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Abstract

This contribution introduces a benchmark general approach of equilibrium dynamics
in the context of a simple model of overlapping generations with heterogeneous goods
that is based upon the properties of a pair of sectoral supply functions. The class of
preferences that is considered hinges upon consumption and endogenous leisure
motives and encapsulates earlier characterisations as special cases. The existence and
stability properties of wealth-capital equilibria and monetary equilibria are
successively considered, the elasticities of substitution between the two inputs being
emphasised to play a key-role for that purpose together with the curvatures of the
utilities of the three arguments of the utility functions. This provides a canonical
understanding of a benchmark environments, the current uniqueness and determinacy
results being potentially of great use for a wide area of future applications.
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ABSTRACT]L

This contribution introduces a benchmark general approach of equilibrium dynamics in the context
of a sirnp]e model of over]apping generations with heterogeneous goods that is based upon the
properties of a pair of sectoral supply functions. The class of preferences that is considered hinges
upon consumption and endogenous leisure motives and encapsulates carlier characterisations as
special cases. Lhe existence and stability properties of Wealth—capital equﬂibria and monetary
equi]ibria are suceessive]y considered, the elasticities of substitution between the two inputs ]oeing
emphasised to play a key—role for that purpose together with the curvatures of the utilities of the
three arguments of the utﬂity functions. This provides a canonical understanding of a benchmark
environments, the current uniqueness and determinaey results ]aeing potentiaﬂy of great use for a
wide area of future applieations.
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[ - INTRODUCTION

This contribution introduces an approach of equiiii)riurn (iynarnics in the context of the model of
overlapping generations based upon the properties of a pair of sectoral suppiy functions. The class
of preferences that is considered iiinges upon an en(iogencus labour supp]y and an eiernentary
savings behaviour that comes as an alternative to the Diamond tradition retained iay Galor in
his benchmark contribution. The sta]oiiity properties of weaitii—capitai equiiibria and goi(ien rule
equiiii)ria are successively Consi(iere(i, the elasticities of substitution between the two inputs ]oeing
empiiasise(i to p]ay a iiey—roie for that purpose. A generic appraisai is followed by geometric
appraisais for two and three-dimmensional dynamicai systems. An eventual attention is devoted
to the intertemporai eicﬁciency of the equiiibria under consideration.

The main ambition of the current contribution is to progress towards an understanding of the
essence of piienomena which may result in enciogenous fluctuations within competitive economies.
It is more preciseiy interested in the articulation between the eiasticity properties of preferences as
described i)y the offer curve and the ones of a basic tecilnoiogicai set as described i)y a prociuction
possi]oiiity frontier with two inputs and two outputs. [t is also intended to precisely characterise
the nature of earlier piienomena in terms of elasticities of substitution.

Dating back from Grandmont [9], numerous contributions have been intended at circumscri]oing the
role of an expiicitiy formulated tecilnoiogicai facet in the possibie occurrence of these pilenornena.
Reichlin (12, 13] ernp]nasise(i the role of weak ari)itrages in the prO(iuction set when the latter
builds from one or two-sector environments with fixed coefficients teciinoiogies. These conclusions
have been generaiise(i to positive elasticities of substitution between the produetive factors for
barter and monetary equilibria through the contribution of Cazzavillan & Pintus 5] and Benhabib
& Laroque [1]. Parallely and relying on a somewhat distinct perspective, Galor 8] and Drugeon 7]
have been aimed at a generaiised perspective with two goods and positive elasticities of substitution
between the prociuctive factors. More speciﬁcaiiy, the latter contributions introduce an articulation
between this literature and the multisector insights of Benhabib & Nishimura [4,5] in the optimal
growth literature. It further provides a detailed decentralised account of the restrictions on sectoral
elasticities of substitution which underlie the scope for en(iogenous fluctuations.

Section I introduces the basic framework. Section III characterises weaitii—capitai equiiibria.
Section [V anaiyses gol(ien rule equiii]oria.

II - Tue MopEL

II.1 - Ture TECHNOLOGY

Time is discrete. There are two sectors j = 0,1 1in the economy. The first produces a pure
consumption good in amount Y° whereas the second produces a pure capitai good in amount
Y*. Any of the sectors uses labour and capitai as inputs and the outputs of the consumption and
investment gooci sectors respectiveiy satisiy :

(1) Y;j < Fj (Xoj,tale,t)a

where Xijt denotes the amount of input ,7 = o, 1, empioyed in sector j, j = 0,1 at date t = 0,1,....
Letting Xoyt and X 1t respectiveiy denote the amount of available labour units and the aggregate
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capital stock at date ¢ = 0,1,..., both inputs are freely shiftable at any date between the two
sectors :

1
(2) ZXz‘j,t <X, 1=o0,1,

j=o
whereas the value of next period capital stock is subject to :
(3) Xl,t—i—l S }/tl + (1 - n)Xl,ta

for n €lo, 1] the depreciation rate of the capital stock.
The properties of the production technologies are restricted to the foHoWing list of assumptions:

Assumprion T.1 Fi(-,), j = 0,1, is homogeneous of degree one, concave and continuous over
R+ X R+.

Assumprion T2: vj e {o,1},VX,; € Ry, Fi(0,X,;) =o.

Assumprion T.3 ¢ There exists a level X, € RY such that, for any X, € R*, X, € R%,
F* (XO,Xl) > nX, for any X, < X, and F* (XO,Xl) < nX, for any X, > X,.

Assumprion T4 :Vj € {o,1}, Fi(-,-) is of class C3 over R} x RY.

Assumprion T5 1 Vj € {0,1}, ¥(Xoj, X15) € RL x RY, OFF (Xo5, X,;)/0X0; > 0, OF7 (X,;,
X,;)/0X.; > 0, 02F(Xoj, X.1;)/0(Xo;)” < 0, PFI (X5, X15)/0(X.5)" <0 .

Firms in industry j = 0,1 take wo,wl,pj as given, for wy, wi and pj respectivel the labour
Y J t> Wi Pt g ty Wt t y

wage rate, the gross capital rental and the price of good jatt=o0,1,... They select {Xoj’t, X1j,t}7

jJ=o0,11n order to maximise their proﬁts :

(4) Maximise p]V7 —wfXojs —wiXyje st. Y < FI(Xoj4, Xujit), Xojie > 0, Xaje > 0,

oj,t7X1j,t

Capital and labour being freely shiftable from one industry to the other, they move so as to equalise
their rental rates and an interior competitive equilibrium of the productive sector is available from:

S OFI
(5a) W%/pg = @(I,le,t/Xoj,t),
(5b) Y7 = (Xoju/Xow) XouF7 (1, X150/ Xojt)s

1

(5C) Xl,t/Xo,t = Z(Xoj,t/Xo,t) (le,t/Xoj,t)a

j=o

1

(5d) 1= Z(Xij,t/Xi,t),i =o0,1.

j=o
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[1.2 — A SuBSTITUTABILITY-BASED «SECTORAL SUPPLY FUNCTIONS» APPROACH
The consideration of equations (5a) allows for introducing (w°/ wl)j (X1j1/Xojt) =
[0F7 (1, X154/ X0jt)/0Xo;]/[0F7 (1, X 1),/ Xo0j) /0X 5] From the concavity assumption T.5,
these functions are monotonic, they are invertible and in turn open road for expressing the two sec-
toral input ratios X,/ Xo;.¢ as a pair of functions (X1;/X05)() of the ratio between the rental rate
of the two inputs w? /w} that further satisfy O[(X.1j/Xoj) (W /wp)] [ O(ws/wi) >0 for w9 jw? > o.
The argument shall then further be simpliﬁed by imposing an extra «no factors—intensity reversal )
assumption between the two industries :
Assumprion T.6 ¢ v (wp/wi) > o, cither (X11/Xon) (w§/wi) > (Xio/Xoo) (wf/wi)
or (Xyo/Xoo) (wf/wi) > (Xaa/Xor) (WP fw})-
Under Assumption T.2 and from (5b), ¥/ > 0 < Xojit/Xo > 0, j = 0,1, namely for w?/w?
that satisfies (X11/Xo1) (w/wi) < X1t/ Xor < (Xio/Xoo) (wp/wi) or (Xio/Xoo) (wp/wi) <
X1/ X0 < (X11/Xor) (wf/w}), ie., for wo/w} € ] ( °Jw*) (X11/Xou), (m) (X10/Xo4) ],
the two loci (M)() and (wo/w*) (+) being defined from :

() (/) = (/)" (K Xor) () (Xr/ Xor))
(@) (0] = (/") (X Xor) () (Ko Xor))
for (X11/Xo0) (Wi /wi) > (<) (Xi0/Xoo) (Wi /wi).

Then, within the above interval, considering a given rate — be it w?/p? or wi/p? — in (5a)
between the two industries, under Assumption T.6, pi/pf in its turn emerges as a mono-
tonic function (p*/p°)(-) of any wfwi € J(w/w*) (X14/Xo)s (wO/w) (Xit/Xok) [, namely
O(p*/p°) (w§ /wp) /| O(wp/wi) < (>)o for (X11/Xon) (W /wi) > (<)(Xi0/Xoo) (wf/wi). Let-
ting (p'/p°)(X1.4/Xot) = (p*/0°)[(w°/w)(X1,e/Xoyp)], it is finally obtained that no spe-
cialisation occurs between the two industries if and only if pi/pY € ](p1 /po) (Xl,t/Xo,t)y

(0" /1°) (X1.4/Xo.t) [, where
(p*/p°) (X14/Xoi) = (P /P° )[(wo/wl X1t/ Xot) ( p"/p°) [(w X,/ Xo, t)D
(0" /p°) (Xs0/ Xou) = (0" /p°) [(° /") (X0/ Xo0) (p/p) 7o) lt/Xo,t)]),
for (Xa2/Xon) (@0 /w}) > (<) (Xuo/ Xoo) (w§ /w}).

Within this interval and from (5¢)—(5d), Xoj.t/Xo,+ emerges as

(Xoj/Xo) [(w°/w") (pt/0?), X1t/ Xo k)
s Xt/ Xow — (Xaj /Xogr) [(w*/w°) (pi /7)) S
(X15/Xoj) [(w /w®) (peg /p?) ] = (Xujr [ Xogr) [(w /w0) (p} /0?)]”

From (5c), this eventuaﬂy equips the analysis with a pair of structures that shall henceforward be
labelled «sectoral supply functions» (SSF) :

(6) F (Xot, X0, 01 /DY)
2 (X0 /Xo) [(w®/w") (01 /7)), X1t/ Xot) Xo F7 (1, (X15/Xoj) [(w" /w°) (pi/p?)D,
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for j = o0,1. From Drugeon [7], any of these SSF Fi(54), 5 = o,1, is homogeneous of
degree one with respect to X,; and X, , and satishes F7 (X, ., X, 4, p2/p9) > 0 < pt/p? €
} (pl/po) (let/XO,t), (pl/pf’) (XM/XOJ) [ They relate to competitive prices according to :

: i o OF7
wi/p? =Y (0l /p?) - 9X. (Xo, X10,00 /D7),

j=o
1

. oF* 1/,0
Z(pi/pg)W(Xw,Xl,t,pt /pt) =0

j=o
Further ietting 7@( £ w' X,/ Z;:o w'X;j, i =0,1 feature the shares of total cost devoted to the
two inputs in sector j and (ienoting the direct eiasticity of substitution between the two inputs
as E_]X X, 2 4l ( 1J/XOJ) / dl ( 1/wo). Finaiiy ietting the respective aggregate siiares, e.g., of
consumption and proﬁts in national income, be introduced as Tyo = p°Y©/ (pOYO + plYl) and
WX, /(WX +wrXy) =300, Wyj7§(1 [ (X0 Ty wg(O + i Ty Wg{l), the derivatives of the
SSF reltate to the aggregate values of the inputs accorciing to :

OF°)0X, = [r%. /(7% — 7% )] (OF°/0Xo0),

OF°/0X, = —[(r —7x,)/(7k, — 7%.)] (OF°/0X,,),

OF*[0X, = —[n%. /(7. — 7%, )] (OF"/0Xo,),

OF' [0X, = [(1 = 7%,)/(vk, = %,)] (OF" /0X,,).

The SSF also relate to the relative price of the investment good accorciing to:

8}—O/a p /p ZWX 7TX WYJEX X, / 778(1 (pl/p0)§

8]—"1/8 D /p ZWX 7TX ﬂ'yJEX X, / ﬂ-g{l (pl/p°)2'

[t is also noticed that tiie previous sectoral proﬁts maximisation (4) can then proiicientiy be
supplemented by seei(ing the triples {Xot, X1 6,01 /09 } that maximise at each date t > o
PYFO (KXot Xty 1 /02) + D FO(Xots Xoy pp /1Y) — W X —wi X, 1 subject to X, > 0, X, > o,
pi/D§ € ](M) (Xl,t/X(,,t), (W) (Xl,t/Xo’t) [, the alternative representation of prices iaeing
then immediate. An alternative representation of the competitive equiiibrium of the productive
sphere (6) is then available from

. . OF7
(72) wi/py = Z(pi/p?)W(Xo,t,Xl,t,pi/p?),

j=o
(7h) Y7 = FI (Xou, Xut,01/PF), = 0, 1.

Consiciering the aggregate eiasticity of substitution between the two factors costs w° and w*
respectiveiy associated with the inputs X, and X, and for given levels of the outputs. I
is given by Z;:O % Tx . Tyi 5% X; / Z;:O 7ryj7r‘7XO Z;:O Ty, - Similarly, considering the
aggregate eiasticity of substitution between the two outputs Y° and Y respectiveiy associated
to the prices p° and pt, nameiy Yyoya, for given aggregate values of the inputs. [t derives as

Z;:O X0, T, Ty XX, X, /[ TYoTy s (W}( — 7T§(1)2.
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IH - AN ARGUMENT WITH CONSUMPTION—LEISURE ARBITRAGES

IIIl - A CENERALISED CLASS OF PREFERENCES

The preferences of an agent of generation ¢ are now featured by an intertemporal utility function
g g y y
u(ck, 0, ¢ty ,), the properties of which list, omitting arguments for concision, as :

Assumprion P1: we CF (R% x]o, [ x R%,R), k>4 and is strictly quasi-concave over RZ.

Assumprion P20 w(et e, b, ) € RY x]o, £[xRY, Vau(ck, &, ¢ty ) > o.

: ou . ou
Assumprion P3: V(c, b, ety ) € R x]o, 1[><Ri,11mc§_,08—c€(c§,€§,c§+l) = hmez_)oa—a(ci,ﬁi,ciﬂ) =
) ou
llmc&_l%o m(ciafiyciﬂ) = 0.

For future references, normality assumptions on the three aguments of the felicity function are
achieved through the retainment of the foﬂowing restrictions :

_ ¢ ot . . Ou| O%u 0*u 0%u 0%u
Assumprion Pd: w(c, e, ct, ) € R x]o, f[xRY, ad [3(@)2 EE " B0 8(0§+1)8€§]
N @[ 0?u 0%u _ OPu PPu } N ou [ 0?u 0%u
ol 1000 (ct,) 9(cky,)oc 9ci0t; 9(ct, )" o(cty,) LOciot; oto(ct, )
_ O O%u }>0f0ranyct>o€t>0 (ct.,) >o.
o0l 9(ct, ) oct boom T
N . Ou| 0%u 0*u 0*u 0%u
Assumprion P5: w(c, et ety ) € R x]o, f[xRY, ad {acga@; TEME " S ) 3@8(0§+1)]
ou 0%u 0%u 0’u  0%u ou 0%u 0%u
e i A e IR et 7w
0%u 0%u
~ atod acga(c§+l)] o
. . Oul| 0%u 0%u 0%u 0*u
Assumprion P.6 @ w(ct 0t ety )) € RYxJo,1[xRY, o [0@80% o, )08~ a(eL, )od 8(@)2]
ou [ 0%u 0%u 0%u 0%u ou 0°u  0%u
ot {3(3%84 0(ct,)0ct (ch,)on 9(01?)2} O(cts,) Lo(ch)” o(6h)”
0’u  0%u
- WW} '

A representative agent of generation t > 1 thus selects his consumption span and his ﬁrst—perio&
leisure choice in order to solve :

L toptot : ¢ t -t
1}{{?’;}%15% U<Cta 04, Cips) subject to PECt + PP Crpn/Ria < wi (—44),

Gty

First-order interior solutions list as :

ou ou
@(Ci’ei’ C§+1) (p§+1/17?) - Rt—i_l@_ci (Ci,@, ci+1) =o,

ou ou
a_gi(ciﬂgiﬂ c§+1) (pg—i-l/pg) - (w?/p?)a_cg(cfﬁ7££7ci+1) =0,

C1tf + (p§+1/p?)ci+1/Rt+1 - (wf/pg)Xo = 0.
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Letting henceforward ¢f = Clw? /P2 Risr/ (094, /09)], iy = C'wf/pd, Risr/ (P4, /PY)] and
=L [wf /D9 Rita/ (pg "/ pg)] denote the solution to this system, an extra restriction is imposed
on both of its components:

aC
Assumprion P.7: V(w? P9, Rivq/ (081, /p9) ) € R xRY Wi [P} R /(PP /P
(0700 Resa (01 /30) ) € RO, oy [0 R (0 /97))
£ o O/} Reen) (0 /)] £ o o (wp/n
R/ (ppy, ) T T e LR /(02 /7)Y

Rt/ (pfy,/pf)] # o
He is equivaientiy to solve

Minimise p2c! + w?e! + P0Gy /Rign — will subject to u(ch, 0y, ;™) > a, u given,

{Ci,c§+1}

that in turns allows for introducing, ietting I denote the shadow price associated to the constraint,
the consumption expense function of the consumer as £ (pto, Wy PLys ﬂ): = p?ci’H (pto, Wiy PLys ﬂ) +
t,H _ t,H _ t,H N\ tH _

wyly (p?, Wy Pias U) +DY 1 Cen (P?7p?+1» u) /Rits, where Cy (p?, Wy Piyqs u), l (p?, Wy's Pigr s u)
and cifl (p?, W'y PLyqs ﬂ) denote the dual Hicksian demand functions Introducing then Te =
p?cit (p?c€+w?€§+pg+1ci+1/Rt-i-l)7 ¢ = wggi/(pif)citt—i_w?gi—i_p?—l—lci—kl/nt-i-l)’ Ter = (p?—l—lci—ﬁ-l/Rt'i‘l) /
(mj chHwli4py, i,/ Rt+1) as the shares of total consumption devoted to first and second period
consumptions and ietting S feature the scale eiasticity of u(ey -, ), it is noticeable that the share
accruing to iirst—periO(i consumption c! and the scale eiaticity S relate accor(iing to

_ Ou [ Ou , ou ou ,
Te = Bcffct /Su, S = (8c§ct+ 8c§+lct+1+ 8@& u

and indexes of the ioiiowing sort describe the second-order elasticities of the expense function:

0*FE OF OF 0*E OF OF

sH.—p Ni=E—r -

ce Op°Op®’ / Op° Op°"’ ¥ Op°ou / Op° ou’
o*E OF OF
H . __ -
SYyi= E@(u)2 / ou Ou’

H

cc’o

where it is, e.g. recalled that any coeflicient T, . refers to a dual Hicksian eiasticity of substitution
whilst Zg,, features the income eiasticity of ﬁrst—perioci consumption compensate(i demands.
Goods ¢ and ¢ are (iepicte(i as substitutes when ¥ g/ un(iergoes positive values — a rise in the price
of gooci ¢ would then translate into an increase in the demand for good ¢ — and as complements
when Zfé, iiappens to un(iergo negative values. Finaiiy, E{/{Y relates to the scale eiasticity of the
ieiicity function : for a feiicity function iiomogenous of (iegree S, it would indeed be available as
(1-8)/8.*

Any of the components of the Hessian elasticities matrix of u(s, ), e.g.,

o Joudn
—cc — ’U,a(cg)z 00% 80%

cer?

*While the concavity of the expense function with respect to prices implies that 3 Eg, and Eg are
negative, in a three goocis Worici, an increment in the price of a given gooci needs not to entail an increase in

the consumption of the outstan(iing gOO(i.

..6...
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assumes a representation grounded upon these ordinal coefficients. More explicitly, letting and
D=X g, X 5 Te + Eg, X 5£7Tc/ + X g X gem > 0, the earlier formal assumptions will assume a much
more satisfactory un&erstanding through these coefficients.

LemMa | [A Paramerricar Unperstanpineg or tae Restricrions on tae Uriniry FUNCTION].
Under Assumptions P.1-7 :
(i) for (Aw) = (7028, muXly —(1—muSH)], (Aew) = [mZE —(1— mEE) mZE)]
and (Agc/)/ =[-(1-n28) w.XH w.XH ], the components of the Hessian elasticities
matrix assume the following representation in terms of the coefficients of the expense function:

SME = —12{;1}/1/ +D* [ACZECE (-ACZ)/ + Acc’ Ecc’ (Acc’)/ + Aﬁc’ EZC’ (‘AZC/)/}

(ii) the normality restrictions of Assumptions P.4, P.5 and P.6 are respectively equivalent to the
holding of X%, > 0, XH, > 0 and X, > o ;

(iii) the concavity restrictions of Assumption P.2 are fit for Eﬁ > o, Efc[, > 0 and Eg, > o, the
negativeness of the third-order principal minor of the Hessian of the utility function implying
2y =05

(iv) the components of the vector of the Hicksian elasticities of substitution respectively satisfy:

Proor : This builds from a forthright adapation of the proof of Lemma 1 in Drugeon [7] . A

1112 - AN AUGMENTED EQUILIBRIUM ARGUMENT

Derintrion 1. Under Assumptions P.I—?, T.I—5, an intertemporaI competitive equiIi]orium is a
sequence W, i= { Xo 4, X0, Y2, V', wf /07, w} /09, 0/, Be/g, i bk, ph /o3 " s W €
R%? such that :

(i) o = Clwg/pp Rua/ (05 /)] char = C'[wp /D5 Rugs/ (0511 /p7)] and & = L[wp/p},

Rt/ (024:/P7)] 5

{Xo,taxl,taptl/p?} maximises py O(Xo,t,Xl,t,pé/P?) + p; 1<X0,t:X1,taptl/p?) — wyXot —

wiX,atanyt>o;

)
) (02 /09) X0 = (w9/P§) Xa — ¢t + (By/p?) M ;
) X =Y+ (0 —n)Xi=F (Xow Xat. 0t /08) + (1 =) X1y 5
(v) Xot = e
) cb+ et = Y0 = F (KXo, Xoo 0} /1Y)
; Ria/ (P94, /09) = [(wiy /P0) + (1 =) (piy /P01) ]/ (01 /%)
my = M.

To sum up, an intertemporaI competitive equiIi]orium restates as :
Xipp =Y + (0 —n)Xi
(Wi /) (E= ;) — ¢ = (pt/P)) [Ve + (1 = m) X ],
(Bey1/PPyy) — Rega (Bi/py) = o.
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or, more explicitly:

Xoprr — (1 =) X
— F (0= L[(@°/p°) (0t /0?), [(w/0°) (Pisa /P4 ) + (Phn /PE40)]/ (0F/D2) ], Xots i /D7) = 05
(w°/p°) (pi /02) (= L[(w/p°) (02 /9F), [(W" /1) (Piys /D242) + (P2 /PEsa) ]/ (/7))
—C[(w°/p°) (01 /19), [(@*/°) (Dhy2 /D%4r) + (Phes /0541) ]/ (02 /20)]
— (pr/0?) [F* (1 = L[(«°/p°) (01 /P7) [(w /1°) (i1 /D242) + (Pia /P042)]/ (P2 /07)]s Xoas 02 /1Y)
+(1— n)let} =o,
(Brga /P741) = [(WH/0°) (Prya /P240) + (Piga /0810) ) (Be/p?) [ (pi /D7) = o

IV — WEALTH-CAPITAL EQUILIBRIA

An interior wealth—capital steady state equilibrium is defined by a pair {X x, (pl / po)*} €
Jo, X,/ Xo[ x| (p*/p°) (XF/Xo), (p*/p°) (XE/Xo0) | which solves :

Xy = FH (0= L[ /%) [(0/0°) "], (@ /%) (0" /7)) /(0 /0°)" + (1 = )] X3 (0 /9°) ) = o,
(@ /) [(p*/p°) ] (2 = L[(@°/p°) [(" /p°) "] (w0 /° )((p /p ))/ (/%) + (a —77>])
—C[(w /") [(0* /p°)"]s (@ 0°) (0" /2°) ")/ (0" /9°)" + (2 = m)]
= (" /p°)" [F* (a = L[ /p°) [0 /p°) "], (@ /9°) (0 /p) )/ (0" /p°)" + (1= n)],
X5 (p/p°)) + (1 —n)X]] =o.

The key aggregate parameters therein assume a local disaggregated formulation:

LemMmA 2. Under Assumptions T.1—5, P.1—7, an interior wealth-capital steady state will be charac-
terised by:
(i) aggregate factors shares that satisfy Zl_o 7T_JX Ty

= [ (= m) (0 = 7%, ) /w7 (1 -
) [me =%, k] Y m mys = [T (L me)wk, fme =m0 (o) e
%, +
(ii) aggregate outputs shares that satisfy: myo = [n7* (1—m) /7 — (2 —TX, N/ I (1—me) /e —
%, + 7k, ] and wys = (1 — 7% ) /[0 (1 — wo) /me — 7%, + 7k, ]
(ii) a steady state expression for the aggregate elasticity of substitution between the inputs that
is given by: 3, 7y ﬂgfoﬂg(lﬂgfoxl ={[n*(—m)/me — (1 — 7% ) ] 7%. 7%, % x, + (1 —
TS )T, xS x, ) T (0= me) e =, 4
Proor . The steady state is defined by the holding of (wo/po)*(g— 0*) — ¢ = (pl/po)*X
rearranging, this reformulates to: Z;:O Ty 7r§(0 [1 — 7TC/(1 — 775)] = 17y, Solving in mya, the
steady state expression of the latter is obtained as 7y, = (1=7%,) /[t (1=mp) e —7% 7 igr],
the obtention of the expressions of 7y, > imo Ty Fgfo, > im0 Ty Fg(l and D imo Ty Wg(-o 7r§<1 ngoxl

]oeing then immediate. A

Upon existence, the Stabﬂity properties of a Wealth—capital steady state are then listed in the
foHowing statement:

L8
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Propostrion 1. Under Assumptions T.1—5, P.l-?, let ng, > ZC and Eg > E v and consider an
interior wealth-capital steady state position:
(i
1

(ii) for 7% > %, it is a saddlepoint equilibrium if X% y > wk /7% [1+ (n7* —1)/7% | and
(iii)
2y x, <7k, /(1—7% ) holds.

(iv) the area for two-period cycles is unequivocally associated with the occurrence of % > 7k .

Proor : Vide Appendix 1. A

for X%y, — +oo0 and XY y — +00 , it is uniformly a saddlepoint equilibrium ;

Yx.x, > k. /(1 — 7%, ) simultaneously hold;

for % > w% , it is locally unstable when either X% y < 7% /7% [1+ (n™* —1)/7% ] or

REMARK . II] a one OOd environment where F° = Fl, the CoefEcients Of the characteristic
g
polynomial hSt as:

~axn/mys + (1 —17) (25— Xh) ]
) = P s e
(Zg/ >5) Xx,x, [7TX177/7TY1 +(1— 77)}

+ + e /myan ) +
ey el ) S
Zg,mg+ﬂgy7rxo]

(X - 28

det(7) = [mx. /ey + = )] 1+

Otherwise stated, and in contradistinction with Proposition 1, the sole area for two—period Cycles
is to rest upon a relaxation of the gross substitutabihty assumption on preferences, ie., either
Eg/ < Egz and Zg < Zg%. As for local unstabﬂity and an area for a Poincaré—Hopf laifurcation,
under a gross su]ostitutalailiity assumption on preferences and thus for ¥ chcr, > g% and X 5 > X gz,
it happens to be uniformly associated with X X, X, — O and thus with a complementarity
assumption between the procluctive factors. &

V — GorpeN RuLE MONETARY EQUILIBRIA

An interior goMen rule steady state equlllbmum is defined l)y a tr1p {X (p1 / po)*, (B / po)*} €
Jo, Xy /Xo[ x| (p*/p°) (X7 /Xo), (pl/p ) (X7/X,) [x]o, +00) which solves :

nX: = FH (1= L[(w/p°) (0 /9°) "], (/o) (0" /7)) /(02 0°) + (1= )] =, X5, (0 /°) ") = o,
(1)) 10 = L1 ) [0 ) T (2 /7) (0°37))/ 0 7)o+ (0=

Cl(w°/r°) [(p /9°) "], (@ /0°) (0 /6°)) /(0 /9°)" + (1 = m)] = (B/p°)"M = (9" /p°)" X1 =,
(/o) [(0*/9°) 1/ (0" p°) " + (1 =) =1 = 0.

Rearranging, a monetary steady state will be characterised by the holding of

- STy, T, LT G M(B/p°)"
Ty:n~' Ty — T Tx, = TX, ! ! (p*/p°)" X1
S 7Tyj7T§ T 1—7%
_ £=j=o0 - °<1— c ){1 817+(1—n),
Ty:1) 1—m ) [ Tx, — T,
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whence a local disaggregated representation for the aggregate parameters:

LemMma 3. —— Under Assumptions T.i—5, P.i-?, an interior golden rule monetary steady state
will be characterised by:
(i) aggregate factors shares that satisfy E;:O 7T§(07TYJ' = (1 - W}(l) /[1 — (7?}(1 — 7'('3(1):',
Yo, Ty = 7%,/ [1 = (7, — 7))
(ii) aggregate outputs shares that satisfy myo. = (1 — F}(I)/[l — (7T3<1 — F%l)] and y: =

% /= (mx, = 7%

(iii) a steady state expression for the aggregate elasticity of substitution between the inputs
that is given by Z;:O 7ryj7r§07r§<1 Zg(oXl = (1 — 7r}<1)7r§’(1 [(1 — W%I)E%OXI + W}(IE}(OXI] /
= (mx, —7%)]

Proor . —— This procee(is from a straightforward a(iaptation of the line of argument (ieveiope(i

for Lemma 2 i)y noticing that the third component in the above definition of a goicien rule steaciy
state can be defined as Z;:O Tyj ﬂé(l = Ty:. Soiving in Ty and generaiising the approacii to the

other parameters, the results follow. A

Lemma 4. —— Under Assumptions T.i—5, P.i—?, further let:
(i) for Z’Zo, > YH | the set of Classical (Samuelsonian) Economies is associated with (1 — 779(1)77
+ @ =n)(rk, —7%,) > (ks
(i) for Eﬁo, < XI the set of Classical (Samuelsonian) Economies is associated with (1 — w%l)n
+ (1 —n)(rk, — 7%, ) < >)7k.-

Proor Vide Appendix 4. A

Proprostrion 2. Under Assumptions T.1—5, P.1—7, let XH, > Eg% and consider an interior golden
rule steady state position:

(i) for X'x x, — 00 and Xx_ x, — 00, it is uniformly a saddlepoint equilibrium ;
(ii) for Samuelsonian Economies, the saddlepoint property is uniformly available;

(iii) for Classical Economies, the saddlepoint property is available for:

H

a/ for my > m%, it is a saddlepoint when YR < ¥H,

o _ H 1 H .
<& 7%, Yoy /ToTx, + Xy

i)/ for 7% > w%_, it is a saddlepoint when 7% — 7% < —(1 — 7% ) [7x,n/7y+ + (1 —1n)].

Proor : Vide Appendix 2. A

REMARK : IIl a one OOd environment wiiere F° = Fl, tile Coeﬁicients Oi. the ciiaracteristic
g
poiynomiai ilSt as:

H H H H
tr(j):1—{—7TXon L+ (X8, — D8 ] L X, {1+ T(Zf - ZF) Ix.x,

X, mx, (T - ZH) X, T (D, — XH) mx, T (X — R
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X" 1+

spm(J) =1+
( ) TX, TX, (Eﬁ, —Eg,)

me(Yie — X&) } X, {1+ me (S~ S1)
L me (S - 28

XXX, SHmo+ 28 nx,

e (S - ZE) T m(ZE - 3R

Tx, N Ty X, n/ Ty — men/mys — 1]

TX, mme (2, — S8, ’

_|_

+

H H
Egyﬂ-é —i_ chyﬂ-XO .
H H
e (Eec' - EEY)

det(J) =1+

Otherwise state(i, for samuelsonian economies most of the conclusions of Proposition 2 appear as
Straightforward generaiisations of a homogeneous gooci environment. Things ciiger, i1ovvever7 for
classical economies where the sign of Tx, — Tk, piays a role and a range of conﬁgurations appear

that were not available with a homogeneous good setting. &
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VII - Proors

VIII - PROOF OF PROPOSITION 1

irst-order conditions list as :
First-ord ditions list
ou i
%(cﬁ,@, ci#—l) - (wf/pf)@(d,@, C€+1) =0
t 1
ou ou
e (G0 s Cia) (P4 /) = Rea 55— (4, b, cta) = 0,
t t+1

Ci + (p?+1/p?)cf:+1/Rt+1 - (wf/p?) (1 - éi) = 0.

Linearising :
_(Ecc - Eﬁc)ﬂ-cs (EM - ECZ)WZS (EEC/ - Ecc’)ﬂ-c’S C
(Ecc - E’c/c)ﬂ-cg (Ecﬁ - EC’E)WES _(Ec’c’ - Ecc’)ﬂ-c’g L
Te T Ter c’
1 (6] |: Q? . Pto :| (¢}
— 0 1 =]10{.
1— T Ty Rt+1 - (Pto—l—1 - ,Pto) 0

The system of demand equations is gathered in the foﬂowing matrix :

Ao /) Aefrr /67" /7))
Avwo /vy Aewe /o 1) | -
Acwo/p) Aer /o /o))
whose CoefEcients, for
Dcﬁc’ = WCWEWC’SZ{ECCEM - (506)2 - Hc’c(:M - Hcé) — —=cY (Hcc ~—'éc)
+ ZeeZerer — (':'cc’)2 — Zc (Ec’c/ —fcc’) —Lc! (‘—'cc :c’c)
+ ZpEee — (:ec’)z — Z (‘—'c/c/ ‘—'ﬁc’) - S (EU - Hc%) }a

state as :

—_ 2
—
o)

Bt o = (Put) " { [(Bewr = Ere) + (Bt = Zu0)] + [Zueer —

— Zu (Ec’c’ - Eﬁc’) — Eeer (EM - Ec’ﬁ)]ﬂc’ }71'@71'@8,

Ag(o oy = (chc/)‘l{ [(Zee = Zve) + (Bve — Beer)] + [EecZee — (Bee)”
- Sie(Eow — Bur) = Bre(Fur = Ze)) (1 = ) fmemsS
Ay /o o)) = (Dcfc')_l{ [(Zee = Zte) = (Beer = Zue)] + [BeeBerer = (Zeer)”
— Zpe(Bve — Eowr) = Bt (Bee — Evre) | 7o }WCWCIS,
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The raw form of the linearised version of this dynamical system in a neighbourhood of the steady
state is available as :

bl Las,
]
(/) {axf(l_")] A, | LA@PD) 0
A= |- o T ﬂ = fi))p?p +6=0)]| - Spree e i
-5 [ g 0 )
e = _a(ilf/;f’) - g; [_a(w(zip °) g<(po//§ )) a[R’/gai’/pf’)] {‘(g((?//ﬁ; p1;P° T n))] B 11

(o0 Nown) o [ (9(wf)
A”_(XO 8(w°/p°)>8(p1/p°) G[R’/(po'/p")][ (a(pl/p“’) p'/p (

N A o o \[_(ol) o
+ /p)( aw0>8(pl/p) Wiip )< o[R! /(P [1°)] [ (8(1)1/1)0) ol n)]
o OF [ 00 0w /p°) ol (9w /p°)

(v /p)(?Xo[ dw° d(p*/p°) 3[73’/(1?0’/190)]{ <

_ .\t J ) _ .\t J ) P W b I J
Let TRy 1= Do T, Yy T, = Do Tx, Ty and Vg%, TR, TX, = Djmo MyiTx, Tx, V% x, -

A
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This linearisation of the raw form of the dynamical system delivers, in elasticities form :

1 A
2 |: X1,t+1 :|
Ptl+1 - Pt()+1

o Al
B Aysx n+(1—n) A, [ X, ] [0}
Ayix.n+(1—-n) A Py —P¢ 0
WKAZ['R’/( o// 0)]/7TXO ?7
.A/ - A 1 p P A 1 — ’
12 YrX,T %, T]/7TY1+(1_77) (w*/p°) Ty ( 77)
A =t [ TR (0o /9] +WA£[R'/(p /p©) ] [ (o n)]
. Ty.n~—* Tx,n/my: + (1 — w*/p°)(p* /p°

TeA R ) (0o Jpo))] T X H e ”
+ A 1 A 1— 5
Xy + (L — 1) . T

T
A, = Ay X077_ |: Ag(wo/po)A(wo/po)(pl/po) + AE[”R’/(pO’/pO)]:| + Ayl(pl/po)ﬂ,

O

4
Az = Ay, n—[ Ao po) Ao fpo) w2 /p2) T Derer /e’ /po)]] + Ay /poyn

o

7TX 1y
— A o —A 0 /mo A 0 /mO 1/p0 A ’ o/ /mo
—— (we/p°)(p*/p°) — Tyt [ (wo /p°) A (we /p)(p* /p°) T Ae[r /(9o /p )}]
Te
- _A o o A o o 1 o A ’ o’ o .
pp— { e(we /p°) A(we /p°) (p* /p°) T Aerr 1 (p*” )1} T1

Or:

1 A
2 Xl,t+1

7)t1+1 - ,P1?+1

!
o A,

1— W%l TX,

n+(1—-mn A

1 o
| Tx, T, Ty Xt o
1—TY, T, P =Py o]’
T o n+(1—n A
7TX1 7TX1 Ty

e AR e oo/ TXo [ 1T, X
A/ = Ava p-/p 1 1 4 (1 — ’
12 YrX,7 77)?177/7(}’1 _’_(1_,’7) 7_‘_3(_1 _773(1 FYIW ( 77)

A, =—— [WCAC[R’/@O'/po)]+WA£[R'/(po’/poﬂ][ -

Tyan Tx,n/my: + (1 —1n) T, — Tx, Ty:

T, mx, ARy o) TXo LR, X+ (1)
TX, — X, Tyr  wx, /7y + (1 -n) [Tk, — 7%, T |

77+(1—77)]

o _ _ _
2X0X17TXO7TX1 n
2
1 (0]
(m%, —7%,)" v

.3

U T T T
X, X ¢ b'e
Az =1) AE(WO/PD) 0
T —

1 _ 70
7TX1 7TX1 7TY1 TrXO

Y

+ Aem'/@o’/po)}} +



Uniqueness

%,  Tx, T T, L%, X.TX, X, 1
Asz = [Py - [Ag(wo/po) L= +A£[R’/(p°//po)]} T )
X, ~Tx, Tyr TX, >, X, (k, = 7%,)" ™
Tx % s X
o 1 — A 0 /po)y ——————— A ’ o’ /po
Ty T — %, mya { O e (L >1}
Te X
— Apiwo jpoy————+ A 0 110 /10 .
WYln_l{ D P R >1] T
Letting
Dy = —— [WCAC[R'/@o’/po)] M s WA N Wgcl)}ﬂem'/@o’/poﬂ}
Tyn~* X, /Ty + (1 —1)

1—7% 7

X X, 1

x[l X +(1—77)],
7TX1 7TX1 7TY1

the components of the Jacobian Matrix emerge as :

Jos = (Da) = [WcAc[R'/@o’/pon + 1+ 7%,/ (7k, —W%I)WAe[R'/@o’/po)l]
S Ty 1~ Tx. /7y + (1 —1)

1— 79 e z

X X

x [ e +(1—77)]
7TX1_7TX1 Ty

2
1—7% 7
X, x,7
{ - : +(1— 77)]
T, — T%, Ty:

Tx, /Ty + (1 —n)

TR X, A
v / o/ o
Tyt Tk, — % E2UR / (po' /pO)]

1

j12 =

. 1 [Telarrype ey + 10+ 7%,/ (k= 78T A w0 o)
(DA') - -1
Ty 1) x,N/Tys + (1 —n)

) o _ _
x{ 1— Ty, 7TX177+(1_ )] {EXOXIWXOWXI 1
2 —_
T — T, Ty (W}( —7'('_(;(1) USEY/ I

o
1 Tx,

TS,
Cmyn ik -, (A“‘”/p“) T -k, R “”"’/p"”ﬂ

_|_

1
7'('X1

1 %, X, Y%, %, T, TX.
X {_ T 1 o ™ (AE(WD/PO) 1 _ .o + Af[R'/(POI/pD)] + 1 o )3
Ty:N" " Tx —Tx, Tx, —TXx, (”Xl - le)

o o
7'(')20 Tx Ui Tx
1 - Ag o o _ —'I_ A ’ Dl o
T WY Tyt (wo/p )"}(1 — 7%, LR/ (p° /p°)]

wg’(l WAe[R'/(po’/po)]/WYln_l [ 1= ”3(1 Tx. M
7%, 7x, /7y +(1—n)

+(1—77)}

1 _ .0
7TX1 7'[')(1 Ty:

1

1

(A G S +
- o o ’ o/ o 1
Tyt c(w/p )W}( — %, c[R"/(p°" /p°)]

1
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_ 1 S TS 2% X, TR, X
j = (Da . - U A 0/po)y——— + A ’ o’ /mo ) + —— 2 3
22 ( A) Tyn~1 7.(.}(1 _ﬂ_g(l 4 L(we/p )7.‘.3(1 _ﬂ.g(l R/ (p° /p°)] (77-;(1 _77_3)(1)2 Tyn
X, X, Ty X,
T Tk, — T, me (A““‘)/M‘w;(l A ““"'/p“”)

Te

(0]
- — (Ac<wo/p°>—1 b 5 +Acmf/(po’/po>]) + 1}-
Ty.n~—* Tx, —Tx

1

The determinant of the Jacobian Matrix follows from

det([7]) = Tus Tas — TiaTen
- (DA/)”H e S U n)}}

1 o)
7TX1_7TX1 Ty

U 71'3( Uy TS
X o = — A w© /po _ + A ’ o’ /po
{WY”?_I ﬂ.;(l _ﬂ.g(l ,n-Yl/r]—l |: £( /p )7.(.}(1 _7.(-5)(1 LR/ (p° /p )]:|
e X
- A o o —1 A ’ Ol o + 1
e { Oy AR/ )1] }
1—7$ o
={# _§,$§”+u—nﬂ
X, X, *
X, T, T (A X, + A
X — WO /po) T ’ o’ /po
Tyt T, — %,y \ e e R e /e

Tc

A ( 0/ O)L“i_A ’ o’ /po +1
Tyin 1 c(we/p°) 1 70 c[R"/(p°" /p°)]

Tx, ~Tx,
1 X,
Vo |Per e ol T T e Aar ! e
L— X, X7 -
) e o)
[mx,n/my+ + (1 —1n)]



Uniqueness

1 73(1
. 2 (T, — T e /o) — TeAeur /1)
X, X,

— (WCAC[R//(pD//pO)] + W@Ag[R//(pO//pO)]):| T 1}

o [ﬂcﬂcm'/(po’/pon Sl A VA G W?cl)]WAem'/<po'/po>}}
Tx, /Ty + (1 =)

[ o

ﬂ-;{l B 7T8<1 Ty

X, N 1 ﬂ-g(
- 7 — 1 v — A o /po
Tt {wwn_l L}g - %, (s, = me( B )

= At ! jpoy) WcAcw/po))} + 1}

x {—— [WCAC[Rf/(pO//pO)} + [+ 7% /(7 - “3’(1)]7WA4[R’/@°//’30)}} -
X, /Ty + (1 —1)
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As for the trace, this is obtained as :

tr([j]) =J11 + Tas

|

ra-n]b

+(1—77)r

Y%, X.TX,TX,

(X,

)’

S [FcAcm'/@o'/poﬂ R s WA 5 ks N A V)
Tysn ™} Tx,n/Tys + (1 =)
O s A &
TX, —Tx, T
D [%Acm'/(po'/pon +[1+ 7%,/ (7, - WB’cI)WAe[R'/<p°'/p°>}}
Tyan~? Tx,n/my + (1 — 1)
1—7% w 2
X|: . X8 X177+(1_77)]
Tx, —Tx, Ty:
L™ TR s fpo) [TV { 17X, X,
T, — 7%, mx, /7y + (@ -n) [Ty —7% Ty
1 TS, X,
Ty, -, (Ag(wo/po)ﬁg — %, " AK[R//(pO//pO)}) "
Tx TS uv X
o = — A 0/po) ——————— A ’ o’ /mo
R — 7TYln_l( e o) e TR )1)
7TC Tr—g(l

(Ac<w°/po> :

—1
Ty 7] X,
(0] _
1=7Tx, 7x. N

[W}g — Tk, Ty:

3

+(1— 77)] + [mx,n/mys + (1= n)] [

o _ _ _ 0
EX()Xl’]TXOﬂ-Xl 1 T(-Xo 7TX1
(7T1 Y )2 Tyin~

X, X,

YTyt Ty, T,

o

1

% — 7% + AC[R//(p"//pO)]) t 1}

(o] _
1=7x, 7x. N
1
7TX1

+(1—17)]

— 7Tg(1 Ty

Uy Tx e
- —A o o - - A o o
7TY177_1 L(we /p )7.(.}(1 _ 7.(.5)(1 7TY177_1 c(we/p )7.(.1
% {_ 1 [TCAC[R’/(p“/pO)} + [1 + ”gﬁ/(”;{l - Trgfl)}ﬂ-gAf[R’/(pO//po)}
’7TY1?7_1

s
X

— 79
X, X,

Tx,n/Tys + (1 —1)

_ 0
s

|

7TX1/)7

1 __ 0
Tx, — T, Ty:

ra-nl}

Useful at that stage to recall that the components of the Hessian of the utility function 1ist, for

-
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A= (SESH n. + SESH 7+ ZH 2H,n.), as:
§Zce=—Sfy — | Zhna (Z5y)? + Shry(SH)

+ XL (me X + chxgy)z/ﬂe} / A;
S5 =Sy + |-SHre (88)? + SE S (.55 + no SHy)
+ SR S8 (el + 7o Zly)| [ A
SZpe = —S8, + [SHSH (2,58 4 m 5l = SH (S5
+ SR S8 (el + 7o Zly)| [ A
SZp =5 - _ngc/ (Z8) + 2L (re 28 + 7o 28 )

+ Eﬁfﬁc(ffy)z] / A;
S5p = -5ty + | SH L8, (n. 58, + meSH)

+ D8 5l (r S8 + mo By) - S (B8] [ A

SEuew = —XH, — _Eg(ﬂ'cﬂg/ + mﬂg/)2/7rc/ + Zg,m(ﬂgf)z + Egmc(ﬂg/)ﬂ / A.
Scrutinising the expressions of the demand Functions, some early computations are useful :
ZH/’R‘ /
SI(Zv —=Z.0)+ (50— Z = — cb/ "¢
[( c’c cc) ( ct cf)] Zgzglﬂc+2g2g/7rz+zgczgewda
EH//T‘-(
S|I(=Zw — = + (= — =y = — ce
[( 44 cf) ( cc Le )} Egzg’ﬂc + Zgzgﬂu +E§CE§g7Tc’,
Egz/ﬂ'c

S[(ECC - Ec’c) - (Ecé - Ec’ﬁ)} =

CYHRH o SHYH o SH Sl

- 25,/71'@—2(0//7(6
CESH g+ YHYH 4 XH SH 5.0

_ Eg//ﬂ-ﬁ_zfc’/ﬂ-c

O XHYH g 4 SHESH g, SH S g

S[(Zee — Zwre) = (Zut — Zurt)] = — S/ me |
cc c'c c c ngg/ﬂ'c—f—ZgEg,ﬂg—}—Echgéﬂc,

S[(ECC - EEC) + (EM - ch)} =

On a more canonical basis :

2 —

S? [ECCEM - (ch) - EC’C(EM - ECZ) — et (Ecc - EKC)]

_ Ty me 1

My Efgﬂgma + Egﬂﬁ,m + Egcﬂgeﬂc/ ’
S* [EccEc’c’ - (*E'cc’)2 — Zle (Ec’c’ - Ecc’) — Zer (Ecc - Ec’c)]

. Egﬂw 1

)
meneme EAXH g+ YOS H 1y + X0 S0 7.,

: cl (Ec’c’ - Eﬁc’) — Eeer (EM - Ec’é)]

S’ [EKKEC’C’ - (Eéc’) -

8§

H
Xy 1
- )
memome SHSH o SN 1 1 51 Sl
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that in turn irnpiies, replacing :

T MM S 1
MM S Egﬂg,wc + Egﬂgc,m + EH >H ,gﬂ'c

Dcﬁc’ =

This ﬁnaiiy allows for (ieriving a more satisiactory picture of the demand functions :

1\ '/ XHr.m, SH o 1
A wo o)y = —_ ct”c cYy’'c o o S
C( /p ) (A) 71-67-['[7.‘-0’«4&9 + 7Tc7T£7TC/S A Ter T

= (ZOm+Zhnx),

1 -1 ZH/T[' Tt EHT(' ™
A ot oo = (= V22 rmeS
c[R'/(p° /p°)] (A) ( T yTer AS + TS A )7T T
e (Eg —Eg/)ﬂ-c’,

-1 H H H _
1 Yoameme + X5 ey Moy T
Aé(wo/po) N _ HeNe c¢ilc ey e Xo TS
A T AS TS A
= ( Zﬁﬂc Egmc/ +Eg/7r)-( )

Zg/ﬂ‘ﬂrc/ Egyﬂ'g 7Tc/
— + TeTer S
T AS e S A

-

/Z)TFC s

1\ T XH e YH r. mg
Ac'(wo/l’o): Z) ( be' £ c + oL XD)”CWKS

T AS  wememeS A
H H
= (Ecc/ﬂ'g + ZC’YFXO)7

1\ ! YH oo + XH mpm YH n. 7w
A//OIOZ— et c'l c cy’tc ‘tc CS
c/[R'/(p°" /p°)] (A) ( WCWZWC’AS +7TC7T£7TC/S A)Wﬂ_e

b))

H H H
cYTe! — (ZCC/T(C + ch’fré)‘

Then reconsidering some coefficients that appeare(i in the determinant and the trace of the
Jacobian Matrix :

g, — Tele(wo /po) — Telg(wo /po)y = Tx, — Te (257‘(‘5 + Ef{/w)g—o)
— m(—Egﬂ'c — Eﬁﬂrcl + ngﬂgo)
=Tx, ( Ecyﬂ'c Zg/w) — Eglmﬂcr
= 7o (Zymg, + Zeeme),
AR 1o’ JpeyTe T Aurr j(po Jpo) T = Te (Eg/ — Eg/)wcf + my (ZEY b)) ,4)7?6
= o [(Z8 — D).+ (25 — 25, md].

Tiie cieterminant oi tiie J aco]oian Matrix iience reformuiates to :

dea() = [ TE T80 ()

(0]
ﬂ'cl 7TX1 H
X{ -1 Lrl — 79 (ECIYﬂ-XO + ch'ﬂf)
X X,

— (B - sHyr+ (5 - % ,g)m]] N 1}



Uniqueness

T H _ yH H _ yH
x{ T [[(zcy SH)ret (58— 1))
+ L(Z‘H _ Eg)ﬂ'g]-

7_(_;(1 _ﬂ_g{l EY Ce

X{ i $ 7TX”?Jr(l—??)]/[len/w_w+(1—77)]}_1

1 _ 70
Ter Ter T‘-Yl

i

7.‘.0
= {r)(lﬂ_g(l(xgclﬂ'g + Ef/lyﬂ'_)_(o) + (Zg/ — Eg/)ﬂ'c + (Ef/lg — Eg/)ﬂ'g + 1}

o

« { [(25{, AL (1 + LO) (28, - Eg)w]
7TX1 - 7TX1
/ [7x,n/mys + (1 — n)]}

7.(—0
e+ (=) + {;< N }
Tx, — Tx,

x { {(Zg, - XH ) + (1 + L) (24, - Eg)m]

_ (¢]
7TX1 7TX1

[ lmxnfm + G —n)}}l-

As for the trace of the Jacobian Matrix, it is available as :

1—7%  Txn

trm:[ LT +<1—n>]

Tx, —Tx, Ty:

{EXDXITFXDWXI 1 N el { 7TS)<1
(tk, —7%,)" et e

H
Ty — 79 (EC/YT(-XD + Z;EC/TM)
X, X,

— [(Eg_{/ — Eg/)ﬂ'c + (Eg/ - ng)ﬂ-e]] + 1}

T H _ yH H _ yvH
x{ Wln_l{[(zcy SH w4 (S — 5H)m]
o

T

X, H H

+ 1—_ 5 (Egy — EC%)W[:|
7'('){1 7'(')(1

X{ i ¢ 7TXanr(l—n)} / [me/ler(l—n)}}_l

1 _ 0
7TX1 7TX1 7TY1
1—7% wy
X x. 7N
[T )
7TX1 ﬂ-Xl Ty
o _ _ 0
i {EXOXITFXOTFXI 1 |: 7TX1
1 o \2 —1
(k, = 7%,)" T

(Egc/ﬂ'g + EEYWXO)

1 _ o
ﬂ-Xl 7TX1

+ (Eg/ — Eg/—)ﬂ'c + (Ege — Eg/)m} {:X—Ylln (1— 77)] + 1}

71.0
X { [(25;’, ~ S e+ (28, - S8 ) me + ﬁ(zgg — Zg)m]
X, X,

< | ”X”’+<1—n>}/[wm/m+<1—n>}}_l

Tr}(I — W%l Ty

100
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It hence reformulates to :
1—7%, ™

tr(J) = g, n/mys +(1—n) + Ly S

W}( 7rX Ty
(o)

Y% % T Tx 1 m
A Ll b st )

X {[(Zf ch)ﬂc + (1 ) -3k Wz}
S ”X1”+<1—n>}/[wm/wl+<1—n>]}_l-

Tr}(I — Tg(l Ty

Then computing Z(—1) = 1 + tr(J) + det(7) and Z(+1) = 1 — tx(J) + det(7) :

o
L= Tx, Tx

1n+(1—77)}

Z(— =
(1) [1 + 7'('}(1 — 7'('8(1 Ty

o

s

X H

1 + ﬁ(zﬁclﬂ-z + ZC/YT(-XO)
7TX1 - ﬂ-Xl

Yl

(B2~ S+ (28— S| |2 4 =] 1)

X [(Ecc, 20 Vre + (28, — X5 )™

o

e (8- S | ”X1"+<1—n>}}_1]

1 —
7TX1 7TX 7I-X1 ’/TXI 7TY1

+ o~ o+

Yo v T Tx 1
+ (7):10X1_ ;g ;(21 Ty:n~?t { |:(ECC’ Z]cY)WC (ng o ng)w
X1 X1

1— 7Tg(1 TX,

Z = —
(+1) [1 W}{l — 7'('3(1 Ty

o

m

X, H _

N { [m(&dﬂ +XoyTx,)
X X,

(5t~ o)+ (St = o] |24 =) 1)

+
Y1
X {{ Cy)ﬂ'c—l— (Zgg—Eg/)m v
1—-7% mx.n o
Z EH Xy 1 o
et [ ]|

I
CYx,Tx,Tx, 1 - { {(ng SE e+ (B8, - ZH )

Tx, H 1—=7%, 7wx,N -
4 2 —Xiy)m L + (1 —
( ) 4 |:7T;(1 —TX, Ty 5 n)”

L
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The expression of Z (+1) reformulates to:

1-Tx, Tx

1 0 - n- (1 - 77):|
7TX1 - 7TX1 Ty

Z(+1) = {1 —

1— T3 X,
X H (B4 - 2B)m. + (28, - ZH) ] .- :X .

o
7TX1

1—Tx, X7
o _ yh X : —
*w;a—w&l{( o ”)”Lx—w&l mye 0T

X,
— (ch/w + Egyw)go) [ o~ +(1— 77)] } — 1}

X { [(Efg, — X )me+ (2, - Zf)m

o

Tx o o 1—T7%, 7x,7n o
—_— (X5, -X L —
i Tx, X, (%o KY)W} L}g - TX, Y =)

B EXoXlﬂXOWXI 1
1 o \? —1
(T, —7%,)" 20

{ {(25;’, X )me+ (28, - 2 )m

(¢]
ﬂ-Xl
1 _ g0

X, X,

1—Tx, X, i
vH s H Xa 1 —
(e ey)ﬂ'ﬂ} |:7T}(1 - TX, Ty (=)

The details of Proposition | are immediate from a careful parameter examination of the scopes for

det(7) S 1, Z(-1) So and Z(+1) So. A

VIIL.2 - Proor or Proposirion 2.

The raw form of the linearised version of this dynamical system in a neigh]oourhoocl of the steady

state is available as :

2.

_ _8]:1 B ag a(w1/po) 1 . -
GXO{ O[R'/(p* /p°)] {8(191/2?") it n)H i AX 4
0 AL, 0 A((Piﬂ’/p?ﬂ))
A Bt 1/p0
B 8(&]1/]?0) 1 o . ) + t+1
| {0(191/1?0) p*/p° T 77)} (B/¥) |
) AX,,
—(p*/p°) B; + (1 — n)] A, -M A(pt/p?)
1 w1/p0 B/po w1/po A(Bt/p?)
: ? [pl/po - 17)] pr/p° [pl/p" TG n)} |
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/o wo (6] - 8£ 8(&)1/])0) 1 1 — . 86
A = 0/ )[ IR/ (p* /p°)] {3(191/190) p*/p° * n)H O[R'/(p° /p°)] {8(191/190) p*/p°
oo OF ot I(w*/p°) 1 L
— 0/ >3X0[ a(wo/po){ o(p*/p°) p*/p° T n)”,
_OF oF [ or 9w /p?) ot (0w /p°) 1 - 1
e = a(p'/p°) 90X, [ d(wo/p°) O(p*/p°)  O[R!/(p° /p°)] { <3(p1/ °) p*/p° T 77))]pl/zt

a2 = <X° - 3(0«;2;2?0)) 3((1932]900)) - 8[73’/(81?60'/190)} {_(3((191;50)) pl;po * )} sl 0
+ ) () a1 (st [ (G i+ 0 ’”)l

s OF [ 000w p) o G S Y U
(v /p)é?Xo[ Ow® d(p*/p°) 8[7%//(170'/190)]{ (3(191/170) pl/p°+( n))}Pl/PO]

+ (1 -

This linearisation of the raw form of the dynamical system delivers, in elasticities form :

[ 1 A 0]
Xl t+1
A/ 1 )
0 22 1| P — Poe
1 P I e
(0] — w1 /po 1 /90 1 — 1
i Tx.n/Tys + (1 —1) (@*/p°)(p*/p°) n ] |
Ayv:x,n+(1—n) A 0
Xl t (0]
B/p°)" ;L _
Aysx,n+(1—n) Az ( /]il) Pi=Prl =10/,
Ty 1] B, —Pto (0]

(6] —1 1
TR /0 fpo)/ T X T% 1)
A/ g A 1 p p A wi o N o 1 1 — ,
12 YrX,T 7TX177/7TY1 + (1 _ 77) (w*/p°) Tys ( 77)
My = —— [WCAC[R’/(”‘“/WH +WA€[R'/(po’/p°>}} [A RPERIRLE €t
Ty»1~* wx,n/7y: + (1 —n) (@ /p) (" /p°)

TeAyR /(po’ Jpo)) /T {{ TN H
+ A 1 A 1 1 o —_ + 1— 9
Y1Xo] T /Ty + (1 —17) w*(p*/p°) Ty ( n)

(1 - 77)]

u
p— {—Ae(wo/po)A(wO/pD)(pl/po) + Aurr (e /po)]] + Ay (pr /o),

o

-A12 = AYlXDn

e

A22 — AYlXon
X

[_AZ(WO/pO)A(wO/pO)(pl/p") + AE[R'/(pO’/pO)]] + AYl(pl/pO)n
T Ty

- Ao
7Ty17] (we/p°)(p*/p°) Tyan

Te
Tyn~* [_Acw/po)A(wo/poxpl/po) + Acm'/(p“’/p“’”} i

— {—Aaw/po)A(wO/pO)(pl/pO) + Azm'/(po’/pon}

More explicitly, integrating the holding of wx,n/7y: +(1—n)=1at a gol&en rule steady state,
13
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it derives :
M1 A 07
Xl t+1
0 -/4/22 0 P )
Pt+1 - 7)t+1
_ 0 Bii, — PP
1—Tx, t+1 t+1
0 —|—F——>n+(1-n)] 1
L Ter - 7TX1 .
-1 — W%l 7
= n+(-n A 0
Tx, —Tx, X1t 0
. 1_7.‘.3)(1 MB/pO* 7)1_7)0 — ol,
ﬁﬂ*’(l—”l) "422 (—_1) Bt_'Pé
Tx, — Tx, Ty:1) t t 0
L (0] —1 1 i
p o T, mx, AR e e/ TXG [ 1= T,
A12__ 1 o 1 o 77+(1_77) )
Ty, =T, Tyr 7, 0/7y. + (1 —n) Tx, —TXx,
Nt [WcAc[Rf/@o'/po)] +7TfAe[R'/(po’/p°>}] { ks N n)]
2wyt Tx, /Ty + (1= 1) TX, — X,
™%, Tx, TRy e/ X { [ S n)} }
T — Tk, Tys T /Ty + (1 -n) [Tk, — 7%, ’
%,  Tx, T X, Yy x,Tx,Tx, 1
Az = —— 0 " {A“““’/p") : o T Ae[R’/(po’/poﬂ} T 0 2 —y
Ty, — Tx, Ty» TX, Tx, — Tx, (7TX1 — 7TX1) Ty 1]
%, Tx, T X, Yy x,Tx,Tx, 1
Aze = —— 0 " {A”““’/W : o T AaR’/(po’/poﬂ} T 0 )2 =
Ty, — Tx, Ty: TX, Tx, — Tx, (7TX1 — 7TX1) Ty 1]
X uv TS
— o A o o 1 o) — A wo o _ A ’ o’ o
P R CC R [0 e { oo fp) e R >]]
e X,
— [Acwmo)m + Ac[R’/(pD'/pO)]] e
Letting
1 TS 1—-7%
Dpy=——— cA 1 /(o /po —_ A 1/ (po’ /po 0 - )
A= {W R /(' fpo)] T (1+ T _W%I)W (R /(0™ [ )1] L;{l . nt+(1=n)

the transposed form of the co-matrix that pre—multiplies [Xl,t+1 Qivy By ]/ is available as :

— ’ -
"422 _"412 0
(0] 1 (0]
)
1— 7§
X /
0 Y _ﬂ_cl) "7+(1—77) "422
X, X, -
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whence the components of the Jacobian Matrix

T = (DA')_I{—Wllnl (meAetrrp e’ 1) + TeAatm o ) [%” +(- 77)] }

Jia = (DA')I{—Wlln_l (e Dot/ o) T TeAuRe ! 10) [%” T ’7)]
X {— Wlln_l W}(IW%}%I u (Aawo/pO)ﬁ + Aem'/@o’/po)}) T ?:XX_W:;;( WYI]
+ WYlln_l Wklﬂ%}%l TR e’ /o)) [ﬁ” + (- "7)]

Tx % Ty ( X%
X = - — Apio jpoy————— + Ay /
_ _ p /R o" /p°
{Wyln 1 7r1X1 — 7r°,(1 Ty:n~?t (we/ )7r1,(1 — 7T°X1 R/ (=" /p®)]

Te X,
- (Acw/po)ﬂ}( ey +Ac[7z'/(p°’/p°>}) + 1] }

Ty.n~ 1

_ -1 1 TX, 1 -7y, M(B/p°)"
Tz = (Du) {TFyl??—l R ) L;( =l 77)] S

1— T,

T = (o) |+ 0 -]}

7TX1 7TX1

_ -1 1 Tr())(l Wg{l 2X0X17TX07TX1 1
oz = (DA/) {_mfl??_l Tx, = TX, " (Ae(wO/pO)m * AE[R’/(PO'/pO)]) * (F}( — T )2 Ty:1)~
U’e 71'())( iy’ WS)(
—+ o 2 — A 0 /po)y ————— + A ’ o’ /po
e ( on /) e T AR )])

o

Te 7TX1
- (Ac(wo/po)ﬂ.l — 79 +Ac[72’/(p°//p°)}) +1}’

Tyn~* X, X,
M(B/po)*}

Ty ?7_1

Ty = (m)l{

Tgr = (DA')_l{ {im (1- n)r},

Tx, T X,
T3z = (DA')l{ [%n +(1- 77)}
b T T (B S+ Ao )
- Fc_l <Ac(wo/po)% + AC[R’/(pO'/pO)}) * 1}
Ty 1] Tx, — T,
Q __ 0

+ 7rY1177_1 [WCAC[R//(po'/po)] + (1 + ﬁ)wAgm,/(por/po)]} [ﬁn + (1 —n)
R T

B mflln—l [”cAc[R'/@o'/po)] + (1 + ﬁ)wmm'/@o’/wn} {—ﬂ;__ﬁfx n+ (=
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The trace of the Jacobian Matrix hence emerges as :

tr(J) = jll +j22 +j33

()" (e e s -
= ’ — c ’ o’ /mo ’ o’ /po 1=
A Ty SR ! fp0)] TSR ! 900 | T g K
1 X X ) L%, X T%,TX
— L T A wo oy ——————— + A / o’ o + — > 21 —
7TY177_1 ﬂ-}(l _ﬂ.g(l K( L(we /p )71—}(1 _ngl K[R /(p /p )] (7-‘-3(1 _7-‘-3)(1) Ty
Tx ™S o X
o = — A 0 /po) —————— A ’ o’ /mo
+ Ty Tk — %, Ty ( /) e T Serr /(0 /p )})
e X
— A 0 /po) ——————— A / o’/ o
7TYlnl( R b AR fp )1) Tt
1 — 7§ M(B/p°)*
[ ] MY
™%, T Tx, Ty
1 X, 1— Ty,
R [Wcﬂcm'/@o'/po)] + (1 + o—r )Wfﬂem'/mo’/po)]] {—7@( ol +(1-
. 1 1— 7%, °
=14 (DA/) {_Wyﬂ]_l (T‘-CAC[RI/(po’/pO)} + WKAK[R//(pD//pO)]) |:7[_;( — 7T§( n + (1 - 77):|

X, X, 2R, X, 7%, X,
= P (Aew/po)F + AE[R'/@o’/pO)]) * >

Ty Nt Ty, —Tx X, (73(1 - W%l) Ty
Tx, X, T TX,
Ty i, %, mye (A“““’/P”‘n;(l mra Y “’“'“’””)
7TC 7.‘—4(;(1
Ty (A““"’/P“)@ g Ay @‘"/P"”) o
1— 7% M (B/p° *
+ |:ﬁ77+(1_77)}(—_1)
Tx, — Tx, Tys1]
1 - 7%
=1+ —F——n+(1-1n)
Ter _7TX1
_ 1 % LS L%, X, TX, X
+ D / b — 2 A o o _ +A ’ o’ o — > - —
( A) { 7TY177_1 W}(I_T(%Iﬂ-£< £(w /p)ﬂi(l_ﬁg(l LR/ (p° /p H) (7-(-;(1_7-(-8(1)2 Ty

+ Xo ngl 77( A Trg)(l +A
Ty~ ' Ty, — T, Ay:nt E(wo/po)ﬂi(l - TX, R )

Te X,
- (Ac(wo/po) ) + Ac[R’/(pol/Po)]) +1

Ty.n~*t x, — Tx,
1— 7k, M(B/p°)" | meluriye ey T, 1 - TR,
+ ﬁn_’_(l_n) 1 + —1 1 o 1 o 77+(
X, 77X, Ty1] Ty X, T X Tx, T T
1 —wg’(I
TP 2
Ter _7TX1
- Tx, %, Vg% Tx,Tx, 1 T, %,
+ (DA') {7T T o T T o )2 -1 -1 (Ac(wo/po) ¥ =7 +AC[R’
vt — T, (k- 7%,) Ty Ty Tx, ~Tx,
my X, X,
o () (S m R Arig )+
1—7k, M(B/p°)"  mAw 7%, 1= T,
16 + |+ (-7 ( _1) + E— o 1 =0+ (1—n)
. 10. .. % —T%. Ty 1) Ty Ty, T, LT, X,
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where extra simpliﬂca‘cions should build from the holding of

7TX1 —Tx Ty 1
*
o o o
_ X, NI X, M(B/p ) e
1 _ 0 1 _ .0 —1 —1
7TX1 7TX1 Ter ﬂ-Xl 7TY1/)7 ﬂ-Yln

that also implies the one of

s 1— 7§ M(B/p°)”
X, %, +1+[—X177+(1_77)]M

Ty:n~1 W}(l — 71'3(1 71'}(1 — Wg(l Ty:n~1
M(B/p°) [ 1—7%
et 1 + 1 _|_ 1 —
[ Ty:n~?t T, — T, n+(1=n)

Tx T 1— 7%
= )|t
Ty:11] Ty 7TX1 - 7'(')(1

Tl 1— 7['_(;(1
P— 1 _
— [7@(1 g 1 ”)}

The determinant of the Jacobian Matrix derives as :

det(j) = \711(j22j33 - j23\732) + j12 (j23x731 - j21j33)
+j13(j21j32 - j31j22)

v



Uniqueness

for
,1 1— 7% T TS
Ji1Toz — Ti2Ta1 = (DA') ﬁn+(1_77) 0_1 1 : o
T, — T%X. Ty ) ' T — T,
Ly X,
- 7TYI77_1 (AE(WO/IDO) ﬂ-}(’l _ 7.‘.3(1 + AZ[R//(Pol/pO)]>
Te X, ,
T (AC“’“/I’” T -, R <”°'“’°”> " } }
_1 1— 7% ?
j11j33—j13j31 = (DA') mn‘i‘(l—n)
X, X,
1 M(B/po)*
X |:— ﬂ'Yl']’]_l (’H—EAE[RI/(pO,/pO)] + WcAC[R//(po’/po)]) + 7TY1’I']_1 ’
-1 X X
s — > 5 = D ’ A 1(p1 o o -
Ja2T33 = J2375 ( A) { Y(p/P)+7TY1n—17T}<1_7Tg(1
Ly X Tx
p— & A o o _ A / o’ o
p— (1 T _W%)( oo fp) e R )])
e T, M(B/p°)" .
T (Aw/p‘%;g g, T “*”/p“”) T S
1 1— T,
\723&731 _j21j33 = (DA') - mn+(1—n) ;
X, X,
1 1— T
j21j32_j22j31 = (DA') - ﬁn_‘_(l_n) )
7TX1 - 7TX1
W}lence :

det(7) = (DA')I{ {%H (1 —n)H X,

_ —1 1 . (0]
T‘-Xl 7TX1 7Ty177 7TX1 7TX1

T X
_ A WO /o _— A ’ o’ /po
7rYl,,?_l( e 90 e AR >1>

o

Te X,
— — (Ac(w/pf))ﬁ + AC[R’/(pO’/pO)]) i+

M(B/po)*} }

7TY177 x, ~Tx, 7TY177_1
1 1— T
:1—1—(DA/) {[—1 2 77+(1—77)}
7TX1 _Ter

TS Tx e o }

>< = = - AC wO o - A wD o

|:7T;(—1 _ 7-(3)(1 |:7I-Y1n—1 7TY177_1 (we/p°) 7TY177_1 £(we /p©)
*

o X M (B/p°)

—A ’ o’/ o _— - .
Tt SR /) ——. Rl
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In ordinal terms, this gives:

der() = [ 2=t ()

Tx, ~TXx,

o
T(C’ 7TX1 H
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e 7T'X1 H I I M(B/
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Uniqueness

The sum of the principal minors of order two of the Jacobian Matrix is available as :

Spm(j) =Ji1Jo2 — J12T21 + j11j33 - j13\731 + \722&733 - j23j32
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where extra simpliﬂca‘cions should build from the holding of

1— 7§
X
1 E) n+(1_77)
7TX1 7TX1
o
T
X Ui
= |= ——Tx +1
Tx, — Tx, ol Ty
) ) 0)*
Lt LT MBEY)
_ (0] _ (o) —1 —1
7TX1 T(Xl 7TX1 ﬂ-Xl 7TY177 7TY1"7

that also implies the one of
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Then computing Z(—1) = 1+tr(7) +spm(J)+det(7) and Z(+1) = —1+tx(J) —spm(T) +det(T):

1— T,
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The details of the statement then follow for a standard characterisation of the parameters
configurations that underlie the signs of det(7) S 1, Z(=1) S0 and Z(+1) S 0. A
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