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Abstract

So-called “search equilibrium models” typically have multiple equilibria. In almost all studies on these models, only
steady states are considered mainly because it 1s difficult to find non-stationary equilibria. This difficulty does not
disappear even if we consider finite-horizon versions of these models. In this note, we propose an approach that might
be useful to study non-stationary equilibria in these models. In particular, we consider a discrete-time and finite-
horizon version of Diamond's (1982, JPE) model and show how to solve it backwardly. As an illustration, we
compute a non-stationary equilibrium of a specific example, which exhibits a three-period cycle.
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1 Introduction

So-called “search equilibrium models” typically have multiple equilibria. In
almost all studies on these models, only steady states are considered mainly
because it is difficult to find non-stationary equilibria.! This difficulty does
not disappear even if we consider finite-horizon versions of these models.
In this note, we propose an approach that might be useful to study non-
stationary equilibria in these models. In particular, we consider a discrete-
time and finite-horizon version of Diamond’s (1982, JPE) model, and show
how to solve it backwardly.? As an illustration, we compute a non-stationary
equilibrium of a specific example, which exhibits a three-period cycle.

2 The model

Consider a tropic island consisting of 7 people and many palm trees.®> There
are T periods with T < co. At the beginning of each period, each person is in
one of the following two states: not carrying a coconut and looking for palm
trees, or carrying a coconut and looking for other individuals with coconuts.
Let n; denote the number of people who have coconuts at the beginning of
period t.

If a person without a coconut finds a palm tree, he or she can climb the
tree and pick a coconut. This has a cost (in utility units), which is a random
variable: with probability ay, it is ¢;; with probability as, it is cy; and with
probability 1 — a; — as, it is co. We assume that 0 < ¢; < cs.

There is a taboo against the consumption of coconuts picked by them-
selves. If a person with a coconut meets another person with a coconut, they
trade and eat each other’s coconuts: this yields y units of utility for each of
them. The probability of finding such a trading partner during period t is
given by =t

We assume that there is no aggregate risk in each period. Among (1 —mn;)
people who are looking for palm trees, (a; + as) (7 — n;) of them actually find
palm trees. For a;(n —n;) of them, the cost of climbing the tree is ¢;, and for

1See Rogerson, Shimer, and Wright (2005) for an extensive survey on these models.

2The model itself is introduced in Hokari, limura, and Onuma (2006). Our contribution
here is to show that it can be solved backwardly.

3The description of the model follows that of Romer (2006, Exercise 6.8, page 342).
Note that Exercise 6.8 in Romer (2006) considers one type of palm trees whereas we
consider two types.
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others this cost is ¢;. Among n; people who are looking for other individuals
who have coconuts, exactly %t -n; of them actually find such trading partners.

Let 3 denote the common discount factor. Given a sequence {n,}I_,
of expected numbers of people who have coconuts at the beginning of each
period, let V; denote the maximum expected present discounted value of
lifetime utility for an individual not carrying a coconut at the beginning of
period t, and W; the maximum expected present discounted value of lifetime
utility for an individual carrying a coconut at the beginning of period t.
Clearly,

Vi = 0,

n
wy = 2

n
For all t < T, the following Bellman-type equations hold:
Vi = aymax{BVi1, —c1 + BWia} + agmax {fVig1, —co + Wi}
+(1 —ay — az)BViy1,
n n
Wy = —ly+ BV + (1 - Tt) BWiy1.
n n
Note that the §V,,; term in the first equation corresponds to a decision not
to climb the tree to obtain a coconut.
Assuming that everyone has the same expectation for future values of
n,’s, the relation between n; and n;,; can be described as follows:

(i) If Vi1 < —co + Wiy, then
np1 = (a1 +ag)(n—ny) + (1 — %) .
(i) If Vi1 < —c1 + BWisr and BViy > —ca + fWist, then
ng1 = ar(n—mng) + (1 — %) ng.
(iii) If fVis1 > —c1 + BWiys, then

T
N1 = 1-— % Ty

Let IF(-) be a function such that for any statement A,

o 1 if Ais true,
IF(4) = { 0 if A is false.
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Let by = 2, and

ar = aIF(BVig < —cr + BWir) + aIF(BVigr < —co + BWiya).

Then, the relation between b, and b;;; can be described by the following
single equation:

bt+1 B Oét(l — bt) + (1 — bt)bt-

To summarize, we are interested in solving the following system of equa-
tions: for all ¢t < T,

Vi = aymax{BVi1, —c1 + Wi} + aomax {fViy1, —co + [Wigs }

+(1 —ay — az) Vi1, (1)

Wi = bly+ BViea] + (1 —by) BWisa, (2)

ar = @ IF(BVip < —c1 4 Wip1) + aoIF(BVipr < —co + BWisa), (3)

bt+1 = Oét<1 — bt> + (1 - bt)bt, (4)
and for t =T,

Vi = 0, (5)

WT = bTy (6)

Note that there are (47 —1) variables, {V;}X_,, {W,},, {o,}5}, and {b;}L,,
whereas there are (47 — 2) equations. So, we have to specify the value of one
variable to solve the above system of equations. A natural choice for such a
variable would be b;. Then, the problem can be described as follows:

Problem 1. Given a value of b; € [0,1], find {V;},, {W,}Z,, {ay}]5}, and
{b;}L, that satisfy from (1) to (6).

Unlike usual dynamic programing problems with a single decision maker,
this problem cannot be solved backwardly. It turns out if a value of by is
given instead, then the corresponding problem can be solved backwardly.

Problem 2. Given a value of by € [0,1], find {V;}L,, {W,}L,, {a:}5),
and {b;}/_}' that satisfy from (1) to (6).

Let us illustrate how to solve Problem 2. From (4), we get

1— (e + \/(1 — O{t)z — 4<bt+1 — Oét)
5 .

bt:
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We have to check whether (1—ay)?—4(bsy 1 —ay) > 0 and whether 0 < b, < 1.
Suppose that (1 — a;)? — 4(by11 — o) > 0. Then

l—at+\/(1—at)2—4(bt+1—ozt) <1
9 >~

S l—a+ V(1 —ay)?—4(by —ay) <2
& V(1 —a)? —4(byy —ap) <14 oy

& (1—a)? —4(b — ) < (1+oy)?

& b > 0.

Thus,

1—ap+ /(1= a)? — 4(bes1 — ) <1

(1 — O{t)z — 4(bt+1 — Oét) 2 0 9 =~

Also, we have

(1 — Oét)2 — 4<bt+1 — Oét) 2 O 1-— ay — \/(1 — at)2 — 4(bt+1 — Oét)

b+ os

biy1 > ay 2
Thus,
2 _ —— 5 — —
ap < by < % 0< l-a \/(1 O;t) A(bry1 — ) <1

If bryq < ay, then (1 — ay)? — 4(byy — o) > 0 and

1—at—\/(1—ozt)2—4(bt+1—at) <0< 1—Oét+\/(1—06t)2—4<bt+1—04t>
2 - 2

Suppose that a; and b, are given. If W < byy1, then there is no

be € [0, 1] that satisfies (4). If oy < by < —(Hf V° there are two values of by €
[0, 1] that satisfy (4): b, =

l—at:t\/(l—at)z—4(bt+1—oct
2

) bir1 < ay, then there

1—au+y/ (1= )2 —4(be1—aur)
5 .

is only one value of b; € [0, 1] that satisfies (4): b, =
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Consider the following example.

Example 1.
ap = 0.25,
as = 0.575,
cg = 10,
co = 29,
6 = 0.9,
y = 40,
br = 0.375.

In the Appendix, we compute a unique solution to Problem 2. It turns
out that this solution exhibits a three-period cycle.

3 A concluding remark

We tend think it is reasonable to assume that the state variable of the initial
period is known. As a result, we tend to think Problem 1 is more natural
than Problem 2. However, it is also natural to face a problem in which
we can set the initial value of a variable, and we are given a value of the
variable that should be attained when the process ends. In such a situation,
we solve the system backwardly to find what initial value is needed just like
in Problem 2. Furthermore, as mentioned above, there is no systematic way
to solve Problem 1 other than simple “guess-and-verify” approach. In this
note, we have argued that we should shift our attention from Problem 1
to Problem 2, which can be solved backwardly. If our primary concern is
to understand what kind of equilibria are possible, then Problem 2 does
not look so unnatural. It should be also noted that our approach can be
applied to many other models. Applying our approach to these models,
and investigating what kind of equilibria (including non-stationary ones) are
possible will be our next project.
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Appendix

Consider the following example:

Example 1.
a; = 0.25,
ay = 0.575,
cg = 10,
co = 29,
g = 0.9,
y = 40,
br = 0.375.

We compute a unique solution to Problem 2.
From (5) and (6), V7 = 0 and Wy = bpy = 0.375 x 40 = 15. Note that

—c +Wr—=pVr = =10409x15-0=35>0,
—Co+PWpr—pBVp = —=294+09x15—-0=—-15.5<0.

Thus, from (1),

Viroy = ai(—c1+ Wr) 4+ (1 —ay)5Vr = 0.25 x 3.5+ 0 = 0.875,

ar_1 = a1 = 025,
1 1)? 1+ 0.25)2
Utor )7 (0257 30605,
4 4
so that we have
1 _ 2
ar_q < bT < %

Thus, there are two values of by_; € [0, 1] that satisfy (4):

1-— ar_q + \/(1 — aT_1)2 — 4(bT — OéT_l)
5 .

broi =

Since v/(1 — ar_1)2 — 4(br — ar—1) = /(1 — 0.25)2 — 4(0.375 — 0.25) = +/0.0625 =
0.25, br_1 € {0.5,0.25}.
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If we choose br_; = 0.5, then

Wiy = 0.5x (40 +0) + (1 —0.5) x 0.9 x 15 = 26.75,

—c1+ PWpr_1 — V1 = —=1040.9 x 26.75 — 0.9 x 0.875 = 13.2875 > 0,
—co+ OWp_1 — BVr_1 = —=2940.9 x 26.75 — 0.9 x 0.875 = —5.7125 < 0,
ar_o9 — Q1 = 025,
1 _9)? 1 .25)2
Uroro) _ WHOB ) 590625
4 4
so that we have
1 _ 2

Thus, if we choose br_; = 0.5, then there is no by_, that precedes it.
If we choose br_; = 0.25, then

Wr_y = 0.25x (40 +0) + (1 — 0.25) x 0.9 x 15 = 20.125,

—c1 4+ Wp_1 — BVr_1 = —1040.9 x 20.125 — 0.9 x 0.875 = 17.325 > 0,
—Cy + ﬁWT_l — ﬁVT_l = —29+4+0.9%x20.125-09 x 0.875 = —1.675 < O,
ar_o = a1 = 025,
1 _5)? 1 .25)2
(Itars)” _ (140257 a90605
4 4
so that we have
1 _ 2
MUY (E2 TS
Thus, if we choose br_; = 0.25, then there are two values of by_s that

satisfy (4):

l—arot/(1—ars)?—4(br-1 — ar_s)
5 :
Since /(1 — ar_2)? —4(br—1 — ar—2) = /(1 —0.25)2 —4(0.25 — 0.25) =
0.75, br_o € {0.75,0}.
Since

Vr—a = ai(—c1+ Wr_q) + (1 —a1) BV

0.25 x (=10 + 0.9 x 20.125) + 0.75 x 0.9 x 0.875
= 2.61875,

bro =
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if we choose by_, = 0, then

Wyr o = 0+0.9x 20.125 = 18.1125,

i+ BWr g — BV = —1040.9 x 18.1125 — 0.9 x 2.61875 = 23.944375 > 0,
eyt Wi — BV = —2940.9 x 18.1125 — 0.9 x 2.61875 = —15.055625 < 0,
ar_3 = a1 = 025,
1+ ap_s)? 1+ 0.25)2
(1+ ZT 3 _ | +2 o) _ 0.390625,

so that we have by_o < ar_3. Thus, there is a unique br_3 € [0,1] that
precedes br_o = 0:

l—ar_3+ \/(1 —ar_3)? — 4(bp—2 — ar_3)
bT,3 - 9 =1.

But then by_s = 1 > 0.83265625 = Urerta?® > (taro? oo that there is
no br_4 € [0,1] that precedes by_3 = 1. Thus, if we choose br_o = 0, then
br_s3 = 1 but there is no by_4 € [0, 1] that precedes it.

If we choose br_y = 0.75, then

Wr_o = 0.75 x (40 + 0.9 x 0.875) + 0.25 x 0.9 x 20.125 = 35.11875,

14 BWi s — BV = —10+0.9 x 35.11875 — 0.9 x 2.61875 = 19.25 > 0,
ot BWip g — BV = —29+0.9 x 35.11875 — 0.9 x 2.61875 = 0.25 > 0,
ar.s = ay+ay = 0.25+ 0.575 = 0.825,
1+ cpy)? 1+ 0.825)2
(1+ ZT 30 _ (Lt 048 5 _ 0.83265625,

so that we have bT_2 < p_3. ThUS, if bT_2 = 075,

1 - _ 1-— a2 —A4(bp_y — ap_
bpy = ar_s++/( 04T23) (br—2 — ar 3):0'375

is the unique br_3 € [0, 1] that precedes it.
So far, we have shown that given by = 0.375, (by_1, br_2, br_3) = (0.25,0.75,0.375)
is the only path that survives.
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Note that
Vies = —aicr — agcy + (a1 + az) BWr_o + (1 — ay — ag)fVr_o
= —0.25 x 10 —0.575 x 29 4+ 0.825 x 0.9 x 35.11875
4+0.175 x 0.9 x 2.61875
— 7.313125,
Wr_3 = 0.375 x (40 + 0.9 x 2.61875) + 0.625 x 0.9 x 35.11875
= 35.638125,
—c1+ Wpr_3 — BVr_3 = —10+ 0.9 x (35.638125 — 7.313125) = 15.4925 > 0,
—co+ Wr_3—0Vr_3 = —29+40.9 x (35.638125 — 7.313125) = —3.5075 < 0,
ar_y = a3 =0.25,
(1+ ZT—4)2 _a +2'25>2 — 0.390625,
so that we have
ar_yg < br_3 < w.
4
Thus, there are two values of by_4 € [0, 1] that satisfy (4): by_4 € {0.5,0.25}.

Since

Vi = ai(—c1 + Wr_3) + (1 —a1)BVr_s
= (.25 X (—10 + 0.9 % 35.638125) +0.75 x 0.9 x 7.313125
= 10.4549375,

if we choose by_, = 0.5, then

Wr_q4 = 0.5x (404 0.9 x 7.313125) + 0.5 x 0.9 x 35.638125

= 39.3280625,
—c1+ Wpr_y — BVr_y = —10+0.9 x (35.638125 — 10.4549375) = 12.66486875 > 0,
—Co+ Wr_y— BVr_y = —2940.9 x (35.638125 — 10.4549375) = —6.33513125 < 0,
ar_s = a1 = 025,
1 _5)? 1 .25)?
Atars) _ (027 ag5605
4 4
so that we have
1 _ 2
(tors)”

4
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Thus, if we choose br_4 = 0.5, then there is no by_5 that precedes it.
If we choose br_4 = 0.25, then

Wr_y = 0.25x (40 + 0.9 x 7.313125) 4+ 0.75 x 0.9 x 35.638125

= 35.7011875,
—c1 4+ Wr_y — BVr_y = —1040.9 x (35.7011875 — 10.4549375) = 12.721625 > 0,
—co+ Wpr_y— BVr_y = —29+0.9 x (35.7011875 — 10.4549375) = —6.278375 < 0,
ar_5 — Q1 = 025,
2 2
(14 ar_s) _ (14 0.25) — 0.390625,
4 4
so that we have
1 _ 2
NN (2T
Thus, if we choose br_, = 0.25, then there are two values of br_s that
satisfy (4): bp_s € {0.75,0}.
Since

Vies = ai(—c1 4+ BWr_y) + (1 —a1)BVr_y
= 0.25 x (=10 + 0.9 x 35.7011875) + 0.75 x 0.9 x 10.4549375
—  12.58975,

if we choose by_5 = 0, then

Wr_s = 0+0.9 x 35.7011875 = 32.13106875,

e+ BWrs — (Vs = —10+0.9 x (32.13106875 — 12.58975) = 7.587186875 > 0,
o+ Wi — BV = —29+ 0.9 x (32.13106875 — 12.58975) = —11.41281313 < 0,
ar_¢g — Q1 = 025,
1+ ap_g)? 1+ 0.25)2
(1+ ZT o) _ | +Z o) _ 0.390625,

so that we have by_5 < ap_g. Thus, there is a unique br_g € [0, 1] that pre-

cedes by_5 = 0: by_g = 1. But then by g = 1 > 0.83265625 — (tuteal >

W, so that there is no by_7 € [0,1] that precedes br_g = 1. Thus, if

we choose by_5 = 0, then by_g = 1 but there is no by_; € [0, 1] that precedes
it.
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If we choose by_5 = 0.75, then

Wr_s = 0.75 x (40 + 0.9 x 10.4549375) + 0.25 x 0.9 x 35.7011875

—  45.08985,
ey 4 Wiy — Vs = —10+ 0.9 x (45.08985 — 12.58975) = 19.25009 > 0,
eyt BWrs — (Vs = —29+0.9 x (45.08985 — 12.58975) = 0.25009 > 0,
ar_¢g = Q1 + a9 = 0.25 + 0.575 = 0825,
2 2
(1+ ZM) NG 04'825) — 0.83265625,

so that we have br_5 < ar_g. Thus, if we choose br_s = 0.75,

1—ap_ 1—ar_¢)?2—4(bp_s — ap_
brg — ar 6+\/( 04T26) (br—s — ar 6):0.375

is the unique br_g € [0, 1] that precedes it.
Thus, we have shown that given by = 0.375,

(bp—1,br—2,br_3,br_4,b7_5,br_¢) = (0.25,0.75,0.375,0.25,0.75,0.375)
is the only path that survives. Note that the corresponding path of «a;’s is
(O[T_l, ar_o,d7_3, X _y, T _5, aT—G) = (025, 025, 0825, 025, 025, 0825)

Thus, both the path of b;’s and that of a;’s exhibit a three-period cycle.
It turns out that these paths can be extended for longer periods.*

4We have used Excel to check that this claim is valid at least for 50 periods. The Excel
file is available from the authors on request.
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