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Abstract
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1. Introduction

There is a large and growing literature on the fixed effect panel data analysis in econometrics,
especially in semiparametric and nonparametric modeling, but very little attention has been paid
to the nonparametric estimation in dynamic panel models with fixed effects. As Lee (2007)
points out, one possible explanation for this is the difficult of treating autoregressive structure
and the individual specific fixed effects simultaneously in the context of semiparametric and
nonparametric estimation. In this paper, we propose a partially linear varying coefficient
dynamic panel data model with fixed effect which is an extension and a generalization of Lee’s
(2007) nonparametric and partially linear fixed effects dynamic panel models. To estimate the
functional coefficients of the model, we consider a within group type of series estimator and
derive its convergence rate and its asymptotic normality. Our asymptotic results indicated that
the within group series estimator is asymptotically biased and we also suggest a bias-corrected
within group estimator.

Section 2 of this paper gives the specification of the model and derives the within group series
estimator. Convergence rate and asymptotic normality of the proposed estimator are examined in
Section 3. Section 4 concludes the paper. The mathematical proofs are gathered in the Appendix.

2. The Model and Within Group Series Estimation

We consider the following functional partially linear varying coefficient dynamic panel data
model:

y, =0y, )+ x;t,@(zﬁ) +u +e, i=1..,nt=1..,T (1)
where y. € Y C R, 6(.) € © is unknown and © is a specified class function fromY to R;

T, € R’ (excluding a constant), and z, € R™ is a vector of exogenous regressors, f, is

individual ~specific effects and e, is the usual random errors. We assume that

Ee, |y, »--»¥.,7,,2,, 1) = 0 and the realization of the initial values y , are observed. The
individual specific effects p, is assumed to have finite variance and to be independent of u, for

all 7 and ¢. However, we allow p to be correlated with y, .,z and z, 2 with unknown
correlation structure.
Following Lee (2007, 2013), we assume that e, is independently identically distributed with

zero mean, finite variance and possess higher finite moments. It is further assumed that for each

i, e, is independent of {y, } _  and y, is independent across i. Finally, conditional on ,,

for each i, the process {y,} in (1) is geometric, stationary and /3 -mixing with exponential

decay.
Model (1) includes the fixed effect functional coefficient panel data model of Sun, Carroll and Li
(2009) when 6(.) = 0, nonparametric fixed effect of Lee (2013) when 5(.) = 0 and in a special

case where d =1 and z, =1 for all i and ¢, it reduces to the nonparametric additive model of

Baglan (2010). The model is also a generalization of the fixed effects partially linear model of
Lee (2007) obtain by replacing the parameters in the fixed effect partially linear model with
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T
some functions of covariates. Let 5 = T’IZsH denotes the within group sample average of a
t=1

random variable s, , and let 5, = s, —5 . Also, let g(z,,2,) =z 3(z,), then by employing
standard within transformation of (1) to eliminate the fixed effect, we obtain:

0y, ) +z,8(z,)—T" Z%ﬁ 2 )+e,
(yit 1>+§( IRy .)—f-@.

()

I
S

where 0(y, )=0(y, )—T" 20 )and §(z,.2,)==,08(z,) T leﬁ . We define
the general function {(w,) to be the additive within transformation class of functions G if
{(w,) = -T Zf .) is twice differentiable in the interior of its support W

which is a compact subset of R” and E{f*(w,)} < co. We will use the series p"(y) of (K x1)
dimension to approximate 6(y, ,) by 6(y, ,) ~ p“(y, ,) «, & linear combination of K known
base functions, where p*(y, ) =[p,(v, ,),---. P, (y, ,)] is a (K x1) vector of base function,
and o = (al,...,aK)' is a (K x1) vector of unknown parameters. Similarly, for [ =1,...,d, we
approximate the varying coefficient 3,(z,) by 5,(z,) ~ ¢/ (2, )'7,”, a linear combination of 7,
known base functions, where ¢/(z,) = [qﬂ(z#),...,qlr( )] is a vector of (r, x 1) vector of base

function and ~ = (7”,...,%”)' is a vector of (r x 1)vector of unknown parameters. Define the
(R x 1) matrices

qR(xit’Zit = [xit,lq? (Zit)"""xit,dqsl (zit)T

! ) d
and v =(v/,...,77), where R = "r,. Thus, we use a linear combination of R functions,
=1

q"(z,,z,) v, to approximate g(z,,z,)=z,0(z,).
Note that the approximating functions p“(y) and ¢"(x,z) have the following properties: (a)

ﬁK(yitfl) 7f 1 T Zp 19 1 Eg and q ( 71’ ) zf’ T Zq 79’

€0, (b)aseachof K and R grow, respectively, there is a linear combination of p, (yiH) and

a linear combination of gf(xit,zit) that can approximate any function in G arbitrarily well in the
sense of mean square error. Consequently, we can approximate 5( ) by d(y y, )~ P (y, )a

and g(z,,2,) by j(z,.z,) ~¢"(z,,z,)y where p*(y, ) and ¢"(z,,z,) are the transformed
basis functions. Hence we can rewrite (2) as
G, = 0"y, ) a+q"(z,z,)r+E, (3)
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where &, =é, +{0(y, )—p"(y, ) a}+{3"(z,,2,) —q"(z,.2,) v} . Using matrix notation,
we define (nT x1) vector Y =(3,,....9.,) , an (nT'x1) vector &= (£ ..., ) , an
(nTxK) matrix P, =(3"(y,),....»"(y,,)) and an  (nTxR)  matrix
Q, = (G"(z,,2,)s 3" ,2,)) . We also define (nTxnT)  matrices

M,=1I,—P(PFE)"'P, and M,=1,—Q,Q,Q,) 'Q, assuming thatboth (P, P, ) and
(@,Q,) are nonsingular matrices for large » and 7'. Thus, (3) can be written using vector-
matrix notation as

Y=Pa+Qy+& (4)
Let & and 4 denote the least squares estimators of « and ~ respectively, obtaining by
regressing Y on (PK,QR) from (4). Using partition inverse results, the estimators ¢ and + are
given by

a, =(P.M,P)'P.M)Y (5)

Yo = (QpM,Q,) ' QMY (6)
where we use the subscripts K and R to denote that these estimators are dependent of the
number of approximating functions. We then estimate 6(y) by é(y) = p" (y)'dK and 3,(z) by

B(2) =q'(2)5, forl=1,..d.
3. Asymptotic Theory

For convenient, let > denote the (K + R)x(K + R) variance-covariance matrix of

p"(y, ),q¢"(z,,2,) whose smallest eigenvalue is bounded above zero and the largest

eigenvalue is bounded for every K and R. Following Lee (2007), we decompose > as follows
DX DX

pp pq

XX

ap aq

conformably as p“(y, ,),q"(z,,2,) and ¥ =% . Thus, the conditional variance of

K - R - o -1 - -
p"(y,,) diven ¢"(z,z2,) can be defined as ¥ .=2,-3 X% and likewise, the

g
conditional variance of ¢"(z,,z,) given p“(y, ) is X =% -% ¥'¥ . Let

gy~ g @ T pg
pi(y,) = p"(y,) — E{p"(y,) | n} and ¢ (z,.z,)=q"(z,2,)— E{q"(z,,2,)| 1} be the

demeaned processes of p“(y,) and ¢"(z,,z,) respectively, such that E[p(y,)]=0 and

Elgi(z,,2,)]=0, for all i and ¢ . Also, we use "—2—" to denote convergence in

distribution. We make the following assumptions:

1754



Economics Bulletin, 2014, Vol. 34 No. 3 pp. 1751-1761

Assumption 1: {y .z,z,i=1...,n; ¢t =1...,T} are independent across i index; (z,,z,) are

it?
i.i.d. where z. = (z

S
subset of R,
Assumption 2: The error {e,} isi.i.d. with zero mean, variance o” and E(|e,

z,) and z =(z,,...,z,) , and the support of (z,z ) is compact

") < oo for
some v >4, and e, is independent of . as well as =, and z,, for all i and ¢. Furthermore,

{e,} has positive density almost everywhere and an absolutely continuous marginal distribution

with respect to the Lebesgue measure onR .
Assumption 3: (i) For each i, the Markov process {y,} has a homogeneous transition

probability F and the initial value y,, is drawn from the invariant distribution 7 . (ii)
Conditional on ., for each i, the process {y,} is geometrically ergodic over ¢ and hence -
mixing with exponentially decay mixing coefficients 3,(r) such that n='> ) " 8,(7)" " < oo

=1 7=1
a.s., forsome v > 4.

Assumption 4: (i) 6(0) = 0 and (i) lim — = x where 0 < & < co.

n,T—oc
Assumption 5: (i) For every K , there exists positive integers »~ and 7" such that for all
n>n and T >T", the (nT x K) matrix J5K is of full column rank. (ii) For each K , there

exists a (K x K) matrix I', = E[p/(y)pX(y)] such that ', has the smallest eigenvalue
bounded away from zero and the bounded largest eigenvalue; and in addition, {p”(y)} is fourth
order stationary with pr(y)pK(y)'wp(dy) < oo for each i. (iii) K = K(n,T) is nonrandom
satisfying K — oo and K* /nT — 0 as n,T — oo. (iv) There exists a constant ¢ satisfying
sup sup E{| p*(y,) "] 1.} < ¢ < oo forsome v > 4.

1<i<n 1<k<K
Assumption 6: (i) For every R, there exists positive integers n~ and 7" such that for all
n>n and T>1T", the (nT x R) matrix @, is of full column rank. (ii) For each R, there

exists a (RxR) matrix T', = El¢f(z,,2,)¢(z,,2,)] such that T', has the smallest
eigenvalue bounded away from zero and the bounded largest eigenvalue. (iii)7, = r,(n,T) is
nonrandom satisfying » — oo as n,T — oo. (iv) There exists a sequence of nondecreasing
constant ( (R):S — R satisfying sup HQR(x, z)H < (,(R) for every R such that
C(R)R* /nT — 0 as n,T — oo where S is the support of (z,2).

Assumption 7: (i) There exists a parameter vector o, € R* and a constant p > 0 such that

sup ., [0(y) — P (y)ev, | = O(K ") for every K ; (ii) For g(z,z) = S 26(z) there exists a
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parameter  vector yg:’ngz(yf,...,’y;})' and some constant ¢ >0 such that

sup,, .o |9(2.2) = Qu(z,2)7,| = O3, ).

Most of the above assumptions are very similar to the ones that are used in Lee (2007) and
Ahmas et al. (2005), we modify a few of them for the purpose of our analysis. Assumption 1 is
standard for panel data series estimation. Assumption 2 implies that e, is independent of

{ym}ng as well as . and (z,,2,). Assumption 3 is a standard condition for a stationary

Markov chain to be geometrically ergodic. In time series context, a wide class of nonlinear
autoregressive functions satisfied this assumption. See for example, Chen and Shen (1998), Fan
and Yao (2003). Assumption 4(i) gives the identification condition for 6(.), whilst assumption
4(ii) says that the time series T should not be too small compared with n . Assumption 5 and 6
usually imply that the density of y and the density of (z,z) are each bounded from below by a
positive constant. Assumption 7 states that there exist some positive constants such that the
uniform approximation errors to the functions shrink at particular rates. It is known that many
series function satisfy assumptions 5-7, for example, power series, orthogonal polynomial,
trigonometric series and splines. Under the above assumptions, we can now state our main
asymptotic results.

Theorem 3.1: Under Assumptions 1-7, as n,7" — oo jointly we have

A K R . i o C(K)K C(R)R
FE O(y)—0 20 (dy) = = K2 26, 0 0
J,, 10)—0w) Y (ay) 0[[nT+nT]+< S R B
andfor/ =1,...,d, let S, denotes the support of z, ,then
A 2 o K R —2p a2 CS(K)K CS(R)R
I IRCIOREO) Wl(dZ)OH—nTﬂL—nT]jL(K I

where 7, is the marginal distribution of y, and z,, .

The proof of Theorem 3.1 is a straightforward extension of Theorem 2 of Lee (2007), and we
outline the key steps of the proof in Appendix A. Theorem 3.1 implies that the convergence rate

of A(y) and Bl(z) (I=1,...,d) depends on both K and R, and it consists of three terms. The
first term ((K /nT)+ (R /nT)) is essentially due to the convergence rate of the variance
whereas the remaining terms (K*Q”+Zj:1r[2”l) and ((C(K)K /nT)+(C(R)R/nT))

corresponds to the convergence rate of the squared bias. As discussed in Lee (2007), the last term
is new and it does not appear in the standard series estimators for the cross-section case.
Apparently, it reflects the asymptotic order of squared bias where it corresponds to the
demeaning component of the within transformation.
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Theorem 3.2: Let @, :Z;OCOV(pK(yiH)) e,.,) where the k" component @, satisfies
|©,]<cok=1...K) for every K . Under Assumptions 1-7, and in addition,

nTK " —0,\NnT Z " 0 asn,T — oo jointly, we have
i) oy K,nT)"” é(y) —0(y) +T 'b,(y) ——N(0,1) for y € ¥ and
(i)  V(y,KnT)" B2)—B8(z)+T'b,(z) —2—N(0,I,) for ze S

where v(y,K,n,T) = o’P _(y) X' P (y)/nT,

K pp-¢ K

V(y,z,2 R) = 0°Q,(z,2) Eq;p qupr (2,2) / nT
b(y)=F.Wx, o

ppq K

b, =Q,(z,2)T 'Y ¥ P

qq.p g pp K

The proof of Theorem 3.2 is a straightforward extension of Theorem 3 of Lee (2007) and the key
steps of the proof are given in Appendix A. As in Lee (2007), Theorem 3.2 implies that the WG
series estimators are asymptotically biased just as in the case of fixed effects linear dynamic
panel models when the within transformation of the data is used, see for example Alvarez and
Arellano (2003). However, since the forms of the biases are known, this suggests the following
bias corrected estimators for 6(y) and [3(z).

Let 0°(y)=0(y)+T 'b.(y) and G'(2) = 3(2) + T 'b,(z) where 5() P(yx'd,

by = Quz,2)S,) % 31D, D, (nT)*lzi’:lzj w(i,J) Z Yy,,)E, ., for some proper
weighting function w(i,J), and > ' S ' and % ~can be obtained from the estimated

partitioned matrices of ¥ = (nT) Z IZt 1[ y, )" (@,.2,) HPK(%H)' ¢"(z,.2, )} :
Here CfDK is simply a heteroskedasticity and autocorrelation consistent (HAC) estimator of the

long-run variance ®,, and a simple Barlett weighting function w(i,J) =1—(j /(J +1)) can
be used. Under the assumption 1-7, it can be shown that the results in Theorem 3.2 remain valid
when replacing 6(y) and (3(z) by 6°(y) and 3°(z), respectively.

4. Conclusion

This paper considers a within-group type series estimation of a functional-coefficient partially
linear dynamic panel data model with fixed effects. The convergence rates and asymptotic
normality of the proposed estimator is developed. It is found that the within-group series
estimator is asymptotically biased, as in the case of fixed effects linear dynamic panel model
when the within-group transformation of data is used. A bias corrected type of series estimator is
proposed.

1757



Economics Bulletin, 2014, Vol. 34 No. 3 pp. 1751-1761

References

Ahmad, I., S. Leelahanon and Q. Li (2005) “Efficient estimation of a semiparametric partially
linear varying coefficient model” Annals of Statistics 33, 258-283.

Alvares, J. and M. Arelleno (2003) “The time series and cross-section asymptotics of dynamic
panel data estimator” Econometrica 71, 1795-1843.

Baglan, D. (2010) “Efficient estimation of a partially linear dynamic panel data model with fixed
effects: an application to unemployment dynamics in the U.S.” Working Paper,

Department of Economics, Howard University, Washington DC 20059.

Chen, X. and X. Shen (1998) “Sieve extremum estimators for weakly dependent data”
Econometrica 66, 289-314.

Fan, J. and Q. Yao (2003) Nonlinear Time Series: Nonparametric and Parametric Methods, New
York: Springer-Verlag.

Lee, Y. (2007) “Nonparametric estimation of dynamic panel models with fixed effects” Working
Paper, Department of Economics, University of Michigan, Ann Arbor M1 48109-1220.

Lee, Y. (2013) “Nonparametric estimation of dynamic panel models with fixed effects”
Econometric Theory, Forthcoming.

Sun, Y., R. Carroll, and D. Li (2009) “Semiparametric estimation of fixed effects panel data with
smooth coefficient models” Advances in Econometrics 25, 101-130.

1758



Economics Bulletin, 2014, Vol. 34 No. 3 pp. 1751-1761

Appendix: Mathematical Proofs

The proofs of Theorem 1 and 2 are similar to that of Lee (2007), therefore we only discuss the
heuristic ideas of the proofs here.

Proof of Theorem 1:
() By (5) and (6), we can write
a=(PP)'P(Y-Q7)
=(PP)'P(Pa+Qy+e+(0—Pa)+(G—-Qvy)—QF)
&—a=(PP/nT)" (Pe/nT)+(PP/nT) (P(©—Pa)/nT)+
(PP /nT) (P(G—=Qy)/nT)—(PP/nT)(PQY—~)/nT)
Hence,
1 ]a—aof <1, |(PP/nTy (e nT)H2 +1,[PP /a1y (PO - Pa)/ nT)H2 +

, B , 2 , B . R 2

L[PP/nT) (PG =@y /nT)| 1, |(PP/nT) (PQUG—7)/nT)
Following the proof of Theorem 3.1 in Lee (2007), it can be shown that the first term and the
second term respectively, are 1 H(P'P/nT)*l(P'e/nT)H2 <O ((K/nT)+ (KK /nT)

and 1 H(P'P /nT) " (P(©— Pa)/ nT)H2 <O (K™ +((K)K"™ /nT). The convergence

rate of the third term follows similarly but its convergence rate depends on R = Z;rj
because the function G is approximated by @7, thus
d _

(PP /nT) (P(G-Qy)/ nT)H2 =0, "+ Q@YD nT). The last term

J=1"7

1
looks more complicated because it involves the convergence rate of (7 — ). However from (4),
(4 — ) can be expressed explicitly as a function of (& — «) and by substituting this expression
into the last term and solve for (& — «), it can be shown that
. _ . R 2
L[PP /D) (PQE —)/nT) =0,(R/nT)+(CRR /nT)).
Thus, by combining the above results, also by noting that 1 — 1 almost surely, we have

l6—al <0, /nT)+ VK [ nT)+ 0, (K> + CE)K"™ /nT) +
O, ™ +QRY 7/ nT)+ 0 (R nT) +(C(R)R [ nT))

=O0,((K /nT)+ K™ + QK)K /[ nT)+0,(R/nT)+ > " r ™" + C(RR | nT)
Next, by triangle inequality, we have
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E [[[0(u) — 0()FdF,(u) = E [ [p"(w) (& — ) + (p*(u) o — () dF, (w)

< 2CE|a o +2E [[p"(w) o — 0(u)} dF, (u)

u

= O,((K /nT)+ K ¥ + C(K)K [ nT)+0,((R / nT) +

> GRIR/ nT)+ O(K ™)

=17
72(5

=0 ((K /nT)+ (R/nT)+K2"+Z +
((K)K /nT + ¢ (R)R / nT)

for some positive constant C' < co and Assumption 5. Thus, we have proved Theorem 1(7). The
proof of Theorem 1 (i7) follows the same arguments as above and hence omitted here. O

Proof of Theorem 2: First observe that
1 \nT(0(u) — (u)) = 1 nTP(é — a)
=1 \/nTP{(P'MQP)’lP'MQ(@ — Pa)} +
1 \/nTP{(P'MQP)’lP'MQ(G —Q}+
1vn TP{(PM,P)" P M.}

1LRT(3(2) - B(2)) = 1,dnTQ(7 - )
=1,VnTQ{QM,Q)'QM,(G —Q)} +
1 VnTQ{QM,Q) @M, (0 - Pa)} +
LARTQUQM,Q) " QM,e}
By Lemma Al.2 of Lee (2007), we have HE — EH — 0asnT — oo, thus, the first two terms

in (A.1) and (A.2)can be shown to be asymptotically negligible by Assumption 7. By combining
the last term in (A.1) and (A.2)along with the result of partitioned regression, yields

and

(A2)

1 nTP{(PM,P) ' PMpe}| (P 0. [1Pe/nT
L nTQUQM,Q) QM e}| |0 @ |1 Qe/\nT

First note that Hi‘l -3

Second, following the proof of Theorem 3.2 and Corollary 4.1 of Lee (2007), and the fact that

Pet+(1/T)®, / Jn_T
Ge/\nT

approximately normal with mean zero and variance o°%. Therefore, by using the inverse matrix
formula of the partitioned matrix, we have

—,0anT — ocoand z, is strictly exogenous for all 7 and ¢.

1 — 1 almost surely, the limit distribution of the quantity
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(= s ! —xly o5
ol [T Pq — prlg ppla pggq
DINDY S350 VD YLD SR D Y YD Vb DD S
» 1 99 ap" pplg aq 99 " pple PaT g
DIIEED o HD SR VD VRS Do YD Vi
— |7 pp T peadp T pp pppg qqlp
3y y n
aqlp™"ap™ pp qalp
and the desired result is obtained using the above expression. O
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