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Abstract

This note shows that a unique mixed Nash equilibrium obtains when there are three voters in
Palfrey and Rosenthal's (1983) costly voting game under complete information. Experimental
investigation of this result might be interesting.
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1. Introduction

In this note, | investigate endogenous abstention by considering a positive cost of participating
in a meeting for decision-making.! | choose a model with the number of members being finite,
actually three. In this sense, if that is literally taken, the target of this paper is not for so called
The Paradox of \Voting, as Borgers (2003) emphasizes.? We may also interpret this situation as
when there are three populated groups (say, senior creditors, junior creditors and share holdersin
corporate reorganization processes) and each representative has one vote.

| confine my attention to the case where there are two aternatives to avoid such a problem as
Condorcet paradox. | call one of the two alternatives a majority opinion in asociety if the number
of supporters for that alternative is larger than that of supporters for the other aternative, which
is called a minority opinion. By assuming that each member has to pay the same participation
cost to go to a meeting place, | analyze how each member in the mgjority and in minority behave
differently in equilibrium.

In an influential paper, Palfrey and Rosenthal (1983) show that there are typically two types of
equilibriain thistype of game: oneiswhere al voters choose mixed strategies (which are different
depending on whether he isin majority or in minority) over whether he abstains or goes to vote,
and the other includes some voters who definitely abstain and those who definitely go to vote.
Their main focus is on the asymptotic properties of these equilibria: when the number of votersis
very large, the probability of going to vote tends to be zero for all the voters in the former type of
equilibrium, which seemsanatural consequence. But, the second type of equilibrium does not have
such a property. On the contrary, this note shows that when there are three voters a unique mixed
Nash equilibrium obtains in Palfrey and Rosenthal’s (1983) costly voting game under complete
information.3 Palfrey and Rosenthal (1983) do not find or at least do not mention the uniqueness
result when the number of votersis three. The intuitive reason for the uniqueness is that a voter
in the minority group does not dare to abstain for sure because he is the only voter who can be
pivotal .

In the next section, | introduce a three-player model of endogenous abstention. If there is no
participation cost, then the only plausible (in the sense of trembling perfection) Nash equilibrium
is such that al the voters participate in voting. After that, | show for a participation cost near to
zero, the unique Nash equilibrium is such that the members in the majority participate in voting
with probability near one, and the members in the minority participate in voting with probability
near zero.

The strong imposition on the numbers of voters could be a good news for laboratory exper-
iments; our uniqueness result might be checked by experiments with just three subjects.* The
results in the model below depend on the ratio of relative benefit to participation cost, i.e. we can

1For endogenous abstention without participation cost, see Feddersen and Pesendorfer (1996, 1999). There the
driving force of endogenous abstention is the assumption that there are two types of citizens al of whom has a
common benefit: one iswell-informed type and the other is uninformed type.

2For arecent analysis of amodel with acontinuum of members, see, e.g. Coateand Conlin (2002). Their behavioral
assumption is that each voters maximize the aggregated expected utility of the group to which they belong.

3In a companion paper, Palfrey and Rosenthal (1985) consider a model with incomplete information on the costs
and/or preferences of other members.

4For an experimental study of strategic voting models, see e.g. Fisher and Myatt (2002).



normalize the benefit to a fixed number. But, | do not do so because for experimental purposes we
can have two controlling instruments rather than one.

2. Themoded

There is a social group which consists of three members. They are faced with a problem of
choosing one of two alternatives, A and B. Suppose that the number of supporters for A is two
(voters 1 and 2), and the number of supporters for B is one (voter 3). In this sense, alternative
A (resp., B) represents a majority (resp., minority) opinion in this group. We assume that these
dternatives are fixed.

A supporter for alternative x € {A, B} gainsu > 0 if dternative x wins, and gains nothing
if dternativey € {A, B}, y # x wins. We assume that she has to pay a (physical, mental,
opportunity, whatever) cost ¢ € [0, u/2) to participate in the decision-making or abstain from it.
After she decides to join the meeting, what she does at the meeting placeisto write“A” or “B” on
aballot and cast avote. The rule to decide awinning alternative is a majority rule.® Lastly, what
has been described so far is common knowledge among the three members.

Now, memberi’s(i = 1, 2, 3) pure strategy S is an element of the following set:

S ={(st, $9)Ist € {P, N}, % : {P,N}® = {Write“A”, Write“B"}},

where P means “Participate” and N means “Not Participate (i.e. Abstain).”

However, notice here that after she decided to participate in voting (i.e. gl = P), her choice
312 — “Against her preferred alternative” is aweskly dominated strategy for any observation st | €
{P, N}2. Thus, supposing aweakly dominated strategy is not played, we will focus on endogenous
determination of {ql}i , 1.e. what will be a Nash equilibrium in the first stage (deciding whether to
participate or not).

We can describe the normal form of the participation game by the following matrices where
voter 1 chooses arow , 2 chooses a column and 3 chooses a matrix (P or N). Thetriplesin each
box indicate the payoffsto voters 1, 2 and 3 in that order.

P N
P N P N
Plu-cu—-c,—c| 5-c¢3,5—c||P|lu—cu—-c 0| u—cu0
N| 3, 5—¢35—¢C 0,0,u—c N| uu—c0 3,5, 5

Letoi € [0, 1] bethe probability of voter i’s participating in voting. The reduced normal form
for voters 1 and 2 associated with a mixed strategy o 3 of voter 3 is given by

SOsborne, Rosenthal and Turner (2000) consider amodel where alternatives are not fixed, but the final decision is
afunction (which they call acompromise function) of how many and what types of members have participated. Turner
and Weninger (2001) is an empirical analysis based on the results of Osborne, Rosenthal and Turner (2000).

5When tied or nobody votes, the winner is decided by the fair lottery.
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P N
P u—c,u—=c 03(%—C)-I—(l—ag)(U—C),ag%—I—(l—ag)u
N | o35+ (1-03)u,03(5—0)+(1-03)(u—0) (1-03)5, (1-03)3

The first observation isthat if there is no cost to participate in voting (i.e. ¢ = 0), then thereis
a continuum of Nash equilibria: any o3 can consist of a Nash equilibrium as long as voters 1 and
2 participate in voting for sure.’

Proposition 1. If we assume that ¢ = O, then the set of Nash equilibria of the participation
gameisgivenby {(1,1,03)|0 < o3 < 1}.

Proof. If ¢ = 0, then the normal forms defined above are given as follows.

P N
P N P N
Pluu0 |3 55 PluuO|uuo0
N %1%1% O)O)u N ululo %1%1%
and
P N
P u,u 03%+(1—a3)u,03%+(1—03)u
N|o3g+(1—03)u,035+(1—03)u (1-03)3, (1—03)3

If 0 < o3 < 1,then (61,02) = (1, 1) isthe unique equilibrium of the reduced game since
P then strictly dominates N. If 0 < o3 < 1, it follows that the only candidates for equilibria
in the actual three voter game belong to the set {(1, 1, 03)|0 < o3 < 1}. Clearly, these are dl
equilibria. If o3 = O, then the equilibria of the reduced game are precisely the strategy pairsin
theset {(1,02)|0 < 02 < 1} U{(c1,1)|0 < 01 < 1}. However, (c1,02) = (1, 1) isthe only
equilibrium strategy pair of the reduced game to which o3 = 0 isabest response by voter 3 in the
actual three voter game. This completes the proof. QED

It is easy to see that the participation game with ¢ = 0 is nongeneric and that trembling-hand
perfection eliminates all the equilibriaexcept (61,02, 03) = (1,1, 1) because 63 = 1isvoter 3's
best response to any completely mixed pair of strategies of voters 1 and 2. In all the equilibria, the
social welfareis maximized (in the case where ¢ = 0) since the majority opinion wins for sure and
the sum of utilitiesis 2u.

3. Equilibrium under costly participation

Since the gameiis afinite one, the existence of a Nash equilibrium is obvious.



In this section, we are going to find an equilibrium of the game with non zero participation
cost. Thefollowing proposition is obtained.

Proposition 2. If ¢ € (0, u/2), then the unique Nash equilibrium of the participation gameis

2c 2c 2c
=(/1-=, J1-=1— /1=,
(Ula 0-290-3) (\/ u b u b u)

Proof. First notethat, in any equilibrium, it must bethe casethat o3 < 2c/u. To seethis, notice
that if 63 > 2c/u, then (o1, o2) = (1, 1) isthe unique equilibrium of the reduced game. However,
the best response of voter 3to (c1,02) = (1,1) iso3 = 0, acontradiction. If 63 < 2c/u, then
0< (1—2c/u)/(1—03) < 1andstraightforward arithmetic shows that the unique equilibrium of
the reduced gameis
1-2c/u 1—-2c/u

1-03° 1l-o03 )

There is no equilibrium in which o3 = 0 since, in this case, the reduced game equilibrium is
(o1,02) = (1—2c/u, 1—2c/u) and voter 3'sbest responseiso 3 = 1. Hence, voter 3'sequilibrium
strategy is completely mixed and equilibrium requires that voter 3 be indifferent between P and N.
This means that

(61,02) = (

2

and solving for o3 yieldso3 = 1— /1 — 2c/u fromwhichit followsthat 61 = 02 = /1 — 2c/u.
This completes the proof. QED

u@c/u—o3) . [Zc/u — 03]2 u

1-—03 l1-—03

Itisimmediateto seethat (61,02, 03) — (1,1,0) asc — 0. Inother words, if a participation
cost c is sufficiently small, then voters who belong to the majority go to the meeting place with the
probability of near one (that is, the rate of abstention is nearly zero), but avoter who belongsto the
minority goes to the meeting place with the probability of near zero (that is, the rate of abstention
isnearly one). Itisalso easy to seethat (61,02,03) — (0,0,1) asc — u/2.

In equilibrium, the payoff of players 1 and 2 is /u(u — 2c), which is a strictly decreasing
function of the cost c. On the other hand, player 3 obtainsu — ¢ — 4/u(u — 2c), which is strictly
increasing with respect to the cost. Thisis becausethe indirect, strategic effect, by which players 1
and 2 are discouraged to go voting, is more beneficial for voter 3 than the direct effect of reducing
her voting cost is.

4. Welfare

First, note that the maximum socia welfareis 2u — ¢, which is achieved by making only one
player among players 1 and 2 participate in voting.2

8| the social planner can directly choose one alternative among the two, then the maximized social welfareis 2u,
though.



In the class of mixed strategies (o1, 02, 03) = (p, p, 1 — p), the expected social welfare is
caculated as

010203(2u — 3C) + o102(1— 0'3)(2U —20)

+(1—-01)o203(3u/2—-2C)+ (1 —01)02(1 —03)(2u —C)

4+01(1—02)03(Bu/2—-2C) +01(1 —02)(1 —03)(2u —C)

+(1—-01)A—-02)03U—-C)+(1—-01)(1—-02)(1-03)(3u/2)
= (1+3p/2-p*/2u—(1+ p)C.

It is easy to seethat p = /1 — 2c¢/(3u) maximizes the social welfare, whereas in the unique
equilibrium p = /1 — 2c/u, which is smaller than /1 — 2c/(3u). So, in equilibrium, members
in the majority group are too discouraged, and those in the minority group are too encouraged
to participate in voting from the viewpoint of the social welfare. Thisis caused by the free-rider
problem within the majority group. And, anticipating that, player 3, who belongs to the minority
group, becomes aggressive, though the effect of the free-riding inclination is dominant so that in
equilibrium players 1 and 2 abstain from voting with a greater probability.
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