2.a imply the follogiform for intertemporal

utility functions U,(x,t) = YXi-o v:(xk, tx). Eachv, (t € T) is a continuous function unique up to a linear

transformation,v increases withx, and for allk in S v.(x*t,) =v,(x*s,) =K (K€C). By Al

(x/a,s) ~ (x{a,t) soVs,t €T, Va € C andVi € P,v,(a,i) = v(a,i) = v(a,i) andU(x,t) = Yo v, ti)-

By impatiencev decreases witht,. Moreover, asv is unique up to linear transformatiorv’(x,t;) =

av(xg, t;) + B (@ > 0,8 = 0) still represents the DM preferences so we are feeehoosev’ such that

v'(x*, t;) = 0. In this way, if (x/a) ~ (x;b) and(xza) ~ (x;b) thenv'(a,i) = v'(b,j) andv'(a, k) = v'(b, 1)
vr(c,i) vi(c,k)

and by A.2.bv'(c,i) = 2v'(a, i) impliesv'(c, k) = 2v'(a, k) hence—=

v(ai)  vi(ak)

So settingn = k = 0 gives

v'(c,i) = % x v'(c,0) (if v'(0,0) # 0 or else take another value fb) which inducesv'(c,i) = m(i) x
u(c) for m(i) = LUCD RPN u(c) =v'(c,0) and the continuity ofy’ implies continuity form and u. The

v1(0,0)
intertemporal utility function idJ(x,t) = Y-, m(t;) X u(x,) and can be interpreted as a present equivalent
(xU) whereu(x™) = 0 (sincevi,j € P,m(i) X u(x*) = m(j) x u(x*)). The instantaneous utility functianis
increasing withx;, and unique up to a positive multiple. By monotdxgion(t,) > 0 andm(0) = % =1
Lastly Impatience (A.3) implies thah is decreasing withk. Therefore noting that decision weights are
discount weights completes the proaf.

Proof of Theorem 2
((**) = (*)) The key step of the proof lies on the use of J&sdeinctional equation. By Aczél (1966), the

most general solution of the Jensen’s functionalaégn f (“Ty) = w for a continuous functioff is the
linear formf(x) = mx + p (for all x, y such thatf is well defined) (Theorem 1 page 43). We extensl well

known result to logarithmic compound functions. Takowing functional equatiotn g(X) = %lng(X —k)+
%lng(X + k) (4) (for g(.) > 0 and for allk such thatg is well defined) is a Jensen’s functional equation
Indeed seff (X) = In g(X) then(4) becomes (X) = %f(X —k) + %f(X + k) and replacingX for x;r—y andk

for yz;" will do the job.

According to Theorem 1, axioms A.1 to A.3 inducee tfunctional representation (1). Therefore if
(x";a) ~ (x*;b) then Subjective Discounting implies for afl k € P u(j) x u (p—l(p(i) + p(k))) = u(i) x

,u(p_l(p(j)+p(k))). Hence choosingp(k) = p(j) — p(i), we obtain In(u()) =§1n(y (p—i(p(j)—
p(0))) +21n (i (7 (o) + p1))) ) thet is to say, withu() = 9(p()). 1n(9(p())) =21 (9(p() -

p(k))) +%1n (g(p(j) +p(k))) (whereg(j) = ulp='(j)] so g is well defined). Sincg(j) = In (g(p(j))) is
continuous then the previous functional equationaisJensen’s equation whose broadest solution is
In (g(p(j))) =In(u())) = ap(j) + b. As u(0) =1 andp(0) =0 so b = 0. Henceln(u()) = ap(j) with

a < 0 sincey is a discount function. Finally we obtaifj) = 1?00 (1 =e™",r = —a).

((*) = (**)) Conversely, SDU verifies (1) so according to Tleeorl, A.1 to A.3 are implied. In addition, if
for al jkeP u@) =219 hence u (p_l(p(j) + p(k))) = 2D+ then under (1) we have

ki@ ~ (55) = (5-1004900)2) ~ (551 (pep00)D) ™

Proof of theorem 3

First note that for a SDU model, the Prelec’s cidte is (i) = —’;','—((;)) (i # 0). Then because time perception is
an increasing function of tim&/,i € P — {0} p'(i) > 0 soy(i) has the same sign ap" (i). Hencep'' (i) < 0
(p" () =0,p" (@) > 0) namely time perception is concave (linear, conaxdy(i) >0 (y(i) =0 ,y() <

0 ) thus impatience is decreasing (constant, incrgasim

Proof of Corollary 1
Taking p(i) = i#, by Theorem 2 the representation (3) follows. Phelec’s criterion fou(i) = PR y(@) =
% (i # 0) then according to Theorem 3, the proof is immediat
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